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Preface

The third edition of this book differs substantially from the second edition that came
more than fifteen years ago. Approximately one-third of the book is new material,
while existing parts have undergone major rewritings and extensions.

On the other hand, the spirit of the third edition as compared with the second and
first edition has remained the same: to provide a compact presentation of the basic
ideas in the theory of L,-gain and passivity of nonlinear systems, starting from a
brief summary of classical results on input—output maps, to a broad range of
analysis and control theories for nonlinear state space systems, regarded from the
unifying perspective of dissipative systems theory.

A major change with respect to the second edition is the splitting, as well as
substantial extension, of the old Chap. 3 on dissipative systems, formerly also
including passivity and L,-gain theory, into three separate chapters on dissipative
systems theory (Chap. 3), passive systems (Chap. 4), and L,-gain theory (Chap. 8).
Furthermore, the old Chapter 4 on port-Hamiltonian systems has been reworked
and extended into two chapters on port-Hamiltonian systems theory (Chap. 6) and
on control theory of port-Hamiltonian systems (Chap. 7). Also, the theory of
all-pass factorizations (new Chap. 9) has been augmented with a treatment of
nonlinear state space “spectral factorization” theory.

Apart from all the rewritings and extensions, a relative novelty from a con-
ceptual point of view is the increased attention towards network dynamics and
large-scale systems. The general concept of an interconnected system already was
at the core of the passivity and small-gain theories, and even more so of the
overarching theory of dissipative systems, having their origin in network theory and
closed-loop stability, and emphasizing the “systems point of view.” But the recent
developments in dynamics on networks, including the use of algebraic graph the-
ory, have certainly been influential in extending classical results, which is reflected
in this new edition of the book.

Acknowledgements In addition to the acknowledgements of the previous edi-
tions (see the Preface to the 2nd edition), I would like to thank everybody who has
contributed to the development of the new material in the third edition. Apart from
the continuing collaborations with Bernhard Maschke, Romeo Ortega, Jacquelien
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Scherpen, Alessandro Macchelli, Peter Breedveld, Rodolphe Sepulchre, and Stefano
Stramigioli, since 2000 the collaborations with in particular Noboru Sakamoto,
Dimitri Jeltsema, Jorge Cortes, Hans Zwart, Gjerrit Meinsma, Claudio De Persis,
Bayu Jayawardhana, Kanat Camlibel, and Shodhan Rao have been very stimulating.
Also I thank the Ph.D. students and postdocs since 2000 working on these and
related topics: Guido Blankenstein, Goran Golo, Viswanath Talasila, Agung Julius,
Ramkrishna Pasumarthy, Javier Villegas, Norbert Ligterink, Damien Eberard,
Rostyslav Polyuga, Aneesh Venkatraman, Florian Kerber, Harsh Vinjamoor, Marko
Seslija, Shaik Fiaz, Ewoud Vos, Jieqiang Wei, Geert Folkertsma, Nima
Monshizadeh, Tjerk Stegink, Filip Koerts, Pooya Monshizadeh, and Rodolfo Reyes
Baez, as well as the short-term visiting Ph.D. students and postdocs Hugo
Rodrigues, Joaquin Cervera, Luca Gentili, Fabio Gomez-Estern, Joaquin Carrasco,
Marius Zainea, loannis Sarras, Daniele Zonetti, and Luis Pablo Borja for numerous
discussions and feedback. Furthermore, I thank the Johann Bernoulli Institute for
Mathematics and Computer Science of the University of Groningen and my col-
leagues of the Jan C. Willems Center for Systems and Control for providing a
stimulating working environment. Finally, once more I would like to acknowledge
the influence of my former thesis advisor and inspirator Jan Willems. Especially this
book would not have been possible without his fundamental contributions to sys-
tems and control, and thus is rightfully dedicated to him.

Groningen, The Netherlands Arjan van der Schaft
September 2016



Preface to the First Edition

The first version of these lecture notes were prepared for part of a graduate course
taught for the Dutch Graduate School of Systems and Control (DISC) in the spring
trimester of 1994.

My main goal was to provide a synthesis between the classical theory of
input-output and closed-loop stability on the one hand, and recent work on non-
linear H., control and passivity-based control on the other hand. Apart from my
own research interests in nonlinear H,, control and in passive and Hamiltonian
systems, this motivation was further triggered by some discussions with David Hill
(Sydney, Australia), Romeo Ortega, Rogelio Lozano (both Compiégne, France) and
Olav Egeland (Trondheim, Norway), at a meeting of the GR Automatique du
CNRS in Compiegne, November 1993, devoted to passivity-based and H,, control.
During these discussions also the idea came up to organize a pre-CDC tutorial
workshop on passivity-based and nonlinear H,, control, which took place at the
1994 CDC under the title “Nonlinear Controller Design using Passivity and
Small-Gain techniques”. Some improvements of the contents and presentation of
Chapter 2 of the final version of these lecture notes are directly due to the lecture
[122] presented at this workshop, and the set of handwritten lecture notes [183].

As said before, the main aim of the lecture notes is to provide a synthesis
between classical input-output and closed-loop stability theory, in particular the
small-gain and passivity theorems, and the recent developments in passivity-based
and nonlinear H, control. From my point of view the trait d’union between these
two areas is the theory of dissipative systems, as laid down by Willems in the
fundamental paper [350], and further developed by Hill and Moylan in a series of
papers [123, 124, 125, 126]. Strangely enough, this theory has never found its place
in any textbook or research monograph; in fact I have the impression that the paper
[350] is still relatively unknown. Therefore I have devoted Chapter 3 to a detailed
treatment of the theory of dissipative systems, although primarily geared towards
L,-gain and passivity supply rates. One of the nice aspects of classical input-output
and closed-loop stability theory, as well as of dissipative systems theory, is their
firm rooting in electrical network analysis, with the physical notions of passivity,
internal energy and supplied power. Furthermore, using the scattering

vii
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transformation a direct link is established with the finite gain property.
Passivity-based control, on the other hand, used these same physical notions but
draws its motivation primarily from the control of mechanical systems, especially
robotics. Indeed, a usual approach is via the Euler—Lagrange equations of
mechanical systems. In Chapter 4 of the lecture notes my aim is to show that the
passivity properties of electrical networks, of mechanical systems described by
Euler-Lagrange equations, and of constrained mechanical systems, all can be
unified within a (generalized) Hamiltonian framework. This leaves open, and
provokes, the question how other properties inherent in the generalized Hamiltonian
structure, may be exploited in stability analysis and design. The rest of the lecture
notes is mainly devoted to the use of L,-gain techniques in nonlinear control, with
an emphasis on nonlinear H,, control. The approach mimics to a large extent
similar developments in robust linear control theory, while the specific choice of
topics is biased by my own recent research interests and recent collaborations, in
particular with Joe Ball and Andrew Paice. The application of these L,-gain
techniques relies on solving (stationary) Hamilton—Jacobi inequalities, and some-
times on their nonlinear factorization. This constitutes a main bottleneck in the
application of the theory, which is similar to the problems classically encountered in
nonlinear optimal control theory (solving Hamilton—Jacobi—Bellman equtions), and,
more generally, in nonlinear state space stability analysis (the construction of
Lyapunov functions). On the other hand, a first-order approach (linearization) may
already yield useful information about the local solvability of Hamilton—Jacobi
inequalities.

Enschede Arjan van der Schaft
January 1996



Preface to the Second Edition

With respect to the first edition as Volume 218 in the Lecture Notes in Control and
Information Sciences series the basic idea of the second edition has remained the
same: to provide a compact presentation of some basic ideas in the classical theory
of input-output and closed-loop stability, together with a choice of contributions to
the recent theory of nonlinear robust and H., control and passivity-based control.
Nevertheless, some parts of the book have been thoroughly revised and/or
expanded, in order to have a more balanced presentation of the theory and to
include some of the new developments which have been taken place since the
appearance of the first edition. I soon realized, however, that it is not possible to
give a broad exposition of the existing literature in this area without affecting the
spirit of the book, which is precisely aimed at a compact presentation. So as a result
the second edition still reflects very much my personal taste and research interests.
I trust that others will write books emphasizing different aspects. Major changes
with respect to the first edition are the following: A new section has been added in
Chapter 2 relating L,-gain and passivity via scattering, emphasizing a
coordinate-free, geometric, treatment. The section on stability in Chapter 3 has been
thoroughly expanded, also incorporating some recent results presented in [312].
Chapter 4 has been largely rewritten and expanded, incorporating new develop-
ments. A new Chapter 5 has been added on the topic of feedback equivalence to a
passive system, based on the paper [56].

Acknowledgements Many people have contributed to the genesis of this book.
Chapter 3 is based on the work of my former thesis advisor Jan C. Willems, who
also otherwise has shaped my scientific attitude and taste in a deep way. Chapter 4
owes a lot to an inspiring and fruitful cooperation with Bernhard Maschke, as well
as with Romeo Ortega and Morten Dalsmo, while Chapter 6 is based on joint
research with Andrew Paice, Joe Ball and Jacquelien Scherpen. Also I acknowledge
useful and stimulating discussions with many other people, including Peter Crouch,
Bill Helton, David Hill, Alberto Isidori, Gjerrit Meinsma, Carsten Scherer, Hans
Schumacher, Rodolphe Sepulchre, Stefano Stramigioli, and my colleague Henk
Nijmeijer. I thank the graduate students of the spring trimester of 1994 for being an
attentive audience. Gjerrit Meinsma is furthermore gratefully acknowledged for his
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patient way of handling all sorts of I£TEX problems. Finally, I thank the Faculty of
Mathematical Sciences, University of Twente, for providing me with secretarial
support for the preparation of this book; in particular 1 sincerely thank Marja
Langkamp, and for the first edition Marjo Mulder, for their great efforts in bringing
the manuscript to its present form.

Enschede Arjan van der Schaft
August 1999
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Introduction

L,-gain and passivity are fundamental concepts in the stability analysis and control
of dynamical systems. Their traditional scenario of application concerns the feed-
back interconnection of two systems. By computing the L,-gain of one of the two
systems closed-loop stability is guaranteed once the second system has an L,-gain
less than the reciprocal of the first one. Similarly, by verifying passivity of one
system, closed-loop stability results for any second system that is also passive. Thus
passivity or L,-gain provides a stability “certificate” for interconnection with an
unknown system. At the same time it can be regarded as a robustness guarantee. As
a result, many control problems can be cast into the L,-gain or passivity framework;
from stabilization, adaptive control, to robustness optimization and disturbance
attenuation.

Furthermore, the L,-gain and passivity theories are firmly rooted in the mathe-
matical modeling of physical systems. Passivity can be considered as an abstraction
of the common property that the time-derivative of the energy stored in a physical
system is less than or equal than the externally supplied power. Port-based network
modeling of physical systems takes the same point of view, leading to the further
structured class of port-Hamiltonian systems. At the same time, (inverse) scattering
of a system with L,-gain <1 defines a passive system. Moreover passivity natu-
rally extends to a cyber-physical context by emphasizing Lyapunov stability theory
and physical analogies. On the other hand, the small-gain theory connects to
contraction theorems.

Not only the basic reasoning in L,-gain and passivity theory is similar, but both
theories can be regarded as parts of the overarching theory of dissipative systems, as
was formulated by Willems in the early 1970s. This theory provides a unified
framework for a compositional theory of dynamical systems, directly applicable to
large-scale network systems. Furthermore, it reveals, through the dissipation
inequality, the close connection with optimal control.

The focus of this book is on the use of passivity and L,-gain techniques for
nonlinear systems and control. In particular, no frequency domain conditions are
treated. Solutions to the dynamical analysis and control problems are expressed in

XV



XVi Introduction

terms of solvability of nonlinear (partial differential) equations and inequalities,
mostly in Hamilton—Jacobi form.

The contents of the third edition of the book are organized as follows:

Chapter 1 summarizes the classical notions of input—output and closed-loop
stability. The presentation is based on (and is sometimes almost literally taken
from) Vidyasagar’s excellent “Nonlinear Systems Analysis” [343].

Chapter 2 also largely follows the treatment of nonlinear small-gain and pas-
sivity theorems from Vidyasagar [343], with additions from e.g. Desoer and
Vidyasagar [83], as well as further extensions. Section 2.4 provides a geometric
treatment of scattering in this context.

Chapter 3 gives a detailed treatment of the theory of dissipative systems starting
from the fundamental paper by Willems [350], thereby laying the conceptual
foundation for much of the rest of the book. Main parts include the description
of the solution set of the dissipation inequality, and the close link with stability and
stabilization theory using Lyapunov functions, as well as with optimal control.
Furthermore, dissipative systems theory as a tool for the analysis of large-scale
interconnected systems is introduced.

Chapter 4 focusses on dissipative systems with respect to the passivity supply
rate, and the resulting analysis and control theory of nonlinear passive state space
systems. The passivity theorems of Chap. 2 are revisited from the state space point
of view, including converse passivity theorems and extensions to networks of
passive systems. Euler—Lagrange equations and second-order systems are dealt with
as a special class of passive systems, emphasizing a geometric point of view. Also
the notions of incremental and shifted passivity are introduced.

Chapter 5 deals with the problem of rendering a nonlinear system passive by the
use of state feedback. This is employed for the stabilization of cascaded systems,
and in particular the “backstepping” approach.

Chapter 6 is devoted to the theory of port-Hamiltonian systems. While in the
previous chapters passivity is employed as a tool for analysis and control, in
port-Hamiltonian systems theory (cyclo-)passivity follows from the mathematical
modeling. A broad range of examples from mechanical systems and electrome-
chanical systems is provided. Key properties of port-Hamiltonian systems are
discussed, including the availability of Casimirs and shifted passivity. Furthermore,
from a network modeling perspective physical systems are naturally described as
differential-algebraic equation (DAE) systems, leading to the introduction of the
geometric notion of Dirac structures and port-Hamiltonian DAE systems. This
Dirac structure is partly determined by the incidence structure of the underlying
graph. Finally, the notion of scattering is revisited within the port-Hamiltonian
context.

Chapter 7 considers control strategies exploiting the port-Hamiltonian structure.
The notion of control by interconnection (with a controller port-Hamiltonian sys-
tem) for stabilization is emphasized. This is extended to passivity-based control
including energy and interconnection structure shaping.
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Chapter 8 treats the notion of L,-gain within a state space context, revisiting the
small-gain theorems and extending this to a network setting. It also briefly discusses
connections with input-to-state stability theory.

Chapter 9 deals with the nonlinear analogs of the notions of left- and right
factorization of transfer matrices for linear systems, and with nonlinear all-pass
(inner—outer) factorization. These are used for constructing nonlinear uncertainty
models, for obtaining a nonlinear Youla—Kucera parametrization of stabilizing
controllers, and for deriving the minimum-phase factor of nonlinear systems.

Chapter 10 treats the theory of nonlinear state feedback H,, control, and derives
necessary conditions for the output feedback H,, problem.

Finally, Chapter 11 is devoted to checking (local) solvability of Hamilton—Jacobi
inequalities and to the structure of their solution set. Emphasis is on the relations
between nonlinear dissipation and Hamilton—Jacobi inequalities on the one hand
and linearized dissipation and Riccati inequalities on the other hand, with appli-
cations towards nonlinear optimal and H,, control.

Each chapter is ended by a section containing notes on related developments not
discussed in the book, and a few pointers to the literature. It should be emphasized
that these references are primarily based on personal, biased, interests and insights,
and are certainly not meant to be an accurate reflection of the existing literature.

The relation between the chapters can be explained by the following diagram:

1

Y
........................................... 2 e rrarrarrssrarrssasresrasrasinsnasannan,
Y Y Y
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XViii Introduction

Here dashed lines indicate a motivational background from nonlinear input—
output map theory. In particular, a self-contained path through the book is to start in
Chap. 3, and then to continue either to Chap. 4 and further (the passivity route), or
to continue to Chap. 8 and further (the L,-gain route). Both routes finally meet in
Chap. 11.



Chapter 1
Nonlinear Input—Output Stability

In this chapter, we briefly discuss the basic notions of input—output stability for
nonlinear systems described by input—output maps. Also the stability of input—output
systems in standard feedback closed-loop configuration is treated.

1.1 Input-Output Maps on Extended L,-Spaces

The signal spaces under consideration are L,, g = 1,2, ..., 00, and their exten-
sions:

Definition 1.1.1 (L,-spaces) For each positive integer g € {1, 2, ...}, the set
L,[0, 00) = L, consists of all functions' f : R* — R (R" = [0, 00)), which are
measurable? and satisfy

/Ooo | f(H))4dt < oo (1.1)

The set Ly [0, 00) = L consists of all measurable functions f : R*™ — IR which
are bounded, i.e.,

sup | £ (1) < o0 (1.2)

teR+

It is well known that L, are Banach spaces (i.e., complete normed linear spaces)
with respect to the norms

IThroughout we will identify functions which are equal except for a set of Lebesgue measure zero.
Thus conditions imposed on functions are always to be understood in the sense of being valid for
all t € R" except for a set of measure zero.

2A function f : Rt — R is measurable if it is the pointwise limit (except for a set of measure
zero) of a sequence of piecewise constant functions on R

© Springer International Publishing AG 2017 1
A. van der Schaft, Ly-Gain and Passivity Techniques in Nonlinear Control,
Communications and Control Engineering, DOI 10.1007/978-3-319-49992-5_1



2 1 Nonlinear Input—Output Stability

1

11l = (/0 If(t)lth)q g=12.. (1.3)

1/l = sup [f(1)]

teR+

Definition 1.1.2 (Extended L,-spaces) Let f : Rt — R. Then foreach T € R*,
the function fr : Rt — R is defined by

_|f@o., 0=t <T
=170 T = T (1.4)
and is called the truncation of f to the interval [0, T']. Foreach g = 1,2, ..., oo,

the set L, consists of all measurable functions f : R*™ — R such that f7 € L, for
all T with 0 < T < oo. L, is called the extension of L, or the extended L,-space.

Trivially L, C Lg.. Note that L, is a linear space but not a normed space like L.
Note also that || f7||, is an increasing function of 7', and that

1£1ly = fim |1£7ll, (1.5)

whenever f € L,.

In order to deal with multi-input multi-output systems, we consider instead of
the one-dimensional space R any finite-dimensional /inear space }V endowed with
anorm || ||y. Then L, (V) consists of all measurable functions f : RT — V such
that

o0
/ NfOI%dt <00, g=1,2,...,00 (1.6)
0

By defining the norm

I1fllg = (/0 IIf(t)Ilif;dt)q AN flloo = Slﬁgllfllv (1.7)

L, (V) becomes a Banach space, forany g =1, 2, ..., 00.

The extended space L,.()) is defined similar to Definition 1.1.2, that is, for
f : RT — Vwedefine the truncation fr : R™ — V,and f € L,,(V)if fr € L (V)
forall0 < T < oo.

The cases L, and L, (V) are special. Indeed, in the first case the norm || ||, given
in (1.3) is associated with the inner product

< fig>= [ fHgdt, f,ge L,

1 (1.8)
Wfll=<ff>2, fel



1.1 Input—Output Maps on Extended L,-Spaces 3

Note that by the Cauchy—Schwartz inequality < f, g > < || f|l2|lg|l» and thus
< f, g > is well-defined. Hence L, is a Hilbert space (complete linear space with
inner product).

Similarly, let V be a finite-dimensional linear space with an inner product <, >y,.
Then L, (V) becomes a Hilbert space with respect to the inner product

<f,9>=/ < f®),9() >y dt, f.geL(V) (1.9)
0

Wfll=<f f>%, feLV)

Let now U be an m-dimensional linear space with norm || ||y, and Y be a
p-dimensional linear space withnorm || ||y. Consider the input signal space L,.(U)
and the output signal space L,.(Y), together with an input—output mapping

G : Ly(U) — Lyo(Y)

oy G (1.10)

Definition 1.1.3 (Causal input—output maps) Amapping G : Ly(U) — Lg.(Y)is
said to be causal (or nonanticipating) if

(Gw)r =(Gur))r, VT =0,ueLy) (1.11)
Lemma 1.1.4 G : L,(U) — Ly (Y) is causal if and only if
u,v € Lge(U), ur =vr = (Gu)r =(GW)r, VT >0 (1.12)

Lemma 1.1.4 states that G is causal if, whenever two inputs # and v are equal over
any interval [0, T'], the corresponding outputs are also equal over the same interval.

Definition 1.1.5 (Time-invariant input—output maps) A mapping G : L, (U) —
L. (Y) is said to be time invariant if

S:G =GS;, V71 >0, (1.13)

where S;: L, (U) — Ly (U) and S;: Ly (Y) — Ly (Y) is the shift operator
defined as (S;u)(t) = u(t + 1), (S;y)(t) = y(t + 7).

Example 1.1.6 Consider the linear operator G : L,, — L. of convolution type

(Gw)() = /ooh(t, Tu(r)dT (1.14)
0



4 1 Nonlinear Input—Output Stability
for some kernel A (-, -). Then G is causal if and only if
h(t,7) =0, t<T (1.15)

Furthermore, G is time invariant if and only if /2(#, 7) only depends on the difference
r—r.

1.2 L,-Stability and L, -Gain; Closed-Loop Stability

The basic definitions of input—output stability are as follows.

Definition 1.2.1 (L,-stability and finite L,-gain) Consider G : Ly (U) — Ly (Y).
Then G is said to be L,-stable if

ueLyU) = Gu)e LyY), (1.16)

i.e., G maps the subset L,(U) C Ly (U) into the subset L, (Y) C Lg(Y).
The map G is said to have finite L,-gain if there exist nonnegative constants -,
and b, such that

G)rlly = vgllurlly +bg. YT =0, u € Ly (U) (1.17)

G is said to have finite L,-gain with zero bias if b, in (1.17) can be taken equal to
Zero.

Remark 1.2.2 Linear input—output maps G with finite L,-gain have zero bias.
Indeed, given (1.17), then for any A > 0

MG 7llg = G Qu)Tllg = vgllAurlly +bg = Mygllurlly + by
implying b, = 0.

Note that if G has finite L,-gain then it is automatically L,-stable. Indeed, taking
u € Ly(U) and letting T — oo in (1.17) we obtain

Gy < gllully +bg,  Yu € Ly(U) (1.18)

implying that G(u) € L,(Y) forallu € L,(U).
Conversely, for causal maps (1.18) implies (1.17):

Proposition 1.2.3 Let G : L,(U) — Ly (Y) be causal and satisfy (1.18). Then G
satisfies (1.17) for the same by, and thus has finite L,-gain.
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Proof Letu € Ly (U), thenur € Ly(U) and by (1.18)

Gy = vllurlly + by
Since G is causal, (G (1)) = (G(ur))r, and thus

G @)rllg = IGur)rlly = IGun)lly = vgllurlly + by
(]

Definition 1.2.4 (L,-gain) Let G : L, (U) — L4 (Y) have finite L,-gain. Then
the L,-gain of G is defined as

~4(G) = inf{v, | 3 b, such that (1.17) holds} (1.19)

Remark 1.2.5 Since all norms on a finite-dimensional linear space are equivalent
the property of finite L,-gain is independent of the choice of the norms on U and Y.
Of course, the value of the L,-gain does depend on these norms.

Remark 1.2.6 In the linear case the L,-gain is equal to the induced norm of the
input—output map.

A slightly different formulation of finite L,-gain, to be used later on in Chaps.2,
3, and 9, can be given as follows. By Definition 1.2.1, an input—output map G :
Ly, (U) — L,.(Y) has finite L,-gain if there exist constants « and b such that

NGl = yllurlla+b, Vu € Ly (U), VT =0 (1.20)
Alternatively, we may consider the inequality
G @)rll; < 3 Mlurll3 +c. Vu € La(U), ¥T =0 (1.21)

for some nonnegative constants + and c.

Proposition 1.2.7 If(1.20) holds, then for every y > -y there exists ¢ such that (1.21)
holds, and conversely, if (1.21) holds, then for every vy > 7 there exists b such that
(1.20) holds. In particular, the L,-gain v(G) defined in Definition 1.2.4, cf. (1.19),
is alternatively given as

Y(G) = inf{% | Ic such that (1.21) holds } (1.22)


http://dx.doi.org/10.1007/978-3-319-49992-5_2
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Proof Recall that (1.20) amounts to (with y = G (u))

T 3 T 3
(/0 ||y(t)||2dt) 57(/0 ||M(f)||2dl) + b,

while (1.21) amounts to

T
/1Hy0Nth< z/nHuUNFdr+c

0 0

Denote Y = fOT ly|?dt, U = fOT [lu(t)||>dt, and start from the inequality

7§7U +b

Then by quadrature ¥ < 42U + 2’ybU% + b%. Let now 5 > 7, then (v* — ) U +
1
29bU 2 + b? as a function of U is bounded from above by some constant ¢, and thus

Y <5*U +¢

Conversely, if ¥ < 'yzU +c, then Y: < (R*U + c)z and for any v > 7 there exists
b such that (52 U+c) <7U2+b whence Y2 <’yU2+b O

A special case of finite L,-gain is defined as follows.

Definition 1.2.8 (Inner map) Amap G : L, (U) — L,.(Y) is called inner if it has
L»-gain < 1, and furthermore

IG5 = ||ull5 +¢, forallu e Ly(U) (1.23)

for some constant c.

Note that by Proposition 1.2.3 a causal map G : L;,(U) — L,.(Y) is inner if and
only if it satisfies (1.23). Also note that (1.23) implies that ¢ = ||G(0) ||% with O the
zero input function. We obtain the following characterization of inner causal maps,
which will be used in Chaps. 8 and 9.

Proposition 1.2.9 A causal L,-stable map G : Ly, (U) — L,.(Y) is inner if and

only if
(DGW)* o G(u) = u, forallu € L,(U), (1.24)

where DG (1) denotes the Fréchet derivative of G atu € L,(U), and (DG (u))* its
adjoint map with respect to the L, inner product.

Proof (Only if) Differentiation of (1.23) with respect to u in the direction 2 € L,(U)
yields
<DGu)* oGu),h >=<u,h >, (1.25)


http://dx.doi.org/10.1007/978-3-319-49992-5_8
http://dx.doi.org/10.1007/978-3-319-49992-5_9
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which by arbitrariness of 4 implies (1.24). (If) Note that

<u,u>—<GW),Gu) >+ < G@0),G0O) >
= fol %[< su,su > — < G(u), G(u) >]ds (1.26)

= 2f01[< su,u>— < DG(su)* o G(su),u >\ds

Hence (1.23) follows from (1.24). O

It is sometimes useful to generalize input—output maps to relations. Let R be a subset
of Lye(U) x Lyo(Y). Then we say thatu € Ly (U) is related to y € Ly (Y) via the
relation R if (u,y) € R C Lye(U) X Ly (Y).

Definition 1.2.10 (L,-stable relations) The relation R C Ly (U) x Ly (Y) is said
to be L,-stable if

(u,y)eR, uelL,(U) = yecL,Y), (1.27)
while R is said to have finite L,-gain if 3 v,, b, such that forall T > 0
(u,y) €R, ueLyU) = llyrlly = vqllurlly +bq, (1.28)
and its L -gain is denoted as 7, (R).
Anymap G : L, (U) — L. (Y) defines arelation R, namely
R ={(u, G)) | u € Lqe(U)} (1.29)
The converse, however, need not to be true; for a particular u € L,.(U) there may

notexistan y € Ly (Y) such that (u, y) € R, or, alternatively, there may exist many
such y.

So far we have discussed open-loop stability. For closed-loop stability we look
at the standard negative feedback configuration of Fig.1.1, denoted by G| s G2,
where G : Ly (Uy) = Lye(Y1), G2 : Lye(Up) — Ly (Y>) are input—output maps,

Fig. 1.1 Standard feedback er + uy n
configuration G1 || f G2 G

Y2 Gy

C
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andU; =Y, =: E{, Uy =Y =: E;. Furthermore, e; € Ly.(E(), e2 € Ly.(E>) 1ep-

resent external input signals injected in the closed-loop configuration. The closed-
loop system G || sG> is thus described by the equations

Uy =e —y,uUy=e+y

(1.30)
yi =Gi(u)), y2 = Ga(uz)
or, more compactly,
u=e—Fy, y=G(u), (1.31)
with
o=lalo=[nle=[a)
u Y2 €
(1.32)

1
2
_ 0 I |G 0O
r=[ 4.5 )e- 193]
(dimU; = m;,dimY; = p;,i = 1,2, where my = py, m; = p3).
The closed-loop system G || s G, defines two relations. Indeed, eliminate y from

(1.31) to obtain
u=e— FGu) (1.33)

leading to the relation
Rew ={(e,u) € Lye(Ey X E2) X Lge(Uy x Un) |u+ FG(u) = e} (1.34)
Alternatively, eliminate u from (1.31) to obtain
y=G(e—Fy) (1.35)
and the relation

Rey ={(e, y) € Lge(Ey X E3) X Lge(Yy x Y2) | y = G(e — Fy)} (1.36)

Definition 1.2.11 (Closed-loop L,-stability) The closed-loop system Gl ;G is
L,-stable if both R,, and R, are L,-stable relations. G || s G, has finite L,-gain if
both R,, and R,, have finite L,-gain.

Actually, the situation is more simple:

Lemma 1.2.12 (a) R., is L,-stable <= R., is L,-stable.
(b) Rey has finite Lg-gain <= R,y has finite L,-gain.
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Proof (a) Suppose R, is L,-stable. Let (e, y) € R.,. By (1.31)
(E, € — Fy) € Reu (137)

Lete € L,(E; x E,). Then, since R, is L4-stable, e — Fy € L,(E; x E;). Since
F is a nonsingular matrix this implies that y € L, (Y] x Y3).

Conversely, suppose R, is L,-stable. Let (e, u) € R,,,andtakee € L,(E| x E»).
Then (e, y = G(u)) € Ry, and by L,-stability of R,,, y = G(u) € L (Y] x 13).
Since F' is a constant matrix this implies that u = e — Fy € L,(U; x U,). Part (b)
follows similarly using the triangle inequality ||a + b||; < |la|l; + ||D||; for any
norm || 4. (]

Remark 1.2.13 Note that the implication (=) hinges upon the nonsingularity of the
interconnection matrix F. This may not be valid anymore for more general feedback
configurations. In particular, for e; = 0 the L,-stability or finite L,-gain of R, ,, and
of R.,, are not equivalent; see also Remark 2.2.17.

With regard to causality we have the following simple observation.

Proposition 1.2.14 Let G| and G, be causal input—output mappings. Then also
G|l y Gy is causal in the sense that for (e, u) € Ry, ur only depends on er, and for
(e,y) € Ry, yr only depends on er ,NT > 0.

Proof By causality of G| and G», y;r only depends on e;r and y,7, while y,7 only
depends on epr and y;7. Thus y;7, yor only depend on er, e>7. O

Therelations R,, and R, as defined above do not necessarily correspond to mappings
from e to u, respectively, from e to y. Indeed, solving (1.33) for u would correspond
to

u=I+FG) e, (1.38)

but the inverse of I + FG need not exist. Thus for arbitrary external signals
e; € Ly (Ey),ex € Ly (E>) there do not necessarily exist internal signals u; €
Lge(Uy), us € Lye(Us), as well as y; € Ly (Y1), y2 € Lye(Y2). This constitutes a
main bottleneck of the theory; see also the developments in the next Chap. 2 around
an incremental form of the small-gain theorem.

Remark 1.2.15 If R,, defines an input—output mapping G from e = (ey, ;) to
(y1, ¥2), and G and G, are causal, then by Proposition 1.2.14 G is a causal map.
The same holds for R,,.

1.3 Input—Output Maps from State Space Models

Letus now take a different point of view (to be continued in Chap. 3 and all subsequent
chapters), by starting from state space systems


http://dx.doi.org/10.1007/978-3-319-49992-5_2
http://dx.doi.org/10.1007/978-3-319-49992-5_2
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xX=fx,u),uelU
: (1.39)
y=h(x,u),yeY

with U, Y normed finite-dimensional linear spaces (of dimension m and p, respec-
tively), and with x = (x, ..., x,) local coordinates for some n-dimensional state
space manifold X'. Furthermore, f, h are sufficiently smooth mappings. For every ini-
tial condition xo € A’ this defines, in principle, an input—outputmap G, : L, (U) —
L4.(Y), by substituting any input function u(-) € Ly (U) in x = f(x, u), solving
these differential equations for the initial condition x (0) = x, and substituting u(-)
and the resulting state space trajectory x(-) in y = h(x, u) in order to obtain the out-
put function y(-). However, the differential equations may have finite escape time,
and in general additional conditions are necessary to ensure that® y e Ly (Y) for
every u € Lg.(U).

In the following it will be assumed that for every x( the input—output map G, :
Lge(U) — Ly (Y) is indeed well-defined. Definition 1.2.1 then extends as follows.

Definition 1.3.1 (L,-stability of state space system) The state space system X is L -
stable if for all initial conditions xo € & the input—output map G, maps L, (U) into
L,(Y). The system is X is said to have finite L, -gain if there exists a finite constant
74 such that for every initial condition xq there exists a finite constant b, (xo) with
the property that

1(Gx)1llg = Ygllurlly +bg(x0), VYT =0, u € Lge(U) (1.40)

Furthermore, let us replace in the feedback configuration G| sG, of Fig.1.1 the
input—output maps G;,i = 1, 2, by state space systems

X = filxi,uy) , u; € U;
DI , xieX,i=1,2 (1.41)
yi =hi(xi,u;),y €Y;

with U} = Y,, U, = Y, and consider again the feedback interconnection
uy=—-y+e, uo=y +e (1.42)

The closed-loop system with inputs e, e, and outputs y;, y, will be denoted by
21l y %5. For every pair of initial conditions x¢; € &;,i = 1,2, we can define the
relations R;9"*? and R;‘;’,“"OZ as in (1.34), respectively (1.36).

Definition 1.3.2 The closed-loop system X[l ;X is L,-stable if for every pair
(x01, X02) € X7 x A5 the relations R%*? and RZ,‘SW‘OZ (or equivalently, see Lemma
1.2.12, one of them) are L,-stable.

3Note the abuse of notation, with, e. g.,u € U denoting the value of the input and on the other hand
u € Lye(U) denoting a time function u : Rt - U.
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In the state space context it is relatively easy to ensure that for any pair of initial
conditions xo; € A&;, i = 1,2, the relations R;"** and R}~ correspond to map-
pings from e to u, respectively, from e to y. Indeed, the closed-loop system X || s X»
is described by the equations

X1 = fi(xy, up)
[Xz = fa(x2, u2)
yi = hi(xy, up)
[ y2 = ha(x2, uz)
[ e1 = ha(xa, u2) +uy

ey = —hy(x1,ur) +uz

(1.43)

If at least one of the two mappings 4; (x;, u;), i = 1, 2, does not depend on u;, then
we may immediately eliminate u, u,. For instance, if 4; does not depend on uy,
then (1.43) can be rewritten as

X1 = fi(x1, e1 — ha(xz, €2 + hy(x1)))
{xz = fa(x2, €2+ hi(x1))
yi = hi(xy)
{ Y2 = ha(x2, €2 + hi(x1))
up = ey — ha(xa, e2 + hi(x1))
{ uy = e+ hi(xy)

(1.44)

and, under suitable technical conditions as alluded to above, this will define input—
output mappings from e to u, and from e to y. If both 4 and %, depend on u;,
respectively u,, then conditions have to be imposed in order that the static map from
u to e given by the last two equations of (1.43) has (at least locally) an inverse. This
can be done by considering the Jacobian matrix of the map from « to e, given by

I, o (x,
[ gm e ”2)} (1.45)

—o K)o,

Invertibility of this Jacobian for all x;, x, u1, u, ensures by the Inverse Function
theorem that locally u can be expressed as a function of e. Finally, it is easy to see
that invertibility of the Jacobian in (1. 45) is equivalent to invertibility of the matrices
L, + du' (xl»ul)duz (x2, up) or I, + auz (x2, uz) i (xn, uy), for all xi, o, uy, us.
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1.4 Notes for Chapter 1

1. The exposition of the classical material in this chapter is largely based on
Vidyasagar [343].

2. Proposition 1.2.9 is stated in Ball & van der Schaft [24]. See also Scherpen &
Gray [309] and Fujimoto, Scherpen & Gray [108] for a study of the closely related
notion of the nonlinear Hilbert adjoint of an input—output map, and the application
toward the analysis of the nonlinear Hankel singular values. In Chap.9 we will
approach the adjoint of the Fréchet derivative from the state space point of view,
based on the Hamiltonian extension introduced in Crouch & van der Schaft [73].

3. Various theory has been developed for shedding light on the invertibility of the
map I + FG in (1.38); see, e.g., Willems [348].

4. In Chaps.3, 4 and 8 a synthesis will be provided between the stability of the
input—output maps G, of a state space system X, and Lyapunov stability of the
state space system x = f(x, u) from the vantage point of dissipative systems
theory.

5. The relation to (integral) Input-to-State Stability theory developed by Sontag and
coworkers will be addressed in Chap. 8, Sect. 8.5.
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Chapter 2
Small-Gain and Passivity for Input—-Output
Maps

In this chapter we give the basic versions of the classical small-gain (Sect.2.1) and
passivity theorems (Sect. 2.2) in the study of closed-loop stability. Section 2.3 briefly
touches upon the “loop transformations” which can be used to expand the domain of
applicability of the small-gain and passivity theorems. Finally, Sect.2.4 deals with
the close relation between passivity and L,-gain via the scattering representation.

2.1 The Small-Gain Theorem

A straightforward, but very important, theorem is as follows.

Theorem 2.1.1 (Small-gain theorem) Consider the closed-loop system G| ;G»
given in Fig. 1.1, and let q € {1,2,...,00}. Suppose that G| and G, have
Lg-gains v,(Gy), respectively v,(G2). Then the closed-loop system G|l G, has
Sfinite L,-gain (see Definition1.2.11) if

74(G1) - 74(G2) < 1 (2.1)

Remark 2.1.2 Tnequality (2.1) is known as the small-gain condition. Two stable sys-
tems G and G, which are interconnected as in Fig. 1.1 result in a stable closed-loop
system provided the “loop gain™ is “small” (i.e., less than 1). Note that the small-gain
theorem implies an inherent robustness property: the closed-loop system remains sta-
ble for all perturbed input—output maps, as long as the small-gain condition remains
satisfied.

Proof By the definition of ~,(Gi), 7,(G2) and (2.1) there exist constants
Yig» V2q> b1gs bog With 14 - v24 < 1, such that forall T > 0
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”(Gl(ul))T”q = 71q||u1T||q +b1q ’ Vul € Lqe(Ul)

2.2
1Ga)rlly < aglluarlly +brg o Vs € Lye(U) 2.2)

For simplicity of notation we will drop the subscripts “g.” Since u;r = e;r —
(G2 (u2))r

izl < llewr |l + (G227 |l < lleir |l + y2lluzr || + by
lluor [l < llear || + G 7ll < llear|l + yillurr |l + br.

Combining these two inequalities, using the fact that v, > 0, yields

izl < yellurrll + (leir |l + 72llear (| 4+ by 4+ 72b1).

Since 717, < 1 this implies

llurrll < (1 =m92)~ (lewr]l + vallear|] + b2 + 72b1). (2.3)

Similarly we derive

lluarll < (1 —=y72)~ 'learll + villeir|| + by + vib2). (2.4)

This proves finite L,-gain of the relation R,,, and thus by Lemma1.2.12 finite
Lgy-gain of G|y G». O

Remark 2.1.3 Note that in (2.3) and (2.4) we have actually derived a bound on the
L ,-gain of the relation R,,. Substituting y; = G1(u1), y2 = G2(u3), and combining
(2.2) with (2.3) and (2.4), we also obtain the following bound on the L,-gain of the
relation R,,:

izl < =) "' nllerr!l + 22llear |l + by + y2by) + by 2.5)
lyor | (1 = yy2) v (llear |l + villeir |l 4+ by +7162) + by. '
Remark 2.1.4 Theorem?2.1.1 remains valid for relations R, ,, and R,,,,, instead of
maps G| and G».

Note that in many situations, e; and e, are given and u;, u, (as well as y;, y;)
are derived. The above formulation of the small-gain theorem (as well as the def-
inition of L,-stability of the closed-loop system G|l ;G», cf. Definition1.2.11)
avoids the question of existence of solutions u; € Ly.(Uy),us € Ly (U) to e =
uy + Gz(uz), €) = Uy — Gl(ul) for given e € Lqe(El), (S Lqe(Ez). As we will
see, a stronger version of the small-gain theorem does also answer this question, as
well as some other issues. First, we extend the definition of L ,-gain to its incremental
version.

Definition 2.1.5 (Incremental L,-gain) The input—output map G : L, (U) —
L. (Y) is said to have finite incremental L,-gain if there exists a constant 'y > 0
such that
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G — (GW)rlly < Tyllur —vrlly, YT =0, u,v € Ly (U) (2.6)

Furthermore, its incremental L,-gain I';(G) is defined as the infimum over all such
ry.

The property of finite incremental L,-gain is seen to imply causality.

Proposition 2.1.6 LetG : L, (U) — Ly (Y) havefinite incremental L,-gain. Then
it is causal.

Proof Letu,v € L, (U) be such that ur = vy. Then by (2.6)

(G@)r — G)rlly = Tyllur —vrlly =0,
and thus (G(u))r = (G(v))r, implying by Lemma 1.1.4 causality of G. O

Remark 2.1.7 Hence, finite incremental L,-gain for causal maps is the same as
requiring that forall 7 > 0

(G ur)r — (Gr)rlly = Tygllur —vrllg, Yu,v € Le(U)  (27)

Theorem 2.1.8 (Incremental form of small-gain theorem) Let Gy : Ly (Uy) —
Ly (Y1), Gy : Lye(Uz) = Lyo(Y2) be input—output maps with incremental L ,-gains
Iy (G1), respectively I'y(G). Consider the closed-loop system G| ;Ga. Then, if
I,(G1)-Ty(Gy) < 1,

(i) Forall(ey, ez) € Lye(E1 X E3) there exists a unique solution (uy, uz, yi, y2) €
Lqe(Ul X U2 X Y] X Yg)
(ii) The map (e, e2) — (u1, uz) is uniformly continuous on the space Ly (E; X
E)).
(iii) If the solution (uy,uz) to ey =ex =0 is in Ly(U; x U,), then (e, er) €
L,(E\ x E) implies that (uy, up) € Ly(Uy x U»).

Proof First we note that since I'; (G1) - I';(G) < 1, there exist constants I'y,, 'y,
with Iy, - I's4 < 1 such that for all 7 > 0 and for all u;, vy € Ly(Uy), uz, v5 €
Ly (Ur)

(G — (G1(w))rlly < Tigllurir —virlly

1(G2(u2))r — (G2(va))7llg < Toglluar — varlly 28)

Furthermore, by Proposition2.1.6 G, G, are causal. The statements (i), (ii) and (iii)
are now proved as follows.
(i) Since up, = e; + G1(e; — G, (u»)) it follows that

urr = exr + [Gi(er — Ga(u2))lr

Using causality of G| and G, this yields
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urr = ear +{Gileir — (Ga(uar))7l}r (2.9)

For every ey, e, this is an equation of the form u,r = C(up7). We claim that C is
a contraction on L 10,71(U>) (the space of L,-functions on [0, T']). Indeed for all
usr, Vo1 € Ly j0,771(U2)

IGileir — (G2(uar))r] — Gileir — (G2 (var))7lllg, 10,77
< Tl (G2(var)r — (Ga(uar))rlly = Tig - Toglluar — varlly

by (2.8). By assumption I'j, - I'y, < 1, and thus C is a contraction. Therefore, for
all T > 0, and all (ey, ez) € Ly (E; x E), there is a uniquely defined element of
urr € Lg 10,71(U2) solving usr = C(up7). The same holds trivially for u;7 since

uir = eir — (Ga(uar))r
Thus for all (e, ey) € Ly(E; x E;) there exists a unique solution (up,us) €
Ly (U x Us) to (1.30).

(ii) Since u 7 = e — (Ga(uar)) 7, U}y = €3 — (Ga(uyy))r we obtain by sub-
traction and the triangle inequality

uir — w7 |l < lleir — €7 || + Toglluar — uby||
for all (ey, e2), (e}, ¢5) and corresponding solutions (uy, u2), (u}, u5). Similarly
lluar — uhr|l < llear — eypll + Tigllurr — izl
and thus
lurr —uirll < (1 =T14Tag) " (leir — €j7ll + Togllear — €7D, (2.10)
and similarly for ||up7 — u}||. This yields (ii).
(iii) Insert e} = ¢}, = 0 in (2.10) and in the same inequality for the expression
o — uspl. O
Remark 2.1.9 For a linear map G, property (2.6) is equivalent to

G @)rlly < Tyllurlly

and thus to the property that G has L,-gain < I'; (with zero bias). Note also that in
this case the solutiontoe; = e, = 0isu; = up = 0, and thus (iii) is always satisfied.
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2.2 Passivity and the Passivity Theorems

While the small-gain theorem is naturally concerned with normed (finite-
dimensional) linear spaces V and the corresponding Banach spaces L, (V) for every
q=1,2,...,00,passivity is, at least in first instance, independent of any norm, but,
at the same time, requires a duality between the input and output space.

Indeed, let us consider any finite-dimensional linear input space U (of dimension
m), and let the output space Y be the dual space U* (the set of linear functions
on U). Denote the duality product between U and U* =Y by <y |u > for y €
U*,u € U.(Thatis, < y | u > isthelinear functiony : U — Revaluatedatu € U.)
Furthermore, take any linear space of functions u : R*™ — U, denoted by L(U),
and any linear space of functions y : Rt — Y = U*, denoted by L(U*). Define
the extended spaces L.(U), respectively L.(U*), similar to Definition 1.1.2, that is,
uelL,(U)ifur e LWU)forallT >0andy € L, (U*)ifyr € L(U*) forall T > 0.
Define a duality pairing between L.(U) and L.(U*) by defining foru € L,(U), y €
L.(U")

T
<ylu >T:=/ <y(@) | u() >dt, (2.11)
0

assuming that integral on the right-hand side exists. In examples, the duality product
< y(t) | u(t) > usually is the (instantaneous) power (electrical power if the compo-
nents of u, y are voltages and currents, or mechanical power if the components of
u, y are forces and velocities). In these cases, < y | u >7 will denote the externally
supplied energy during the time interval [0, T'].

Definition 2.2.1 (Passive input—output maps) Let G : L,(U) — L.(U*). Then G
is passive if there exists some constant (3 such that

<Gw)|u>7> —0, YuelL,(U), VYT >0, (2.12)

where additionally it is assumed that the left-hand side of (2.12) is well defined.

Note that (2.12) can be rewritten as
—<Gw)|lu>r < B, YuelL,(U), VT >0, (2.13)

with the interpretation that the maximally extractable energy is bounded by a finite
constant 3. Hence, G is passive iff only a finite amount of energy can be extracted
from the system defined by G. This interpretation, together with its ramifications,
will become more clear in Chaps. 3 and 4.

Definition2.2.1 directly extends to relations.

Definition 2.2.2 (Passive relation) A relation R C L, (U) x L.(U*) is said to
be passive if <y |u >y > —3, for all (u,y) € R and T > 0, assuming that
< y | u >r is well defined for all (4, y) € Randall T > 0.
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Remark 2.2.3 In many applications L, (U) will be defined as L,,(U) for some norm
|| |l onU. Then L,(U*) can be taken to be L,,(U*), with || ||y« the norm on U*
canonically induced by || ||y, that is,

Iyl <ylu>
Y|y ;= max ——
w0 |lully

This implies | < y | u > | < ||yllu= - |lul||v, yielding

| <G lu>r =[] <G |u@)>dr| <

3 3 (2.14)
(S5 6@ @13ar)” - (J e Bar)”

Hence, in this case the left-hand side of (2.12) is automatically well defined. The
same holds for a passive relation R C L, (U) X Ly, (U*)

Remark 2.2.4 For a linear single-input single-output map the property of passivity
is equivalent to the phase shift of an input sinusoid being always less than or equal
to 90° (see e.g., [343]). This should be contrasted with the L,-gain of a linear input—
output map, which deals with the amplification of the input signal.

Similarly to Proposition 1.2.3 we have the following alternative formulation of pas-
sivity for causal maps G.

Proposition 2.2.5 Let G : L, (U) — L.(U*) satisfy (2.12). Then also
<Gu)lu> > —0, YuelLU), (2.15)

if the left-hand side of (2.15) is well defined. Conversely, if G is causal, then (2.15)

implies (2.12).

Proof Suppose (2.12) holds. By letting T — oo we obtain (2.15) for u € L(U).

Conversely, suppose (2.15) holds and G is causal. Then for u € L,(U)

<G)|u>r=<Gw)r |ur >=<(G(ur))r |ur >

=< Gur) lur > = —p0.

We are ready to state the first version of the Passivity theorem.

Theorem 2.2.6 (Passivity theorem; first version) Consider the closed-loop system
Gl fGyin Fig. 1.1, with Gy : L,(Uy) — L.(U{) and G, : L.(Uy) — L.(UJ) pas-
sive, and Ey = Uy = U, E, = U{ = U,.

(a) Assume that for any ey € L.(U}), e € L.(U,) there are solutions u; € L,(U;)
and uy € L,(Us). Then G| rG, with inputs (ey, e2) and outputs (yi, y2) is
passive.
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(b) Assumethat foranye, € L,(U;) and e, = Othere are solutionsu, € L,(U;), u,
€ L.(U). Then G|l y G2 with e; = 0 and input ey and output y, is passive.

Proof The definition of standard negative feedback, cf. (1.30), implies the key
property
<wyilur>r+ <y luz>r
=<yilet=—yn>r+<ymle+y >r (2.16)
=<yle>+<nle>r,

and thus for any e¢; € L.(U;), e € L.(Uy) andany T > 0

<viluy>r+<yluy>r .17

=<yle>+<mle>r
with y; = G (u1), y2» = Ga(uz). By passivity of G and Ga, < y; | u; >7 > —[1,
< y2 | up >1 > —[, and thus by (2.17)

<viles>r+<wmle>r=>-03—05 (2.18)

implying part (a). For part (b) take e, = 0 in (2.17). O

Remark 2.2.7 Theorem?2.2.6 expresses an inherent robustness property of passive
systems: the closed-loop system G|l ;G, remains passive for all perturbations
of the input—output maps G, G, as long as they remain passive (compare with
Remark2.1.2).

In order to state a stronger version of the Passivity theorem we need stronger notions
of passivity. First of all, we will assume that the input space U is equipped with an
inner product <, >. Using the linear bijection

uelvr—<u, > U*, (2.19)

we may then identify Y =U* with U. That is, Y =U*=U, and
<y |u>=<y,u >. Furthermore, for any input function u € L,.(U) and corre-
sponding output function y = G(u) € L, (U) we will have <y|u >r=

fOT < y(t), u(t) > dt, which will be throughout denoted by < y, u >7.

Definition 2.2.8 (Output and input strict passivity) Let U =Y be a linear space
with inner product <, > and corresponding norm || - ||. Let G : Ly, (U) — L. (Y)
be an input—output map. Then G is input strictly passive if there exists § and § > 0
such that

< G),u >r = dllurll; — B, Yu € Ly (U), VT = 0, (2.20)
and output strictly passive if there exists 5 and £ > 0 such that

<Gu),u > > 5||(G(u))T||% — 0B, YuelyU), VT > 0. 2.21)
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Furthermore, G : Ly, (U) — L,.(Y) is merely passive if there exists § such that
(2.21) holds for ¢ = 0 (or equivalent (2.20) for § = 0). Whenever we want to empha-
size the role of the constants ¢, ¢ we will say that G is d-input strictly passive or
e-output strictly passive. In the same way we define (d-)input and (e-)output strict
passivity for relations R C Ly, (U) x L. (Y).

Remark 2.2.9 Note that by Remark 2.2.3 the left-hand sides of (2.20) and (2.21) are
well defined.

Remark 2.2.10 Proposition?2.2.5 immediately generalizes to input, respectively, out-
put strict passivity.

‘We obtain the following extension of Theorem2.2.6.

Theorem 2.2.11 (Passivity theorem; second version) Consider the closed-loop sys-
tem G ||fG2 in Fig. 1.1, with Gy : Ly, (Uy) = Ly, (Uy), Gy : Ly.(Uy) — Lo (Uy),
and E| = U, = U, = E, =: U an inner product space.

(a) Assume that for any ey, ey € L. (U) there are solutions uy,u, € Ly, (U). If
G and G are respectively - and e;-output strictly passive, then G|l yG»
with inputs (e1, e;) and outputs (y1, y2) is e-output strictly passive, with ¢ =
min(ey, &3).

(b) Assume thatforanye; € Ly, (U) ande, = Othere are solutionsuy, uy € Ly.(U).
If G| is passive and G, is d-input strictly passive, or if Gy is e1-output strictly
passive and G, is passive, then G1|| y G for e; = 0, with input ey and output y;,
is 6p-input, respectively e -output strictly passive.

Proof Equation (2.17) becomes
<yLuL>r+ <yuuy>r=<y,e >r+ <y,e>r (2.22)
(a) Since G| and G, are output strictly passive (2.22) implies
<Y, er>r + <y,e>r=<y,uU >7 + <y Uy >t
> eillyirll3 + eallyarll3 — Bi — B2

> e(llyirlls + llyarl3) — Bi — B

for e = min(eq, &) > 0.
(b) Let G be passive and G, be d,-input strictly passive. By (2.22) with e, =0

< yi,e >r=<Yy, Uy >7 + <y, Uy >r7

> =01 + &lluar|ls — B = &llyirll3 — 61 — B

If G, is ;-output strictly passive and G, is passive, then the same inequality
holds with §, replaced by ¢. (]
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Remark 2.2.12 A similar theorem can be stated for relations R, and R».

For statements regarding the L,-stability of the feedback interconnection of passive
systems a key observation will be the fact that output strict passivity implies finite
L,-gain.

Theorem 2.2.13 Let G : Ly, (U) — L. (U) be c-output strictly passive. Then G

. 1
- < =
has Ly-gain < -.

Proof Since G is e-output strictly passive there exists 3 such that y = G (u) satisfies

ellyrll} < <v,u>r +3

A

<y.u>r +B+ 3llzur — Jeyrll3 (2.23)
= B+ Allurl3 + §lyrl3,

whence £||yr|13 < 3 |lurl3 + B, proving that 1,(G) < 1. 0

Remark 2.2.14 As a partial converse statement, note that if G is J-input strictly
passive and has L,-gain < -, then

1)
<G),u> >dlull3-p8 > ;IIG(u)H%—/B,

implying that G is %—output strictly passive.

Combining Theorems?2.2.11 and 2.2.13 one directly obtains the following.

Theorem 2.2.15 (Passivity theorem; third version) Consider the closed-loop system
Gl||fG2 n Fig.].], with G1 . Lze(Ul) e LQE(UI), G2 . LZE(UZ) e Lze(Uz), and
E, = E, = U, = U, =: U an inner product space.

(a) Assume that for any ey, e; € Ly, (U) there exist solutions uy, uy € L. (U). If
G, is g;-output strictly passive, i = 1,2, then G|l y G, with inputs (e, e;) and
outputs (y1, y2) has L,-gain < é with € = min(ey, ;). For ey, e, € Lr(U) it
follows that uy, uy, y1, y» € Lo(U).

(b) Assumethatforanye; € Ly, (U)ande, = Othere are solutionsuy, uy € Ly.(U).
If G| is passive and G, is d-input strictly passive, or if G is €1-output strictly
passive and G, is passive, then G| G, for e; = 0 with input ey and output
y1 has Ly-gain < %, respectively < L. Furthermore, if e; € L,(U) then also

S]'
yi =uy € Lry(U).

Remark 2.2.16 Suppose G| and G, are causal. Then by Propositions 2.2.5 and 1.2.14
we can relax the assumption in (a) to assuming that for any e, e; € L,(U) there
exist solutions u, uy € Ly, (U). Similarly, we can relax the assumption in (b) to
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assuming that for any e; € L,(U) and e, = 0 there exist solutions uy, uy € L. (U).
If G, and/or G, are not causal, then this relaxation of assumptions will guarantee at
least L,-stability.

Example 2.2.17 Note that in Theorem?2.2.15 (b) it is not claimed that u; and y, =
G, (uy) are in Lo(U). In fact, a physical counterexample to such a claim can be
given as follows. Consider a mass moving in one-dimensional space. Let the mass
be subject to a friction force which is the sum of an ideal Coulomb friction and a
linear damping. Furthermore, let the mass be actuated by a force u; = e; — y,, where
e; is an external force and y, is the force delivered by a linear spring. Defining y,
as the velocity of the mass, the input—output map G; from u; to y; for zero initial
condition (velocity zero) is output strictly passive, as follows from the definition of
the friction force. Furthermore, let G, be the passive input—output map defined by
the linear spring for zero initial extension, with the spring attached at one end to
a wall and with the velocity of the other end being its input u, and with output y,
being the spring force (acting on the mass). Now let e;(-) be an external force time
function with the shape of a pulse, of magnitude 4 and width w. Then by taking
h large enough the force e; will overcome the total friction force (in particular the
Coulomb friction force), resulting in a motion of the mass and thus of the free end
of the spring. On the other hand by taking the width w of the pulse small enough
the extension of the spring will be such that the spring force does not overcome the
Coulomb friction force. As a result, the velocity of the mass y; will converge to zero,
while the spring force y, will converge to a nonzero constant value (smaller than the
Coulomb friction constant). Hence, y, and u; will not be in L, (RR).

A useful generalization of the Passivity Theorems2.2.11 (a) and 2.2.15 (a), where
we do not necessarily require passivity of G| and G, separately, can be stated as
follows.

Theorem 2.2.18 Suppose there exist constants €;, 9;, B;,i = 1, 2, satisfying
€1+(52>0, €2+(51 >0 (224)

such that
< Gi(u),ui >7 > &ll(Giw)rl3+ &illuir|3 — Bi (2.25)

forallu; € Ly,(U;) and all T > 0,i =1, 2. Then G| ;G has finite L,-gain from
(e1, €2) 10 (y1, y2).
Proof Addition of (2.25) with y; = G;(u;) fori = 1, 2 yields

< yi,uUy >1 + <y, Uy >r

2.26
> el I3 + 8 lurr 1B + eallyar 2 + S2lluar I — Bi — B (2.26)
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Substitution of the negative feedback u; = e; — y,, up = e, + y; results in

<yer>r +<y,es>r +61 +

2.27
S el + Siller — yal2 + exllyald + Saller + vl HFD

Writing out and rearranging terms leads to

—dillerr|l3 = dallear |3 + B + 32
> (e1 + ) yirl3 + (€2 + ) llyar Il
=201 <y, e1 >1 =200 < yi,er>r — < yi,e1 >r — < y2,€ > .
By the positivity assumption on a% =1 + 0o, a% := g7 4+ §; we can perform “com-
pletion of the squares” on the right-hand side of this inequality, to obtain an expression

of the form
ayir eir | 2 2| €Lr |2
—A <c + 61 + 52, 2.28
[ [am} [QT] 3=l [m] 13+ 61 + 6 (228)
foracertain2 x 2 matrix A and constant c. In combination with the triangle inequality
aryir < | @nr _A eir + 1A eir 299
I [azm} o<1 [azm} [ezr] l+lalc k. @29
this yields finite L,-gain from (e, e2) to (y1, y2). U

Remark 2.2.19 Clearly, Theorem?2.2.18 includes Part (a) of Theorems?2.2.11 and
2.2.15 by taking §; = J, = 0. Importantly, it shows that £y, €5, d;, > need not all be
nonnegative. Negativity of ¢ (“lack of passivity” of G) can be “compensated” by
a sufficiently large positive d, (“surplus of passivity” of G,).

Notice that the last version of the Passivity Theorem?2.2.15 still assumes the exis-
tence of solutions uy, uy € Ly, (U). In the small-gain case this was remedied, cf.
Theorem2.1.8, by replacing finite L,-gain and the small-gain condition by their
incremental versions. Similarly this can be done by invoking a notion of incremental
passivity defined as follows.

Definition 2.2.20 (Incremental passivity) An input—output map G : L. (U) —
L,.(Y) is C-output strictly incrementally passive for some ¢ > 0 if there exists
(3 such that

Cllyr—zrl; < <y—zu—v>r + 0 (2.30)

forallu, v € L,,(U) and corresponding outputs y = G (u), z = G(v). If € = 0 then
G is incrementally passive.

Furthermore, G is called A-input strictly incrementally passive for some A > 0 if
there exists (3 such that

Allur —vrll3 < <y—zu—v>r + (2.31)
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for all u, v € L, (U) and corresponding outputs y = G(u), z = G(v).
We immediately obtain the following incremental version of Theorem?2.2.15.

Proposition 2.2.21 Consider the closed-loop system G| fG, in Fig. 1.1, with G :
Ly (Uy) = Loe(U1), Gat Loe(Uy) = Loe(Us), and Ey = Uy = Uy, = E; =: U an
inner product space.

(a) Assume that for any ey, ey € Ly, (U) there are solutions uy, uy € L, (U). If G,
and G, are respectively €,- and &,-output strictly incrementally passive, then
Gl y G with inputs (e, e2) and outputs (y1, y2) is €-output strictly incremen-
tally passive, with € = min(&;, &,).

(b) Assumethatforanye; € Ly, (U) and ey = Othere are solutionsuy, uy € Ly.(U).
If G is incrementally passive and G, is A,-input strictly incrementally passive,
or if Gy is Ej-output strictly incrementally passive and G, is incrementally
passive, then G| y Go with e; = 0 and input ey and output y, is E-output strictly
incrementally passive, with € equal to A, respectively €.

The following crucial step is the observation that output strict incremental passivity
implies finite incremental L,-gain in the same way as output strict passivity implies
finite L,-gain, cf. Theorem2.2.13.

Proposition 2.2.22 Let G : Ly, (U) — L, (U) be E-output strictly incrementally
passive. Then G has incremental L,-gain < é

Proof Repeat the same argument as in the proof of Theorem 2.2.13, but now in the
incremental setting, to conclude that

1 ¢
Elyr —zrl5 < B+ ¢ lur = vrlls + 5 lyr = zrll3,

where y = G(u), z = G(v). This proves that the incremental L,-gain of G is
< i O
=€

By combining Propositions2.2.21 and 2.2.22 with Theorem2.1.8 we immediately
obtain the following corollary.

Corollary 2.2.23 Consider the closed-loop system G|l yG, in Fig. 1.1, with G :
Lo (Uy) = Lo (Ur), Ga: Loe(Uz) — Lao(Us),and Ey = E; = Uy = Uy =:Uan
inner product space.
Assume that G| and G, are €;-, respectively &,-, output strictly incrementally
passive, and that
¢ -¢ > 1. (2.32)

Then

(i) Forall(ey, ez) € Ly.(E| X E) there exists a unique solution (uy, u, y1, y2) €
L2e(Ul X U2 X Y] X Y2)
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(ii) The map (e, e2) — (u1, us) is uniformly continuous on the domain L,,(E| X
E)).

(iii) If the solution (uy,uz) to ey =ey; =0 is in Lo(U; X Uy), then (e, e;) €
L,(Ey x E») implies that (uy, un) € Lo(Uy x Uy).

Remark 2.2.24 (General power-conserving interconnections) All the derived pas-
sivity theorems can be generalized to interconnections which are more general than
the standard feedback interconnection of Fig.1.1. This relies on the observation
that the essential requirement in the proof of Theorem2.2.6 is the identity (2.16),
expressing the fact that the feedback interconnectionu; = —y, + ey, up = y; + ez is
power-conserving. Many other interconnections share this property, and as a result
the interconnected systems share the same passivity properties as the closed-loop
systems arising from standard feedback interconnection. As an example, consider
the following system (taken from [355]) given in Fig. 2.1. Here R represents a robotic
system and C is a controller, while E represents the environment interacting with the
controlled robotic mechanism. The external signal e denotes a velocity command.
We assume R and E to be passive, and C to be a output strictly passive controller.
By the interconnection constraints u¢c = yg +e, ugr = ygandug = —yg — yc we
obtain
<ycluc>+<yplug>+<yplug> = <ycle>

and hence, as in Theorem 2.2.15 part (b), the interconnected system with input e and
output yc is output strictly passive, and therefore has finite L,-gain.

This idea will be further developed in the subsequent chapters, especially in
Chaps. 4, 6 and 7 in the passive and port-Hamiltonian systems context.

Fig. 2.1 An alternative
power-conserving e . W o e
interconnection
R +
UR ’ yr T
E
YE Up
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Fig. 2.2 Feedback system ]\/{(61)+ ;
with multipliers —O—> M~ > Gy |4 N —

o+ N(eg)

Fig. 2.3 Transformed
closed-loop configuration

Y1

+ e

2.3 Loop Transformations

The range of applicability of the small-gain and passivity theorems can be consider-
ably enlarged using loop transformations. We will only indicate two basic ideas.
The first possibility is to insert multipliers in Fig. 1.1 by pre- and post-multiplying
G and G, by L,-stable input—output mappings M and N and their inverses M ~land
N~!, which are also assumed to be L,-stable input-output mappings, see Fig.2.2.
By L,-stability of M, M=, N and N~ it follows that e, € Ly(Ey),ex € Ly(E>)
ifandonlyif M(e;) € L,(E1), M(ey) € Ly(E>). Thusstability of G || ;G2 is equiv-
alent to stability of G| y G, with G| = NG M™', G5 =MG,N~".
A second idea is to introduce an additional L ,-stable and linear operator K in the
closed-loop system G || s G, by first subtracting and then adding to G, (see Fig.2.3).
Using the linearity of K, this can be redrawn as in Fig.2.4. Clearly, by stability
of K, ey — K(ey) and e; are in L, if and only if ey, e, are in L,. Thus stability of
Gl G is equivalent to stability of G|l rG5.

2.4 Scattering and the Relation Between Passivity
and L,-Gain

Let us return to the basic setting of passivity, as exposed in Sect. 2.2, starting with
a finite-dimensional linear input space U (without any additional structure such as
inner product or norm) and its dual space ¥ := U™ defining the space of outputs.
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€]7K62+ Y1

G

Dy
A
I\

Fig. 2.4 Redrawn transformed closed-loop configuration

On the product space U x Y of inputs and outputs there exists a canonically
defined symmetric bilinear form <, >, given as

L WU, y1), U, W) >=<y lug>+<yr|u > (2.33)

withu; e U, y; € Y, i = 1,2, and < | > denoting the duality pairing between ¥ =
U* and U. With respect to a basis ey, ..., e, of U (where m = dim U), and the
corresponding dual basis ej, ..., e}, of Y = U¥, the bilinear form <, > has the

matrix representation
0 I,
|: I, O} (2.34)

It immediately follows that <, >> has singular values 41 (with multiplicity m)
and —1 (also with multiplicity m), and thus defines an indefinite inner product on the
space U x Y of inputs and outputs. Scattering is based on decomposing the combined
vector (u,y) € U x Y with respect to the positive and negative singular values of
this indefinite inner product. More precisely, we obtain the following definition.

Definition 2.4.1 Any pair (V, Z) of subspaces V,Z C U x Y is called a pair of
scattering subspaces if
i) VezZ=UxY
(i) K vy, vy > > 0, forall vy, v, € V unequal to 0,
L 21,22 >» < 0,forall z;, 2o € Z unequal to O
(iil)) €K v,z >»=0,forallveV,ze Z

It follows from (2.34) that any pair of scattering subspaces (V, Z) satisfies

dmV =dimZ =m
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Given a pair of scattering subspaces (V, Z) it follows that any combined vector
(u,y) € U x Y alsocanberepresented, inaunique manner,asapairv @z € V @ Z,
where v is the projection along Z of the combined vector («, y) € U x Y on V, and
z is the projection of (u, y) along V on Z. The representation (i, y) = v @ z is
called a scattering representation of (u, y), and v, z are called the wave vectors of
the combined vector (u, y).

Using orthogonality of V' with respect to Z it immediately follows that for all
Wi, y)=v;i®z;,i =1,2,

Ly, y1), U2, y2) >=<v,0 >y — < 21,22 >7 (2.35)

where <, >y denotes the inner product on V defined as the restriction of <, >
to V,and <, >z denotes the inner product on Z defined as minus the restriction of
<L, >t Z.

In particular, taking (1, y;) = (12, y2) = (1, y), we obtain for any (u, y) = v @
z the following fundamental relation between (u, y) and its wave vectors v, z

1 1 1
<yluz=3 <@y, @y »= §||v||2v - 5||z||22, (2.36)

where || ||y, || ||z are the norms on V, Z, defined by <, >y, respectively <, >.

Identifying as before < y | u > with power, the vector v thus can be regarded as
the incoming wave vector, with half times its norm being the incoming power, and
the vector z is the outgoing wave vector, with half times its norm being the outgoing
power.

Nowlet G : L,(U) - L.(Y), with Y = U*, be an input—output map as before.
Expressing (4, y) € U x Y in a scattering representation as v @ z € V @ Z, it fol-
lows that G transforms into the relation

R.={v@zeL(V)®LAZ) | 2.37)
v(t) @ z(t) = (u(t), y(1)), t e R*, y = G(w)}, ’
with the function spaces L.(V) and L.(Z) yet to be defined. As a direct consequence
of (2.36) we obtain the following relation between G and R,;:

1 1
<G(u>|u>T=5||vT||2V—§||zT||ZZ, T >0. (2.38)

In particular, if u and y = G () are such thatv € L,,(V) and z € L,.(Z) then, since
the right-hand side of (2.38) is well defined, also the expression < G(u) | u >r is
well defined for all 7 > 0.

We obtain from (2.38) the following key relation between passivity of G and the
L>-gain of R,;.
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Proposition 2.4.2 Consider the relation R,, C L3.(V) @ L,.(Z) as defined in
(2.37), with L, replaced by L,,. Then G is passive if and only if R,; has Ly-gain
<1

Proof By (2.38), ||z7]]% < ||vT||%, +cifandonly if < G(u) | u >7> —3. O

If the relation R, can be written as the graph of an input—output map
S Ly (V) = L2 (2), (2.39)

(with respect to the intrinsically defined norms || ||y and || ||z) then we call S the
scattering operator of the input—output map G. We obtain the following fundamental
relation between passivity and L,-gain.

Corollary 2.4.3 The scattering operator S has L,-gain < 1 if and only if G is
passive.

As noted before, the choice of scattering subspaces V, Z, and therefore of the scat-
tering representation, is not unique. Particular choices of scattering subspaces are
given as follows. Take any basis e, ..., e, for U, with dual basis e, ..., e}, for
U* =Y. Then it can be directly checked that the pair (V, Z) given as

.
¢

v=spa“{(%’ﬁ)’i=1"”’m} (2.40)

Z:span{(%",%),i:l,...,m}

defines a pair of scattering subspaces. (In the above the factors % were inserted in
order that the vectors spanning V, respectively Z, are orthonormal with respect to the
intrinsically defined inner products <, >y and <, > .) In these bases for U, Y and

V, Z the relation between (u, y) and its scattering representation (v, z) is given as

v = \%(u—i—u*)

| . (2.41)
7 = \/_5(_14 +u )
Hence, with y = G (u), the relation R, has the coordinate expression
R,.={(v,2) : R" >V xZ
v = {(v,2) I (2.42)

v(r) = ji(G + D)), z(t) = \/%(G — D(u)(0)},
where I denotes the identity operator. In particular, R,, can be expressed as the
graph of a scattering operator S if and only if the operator G + I : L(U) — L(V)

is invertible, in which case S takes the standard form

S=G-DG+D". (2.43)
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In case U is equipped with an inner product <, >y, and U* can be identified with U
(see Sect.2.2), we obtain the following relation between passivity of G and L,-gain
of R,;.

Proposition 2.4.4 Let U be endowed with an inner product <, >y. Consider an
input—output mapping G : Ly.(U) — L,.(U) and the corresponding relation R,,, C
Ly.(V) X Ly, (Z). Then G is input and output strictly passive if and only if the
Ly-gain of R,; (or, if G + I is invertible, the Ly-gain of the scattering operator S)
is strictly less than 1.

Proof Let the Ly-gain of R,; be <1 —4, with 1 > > 0. Then ||zT||% <(1-
5)||vT||% + ¢, and thus by (2.38)

2< G |u>=> 8|} —c

Since [Jvr[3 = llur + (G713 = llur|B + IG@rl3 +2 < G) | u >, this
implies for some € > 0 and /3

<G lu>> e||GWI5 +ellull; — 8

The converse statement follows similarly. (I

Remark 2.4.5 Since “input strict passivity” plus “finite L,-gain” implies output strict
passivity, cf. Remark?2.2.14, and conversely output strict passivity implies finite
L,-gain, the condition of input and output strict passivity in the above proposition
can be replaced by input strict passivity and finite L,-gain.

2.5 Notes for Chapter 2

1. The treatment of Sects.2.1 and 2.2 is largely based on Vidyasagar [343], with
extensions from Desoer & Vidyasagar [83]. We have emphasized a “coordinate-
free” treatment of the theory, which in particular has some impact on the for-
mulation of passivity. See also Sastry [267] and Khalil [160] for expositions.
The developments regarding incremental passivity, in particular Corollary 2.2.23,
seem to be relatively new.

2. The small-gain theorem is usually attributed to Zames [362, 363], and in its
turn is closely related to the Nyquist stability criterion. See also Willems [348].
A classical treatise on passivity and its implications for stability is Popov [255].

3. Theorem2.2.18 is treated in Sastry [267], Vidyasagar [343].

4. An interesting generalization of the small-gain theorem (Theorem?2.1.1) is
obtained by considering input—output maps G| and G, that have a finite “nonlin-
ear gain” in the following sense. Suppose there exist functions 7; : Rt — R™
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of class! C and constants b;, i = 1, 2, such that

1Giupll =~i(lurl) +bi, T =0, (2.44)

fori =1, 2, where || || denotes some L,-norm. Note that by taking linear func-

tions v; (z) = 7;z, with constant 7; > 0, we recover the usual definition of finite

gain. Then, similar to the proof of Theorem2.1.1, we derive the following inequal-
ities for the closed-loop system G || s G»:

luirll < ly2r |l + lleir |l

2.45
luarll < Wil + lear | (249
and thus by (2.44)
Iyizll < nllyarll + lleir ) + by
(2.46)
Iy2r |l < v2(lyizll + llear D) + b2
which by cross-substitution yields
Iyirll < M2zl + llearl) + lleirll + b2) + by
(2.47)

lv2r I < 2(yillly2r I + lleirll) + llear |l + b1) + bo.

One may wonder under what conditions on 7, and 7y, the inequalities (2.47) imply
that
Iyirll < d1(llerr I, llear 1) + di

(2.48)
Iyarll < 62(llesr |l llear ) + da

for certain constants d;, d» and functions §; : R™ x R™ — R™, i = 1, 2, which
are of class /C in both their arguments. Indeed, this would imply that the closed-
loop system G|| sG> has finite nonlinear gain from ey, e; to y, y>. As shown
in Mareels & Hill [194] this is the case if there exist functions g, 4 € I and a
constant ¢ > 0, such that

Mo (id+g)o(z) <z—h(z)+c, forallz, (2.49)

with id denoting the identity mapping. Condition (2.49) can be interpreted as a
direct generalization of the small-gain condition ; - 72 < 1. See also [149] for
another formulation.

5. There is an extensive literature related to the theory presented in Sects.2.1 and
2.2. Among the many contributions we mention the work of Safonov [262] & Teel
[337] on conic relations, the work on nonlinear small-gain theorems in Mareels
& Hill [194], Jiang, Teel & Praly [149], Teel [336] briefly discussed in the pre-

A function v : RT — RT is of class K (denoted v € K) if it is zero at zero, strictly increasing
and continuous.
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vious Note 4, and work on robust stability, see e.g., Georgiou [111], Georgiou &
Smith [112], as well as the important contributions on stability theory within the
“Petersburg school”, see e.g., the classical paper Yakubovich [359], and develop-
ments inspired by this, see e.g., Megretski & Rantzer [215]. The developments
stemming from dissipative systems theory will be treated in Chaps. 3, 4, and 8.

For further ramifications and implications of the loop transformations sketched in
Sect. 2.3 we refer to Vidyasagar [343], Scherer, Gahinet & Chilali [306], Scherer
[307], and the references quoted therein.

The scattering relation between L,-gain and passivity is classical, and can be
found in Desoer & Vidyasagar [83], see also Anderson [6]. The geometric,
coordinate-free, treatment given in Sect. 2.4 is developed in Maschke & van der
Schaft [208], Stramigioli, van der Schaft, Maschke & Melchiorri [190, 331],
Cervera, van der Schaft & Banos [63].
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Chapter 3
Dissipative Systems Theory

In this chapter the general theory of dissipative systems is treated, laying much of the
foundation for subsequent chapters. The theory will be shown to provide a state space
interpretation of the notions of finite L,-gain and passivity for input—output maps as
discussed in Chaps. 1 and 2, and to generalize the concept of Lyapunov functions for
autonomous dynamical systems to systems with inputs and outputs.

3.1 Dissipative Systems

Throughout we consider state space systems with inputs and outputs of the general

form
x=f(x,u), wuelU

X y=nh(x,u), yey

3.1

where x = (x, ..., x,) are local coordinates for an n-dimensional state space man-
ifold X', and U and Y are linear spaces, of dimension m, respectively p. Throughout
this chapter, as well as in the subsequent chapters, we will make the following
assumption; see also the discussion in Sect. 1.3.

Assumption 3.1.1 There exists a unique solution trajectory x (-) on the infinite time
interval [0, 0o) of the differential equation x = f(x, u), for all initial conditions x (0)
and all input functions u(-) € L.(U). Furthermore it will be assumed that the thus
generated output functions y(-) = h(x(-), u(-)) are in Ly, (Y).

On the combined space U x Y of inputs and outputs consider a function
s : UxY— R, (3.2)

called the supply rate. Denote as before Rt = [0, 00).
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A. van der Schaft, Ly-Gain and Passivity Techniques in Nonlinear Control,
Communications and Control Engineering, DOI 10.1007/978-3-319-49992-5_3


http://dx.doi.org/10.1007/978-3-319-49992-5_1
http://dx.doi.org/10.1007/978-3-319-49992-5_2
http://dx.doi.org/10.1007/978-3-319-49992-5_1

34 3 Dissipative Systems Theory

Definition 3.1.2 A state space system X is said to be dissipative with respect to the
supply rate s if there exists a function S : X — R*, called the storage function, such
that for all initial conditions x (fy) = xo € X at any time f,, and for all allowed input
functions u(-) and all ; > f, the following inequality holds'

S(x(n)) = S(X(to))+/ s(u(t), y(1)dt (3.3)

fo

If (3.3) holds with equality for all xq, t; > ty, and all u(-), then X is conservative
with respect to s. Finally, ¥ is called cyclo-dissipative with respect to s if there exists
a function S : X — R (not necessarily nonnegative) such that (3.3) holds.

The inequality (3.3) is called the dissipation inequality. It expresses the fact that the
“stored energy” S(x(¢;)) of ¥ at any future time t, is at most equal to the stored energy
S(x(ty)) atpresent time ty, plus the total externally supplied energy f[;‘ s(u(t), y(t))dt
during the time interval [#y, #;]. Hence, there can be no internal “creation of energy”’;
only internal dissipation of energy is possible.

Remark 3.1.3 Note that cyclo-dissipativity implies

/ I s(u(t), y(t)dt =0 (3.4)

fo

for all trajectories u(-), x(-), y(-) of X on the time interval [fy, ¢;] which are such
that x(¢;) = x(f) (whence the terminology cyclo-dissipative).

The two most important choices of supply rates will be seen to correspond to the
notions of passivity, respectively finite L,-gain, as treated for input—output maps in
the preceding chapters.

For simplicity of exposition we will identify throughout this chapter the linear
input and output spaces U and Y with R, respectively R”, equipped with the
standard Euclidean inner product and norm. Throughout the Euclidean inner product
of two vectors v, z € R™ will be denoted by vT z, and the Euclidean norm of a vector
v € R" by |Jv].

Definition 3.1.4 A state space system ¥ with U =Y = R" is passive if it is dis-
sipative with respect to the supply rate s(u, y) = u’ y. ¥ is input strictly passive if
there exists § > 0 such that X is dissipative with respect to s (u, y) = u”y — J||u||*.
¥ is output strictly passive if there exists € > 0 such that X is dissipative with respect
tos(u,y) =u’y — ¢||y||%. Finally, ¥ is lossless if it is conservative with respect to
Definition 3.1.4 is directly seen to extend the definitions of (input/output) strict pas-
sivity for input—output maps G as given in the previous Chap. 2. Based on Assump-
tion3.1.1 we consider for every xo € X' the input—output map Gy, : L2.(U) —

Here it is additionally assumed that for allowed input functions u(-) and generated output functions
¥(-) the integral ft(t)l s(u(t), y(t))dt is well defined.
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L,.(Y), given as the map from allowed input functions u(-) on [0, 00) to output
functions y(-) on [0, co) specified as y(t) = h(x(¢), u(t)), where x(¢) is the state at
time ¢ > 0 resulting from initial condition x (0) = x( and input function u(-). Note
that all these input—output maps G, xo € X, are causal (Definition 1.1.3), and time
invariant (Definition 1.1.5).

Proposition 3.1.5 Consider the state space system % with U =Y =R", and
consider for any xo the input—output map G,. If ¥ is passive, input strictly pas-
sive, respectively output strictly passive, then so are the input—output maps G, for
every Xxo.

Proof Suppose X is dissipative with respect to the supply rate s(u, y) = u’ y. Then
for some function S > 0

T
/ ut (yndr = S(T)) = S(x(0)) > — S(x(0)) (3.5)
0

for all x(0) = x¢, and all 7 > 0 and all input functions u(-). This means precisely
that the input—output maps G, of X, for every xo € X', are passive in the sense of
Definition2.2.1 (with bias 3 given as S(xp)). The (input or output) strict passivity
case follows similarly.

a

A second important class of supply rates is

1 1
s(u, y) = Evzllullz—zllyllz ., 7 =0, (3.6)

where ||u|| and ||y|| denote the Euclidian norms on U = R™, respectively ¥ = R”.

Definition 3.1.6 A state space system ¥ with U = R™, Y = R? has L,-gain <y
if it is dissipative with respect to the supply rate s(u, y) = %’yz| lu|]? — %||y||2. The
L,-gain of ¥ is defined as y(X) := inf{y | ¥ has L,-gain < ~}. X is said to have
L,-gain < -y if there exists 7 < ~y such that ¥ has L,-gain < 4. Finally X is called
inner if it is conservative with respect to s (u, y) = 1|[ul]* — 3||y[|*.

Definition 3.1.6 is immediately seen to extend the definition of finite L,-gain from
Chaps. 1 and 2.

Proposition 3.1.7 Suppose X is dissipative with respect to s(u, y) = %’y2||u||2 -
%||y||2f0r some vy > 0. Then all input—output maps Gy, : L2,(U) — Ly.(Y) have
Ly-gain < . Furthermore, the infimum of the L-gains of Gy, over all xy is equal
to the Ly-gain of X.

Proof If ¥ is dissipative with respect to s(u, y) = 37*||u|[* — 3||y||* then there
exists § > 0 such that for all T > 0, x(0), and u(-)
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1 T
3 / Pllu®I* = lly@)11*)dt > S(x(T)) — S(x(0))|! > S(x(0)) (3.7)
0

and thus ; ,
/0 lly@)|*dt < +* / |lu(t)[|*dt + 25(x(0)) (3.8)
0

This implies by Proposition1.2.7 that the input-output maps G, for every initial
condition x(0) = x( have L,-gain < ~. The rest of the statements follows directly.
(]

Remark 3.1.8 Note that by considering supply rates s(u, y) = v||u||? — ||y]||? we
may also treat L,-gain for g # 2; this will not be further discussed.

In the subsequent chapters we will elaborate on the special cases s(u, y) = u” y and
s(u, y) = %72| lu||? — %|| || corresponding to, respectively, passivity (Chap.4) and
finite L,-gain (Chap. 8), in much more detail. Instead, in the current chapter we will
focus on the general theory of dissipative systems.

Before doing so we mention one immediate generalization of the definition of
dissipativity. In Chaps. 1 and 2 we already noticed that the notions of finite L,-gain
and passivity can be extended from input—output maps to relations. In the same vein,
the definition of dissipativity for input—state—output systems X as in (3.1) can be
extended to state space systems described by a mixture of differential and algebraic
equations, where we do not distinguish a priori between input and output variables.
That is, we may consider systems of the general form

F(x,x,w) =0, (3.9)

where x = (x, ..., x,) are local coordinates for an n-dimensional state space man-
ifold X, and w € W = IR* denotes the total vector of external variables. Note
that this entails two generalizations of (3.1): (i) we replace the combined vector
(u,y) € Y x U by avector w € W (where we do not make an a priori splitting into
input and output variables), and (ii) we replace the explicit differential and algebraic
equations in (3.1) by a general mixture, called a set of differential-algebraic equa-
tions (DAEs). Note that systems (3.9) include implicit and constrained state space
systems. In this more general context the supply rate s is now simply defined as a

function
s:W— R,

while the DAE system (3.9) is called dissipative with respect to s if there exists a
function S : X — R™ such that

S(x(n)) = S(x(to))+/lS(w(t))dt, (3.10)

fo

for all? solutions x (-), w(-) of (3.9).

2Here we naturally restrict to continuous solutions.
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Let us now return to the definition of dissipativity given in Definition 3.1.2. First,
we notice that in general the storage function of a dissipative system is far from
unique. Nonuniqueness already arises from the fact that we may always add a non-
negative constant to a storage function, and so obtain another storage function.
Indeed, the dissipation inequality (3.3) is invariant under addition of a constant
to the storage function S. However, apart from this rather trivial nonuniqueness,
more often than not dissipative systems will admit really different storage func-
tions. Furthermore, if S; and S, are storage functions then any convex combina-
tion aS; + (1 — ) Sy, a € [0, 1], is also a storage function, as immediately follows
from substitution into the dissipation inequality. Hence the set of storage functions
is always a convex set.

The storage function is guaranteed to be unique (up to a constant) in case the
system is conservative and a controllability condition is met, as formulated in the
following proposition.

Proposition 3.1.9 Consider a system X that is conservative with respect to some
supply rate s. Assume that the system is “connected” in the sense that for every
two states x,, Xp, there exists a number of intermediate states x1, X2, ..., X, With
X| = Xg, Xm = Xp, Such that for every pair x;, x; 11 either x; can be steered (by the
application of a suitable input function) to x;y1, or, conversely, x;11 can be steered
tox;, i =1,2...,m. Then the storage function is unique up to a constant.

Proof Let S', S? be two storage functions. By the dissipation equality, the difference
52 — S!is constant along any state trajectory of the system. By the above property of
“connectedness” this constant is the same for every state trajectory. Hence S*> = S
up to this constant. ]

Remark 3.1.10 A simple physical example of a dissipative system that is not con-
servative, but still has unique (up to a constant) storage function will be provided in
Example4.1.7 in Chap. 4.

A fundamental question is how we may decide if X is dissipative with respect to a
given supply rate s. The following theorem gives an intrinsic variational character-
ization of dissipativity.

Theorem 3.1.11 Consider the system ¥ and supply rate s(u, y). Then X is dissi-
pative with respect to s if and only if

T
S, (x) := sup —/ s(u(), y@)dt, x0) =ux, (3.11)
0

u(-)
T=0

is finite (<oo) for all x € X. Furthermore, if S, is finite for all x € X then S,
is a storage function, called the available storage, and all other possible storage
functions S satisfy

Sg(x) < S(x)—infS(x), VxedX (3.12)
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Moreover,
inf S,(x) =0 (3.13)

Proof Suppose S, is finite. Clearly S, > 0 (take 7 = 0 in (3.11)). Compare now
Sa(x(tg)) with S,(x(t1)) — j;;' s(u(t), y(t))dt, for a given u : [ty, t;] - R™ and
resulting state x(#;). Since S, is given as the supremum over all u(-) in (3.11) it
immediately follows that

Sa(x(10)) = Sa(x(tl))_/ s(u(t), y()dt, (3.14)

fo

and thus S, is a storage function, proving that ¥ is dissipative with respect to the
supply rate s.

Suppose conversely that X is dissipative. Then there exists S > 0 such that for
all u(-)

T
S(x(O))+/ s(u(r), y@®)dt = S(x(T)) = 0, (3.15)
0

which shows that
T
S(x(0)) > SUP—/ s(u(), y())dt = S,(x(0)), (3.16)
0

proving finiteness of S,. On the other hand, S’ := § — inf, S(x) is a storage func-
tion as well (since we have just subtracted the constant inf, S(x) from § and
thus the dissipation inequality remains to hold, while clearly S’ > 0). Hence also
S’ (x0) = S, (xp) for all xg, proving (3.12). Moreover, since inf, S’(x) = 0, also inf,
S.(x) =0. O

The quantity S,(xp) can be interpreted as the maximal “energy” which can be
extracted from the system X starting at initial condition xi. Theorem3.1.11 thus
states that X is dissipative if and only if this “extractable energy” is finite for every
initial condition.

Under additional conditions the following equivalent characterizations of the
available storage S, can be obtained.

Proposition 3.1.12 (i) Assume the system X and supply rate s(u, y) are such that
for any x there exists u(x) such that

s(u(x), h(x,u(x))) <0, xeX (3.17)
Then

Sq(x) = sup —/ s(u(t), y(t))dt, x(0) =x (3.18)
u(-) 0
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(ii) Assume X and s(u, y) are such that there exists a state feedback u(x) such that
(3.17) holds, while furthermore x* is a globally asymptotically stable equilibrium of
the closed-loop system® X = f(x, u(x)). Then

S,(x) = sup — /Oos(u(t), y@)dt, x0)=x (3.19)
0

u(-), x—>x*

Proof (i) By letting T — oo in (3.11) we have sup — fooos(u(t), y()dt< S,(x).
u(-)

Conversely, note that

— [ s@u), y)dt = — [ s@u(), y@)dr — [ su(t), y(t))dt

r (3.20)
> — fy s((), y(@®))dt,
whenever u(-) is such that s(u(t), y(t)) <0 for all t € [T, 00). Hence for any
i : [0, T] — U there exists u : [0, 00) — U with u7 = i such that — fooc s(u(t),
y(t))dt > — fOT s(u(t), y(t))dt. Therefore, by taking the supremum at both sides of
this inequality we obtain the inequality sup — fooo s(u(t), y()dt = S,(x).
u(-)

(i7) As in the proof of part (i) we have sup — fooo s(u(t), y(t))dt < S,(x). For
u(-), x—>x*

the reverse inequality we apply the same reasoning as in the proof of part (i), by

considering extensions of u : [0, T] — U to u : [0, o0) — U which are such that

x(t) —> x*fort — oo. (Il

Remark 3.1.13 Note that part (i) of Proposition3.1.12 applies to the (input strict
or output strict) passivity supply rate and to the L,-gain supply rate by taking
u = 0. Furthermore, part (ii) applies whenever ¥ has a globally asymptotically
stable equilibrium x* for u = 0.

The next proposition shows that if the system is reachable from some state, then the
finiteness of extractable energy needs only to be checked for this initial condition.

Proposition 3.1.14 Assume that ¥ is reachable from x* € X. Then X is dissipative
if and only if S,(x™) < oo.

Proof (Only if) Trivial. (If) Suppose there exists x € X" such that S, (x) = oo. Since
by reachability we can steer x* to x in finite time, this would imply (using time
invariance) that also S, (x*) = oo. (Il

Corollary 3.1.15 Assume that X is reachable from x* € X. Then X is passive if
and only if the input—output map G- is passive, and X has L,-gain < -y if and only
if Gy has Ly-gain < vy, while v(X) = 7(G+). Furthermore, if G+ is passive with
zero bias or has L,-gain < ~y with zero bias, then S,(x*) = 0.

3Here it is assumed that x = f(x, u(x)) has unique solutions on [0, co) for all initial conditions.
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Proof Suppose the input—output map G« is passive, then 3 § < oo such that
(cf. Definition2.2.1)

T
/ W ()y(0dt = —B (321)
0

for all u(-), T > 0. Therefore

T
Sa(x*) = sup —/ WLOy)dt < B < oo,  x(0)=x* (3.22)
u(-), T>0 0

and by Proposition3.1.14 X is passive. If 5 = 0 then S, (x*) = 0.
Similarly, let G+ have L,-gain <+, then (cf. Proposition 1.2.7) for all ¥ > ~
there exists a constant ¢ such that

T T
/ lly@®))*dt < &2/ llu(®)|]*dt + ¢ (3.23)
0 0
yielding (with x(0) = x*)

x (1. 2 1 2
Sa(x™) = sup —/ (57 u(O]1” — §||}’(f)|| )df < 5. (3.24)
0

u(-), T=0

NS N e

implying that ¥ has L,-gain < 7 for all ¥ > ~. If ¢ = 0, then clearly S,(x*) = 0. It
also follows that v(X) = v(G,+). (Il

If X is reachable from a state x* then, in addition to the available storage S, there
exists another canonically defined storage function. Contrary to the available stor-
age, which is the minimal storage function (see (3.12)), this storage function has a
maximality property, in the following sense.

Theorem 3.1.16 Assume that X is reachable from x* € X. Define the required sup-
ply (from x*) S, : X — RU {—o00} as

0
S,(x) := inf / su@), y@®)dr, x(=T)=x", x(0)=x (3.25)
u(), 720 | _r

Then S, satisfies the dissipation inequality (3.3). Furthermore, X is dissipative if and
only if there exists K > —oo such that S,(x) > K forall x € X. Moreover, if S is a
storage function for X, then

Sx) < S;(x)+Sx", Vxed, (3.26)
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and S, (x) + S(x*) is itself a storage function. In particular, S,(x) + S,(x*) is a
storage function.

Proof The fact that S, satisfies the dissipation inequality (3.3) follows from the
variational definition of S, in (3.25). Indeed, in taking the system fromx* att = —7 to
x(t;) attime ¢; we canrestrict to those input functions u(-) : [T, ;] — U which first
take x* to x (7o) at time #y < f, and then are equal to a given input u(-) : [to, t;] = U
transferring x (#p) to x(#;). This will a be suboptimal control policy, whence

Sr(x(t()))+/ su(t), y()dt = S, (x(1)) (3.27)

fo

For the second claim, note that by definition of S, and S,

Sa(x™) = sup =S, (x), (3.28)

from which by Proposition 3.1.14 it follows that X is dissipative if and only if 3 K >
—oo such that S, (x) > —K for all x.

Finally, let S satisfy the dissipation inequality (3.3). Then forany u(-) : [T, 0] —
R transferring x(—7") = x™* to x(0) = x we have by the dissipation inequality

0

S(0) — S < / sy, y(t)d (329)
T

Taking the infimum on the right-hand side over all those u(-) yields (3.26). Further-
more if § > 0, then by (3.26) S, + S(x*) > 0, and by adding S(x*) to both sides of
(3.27) it follows that also S, + S(x*) satisfies the dissipation inequality. U

Remark 3.1.17 Let X be reachable from x*. Then under the additional assumption
of existence of u#* such that f(x*, u™) =0, h(x*, u*) = 0 it can be verified that the
required supply is equivalently given as

0
S.(x) = lim inf / s(u(t), y(@))dt (3.30)

t—>—00 u(-), x(t))=x*, x(0)=x f

Furthermore, we note that in case X is dissipative with a storage function S which
attains its global minimum at some point x* € X, then also S — S(x*) will be a
storage function, which is zero at x*. Hence in this case any motion starting from x*
at time O satisfies by the dissipation inequality

T
/ s(u(t), y@))dtr > 0, x(0)=x* VI >0 (3.31)
0
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Thus if we start from the state of “minimal energy” x* then the net supply flow is
always directed into the system.* This leads to the following alternative definition
of dissipativity.

Definition 3.1.18 Consider a system X and supply rate s. The system is called
dissipative from x* if (3.31) holds.

Proposition 3.1.19 Let ¥ be dissipative with storage function S satisfying S(x*) =
0. Then the system is also dissipative from x*. Conversely, if the system is dissipative
from x* then S,(x*) = 0. If additionally the system is reachable from x* then the
system is dissipative, while its required supply satisfies S, (x*) = 0.

Proof The fact that dissipativity with storage function S satisfying S(x*) = 0 implies
(3.31) was already observed in (3.31). Conversely, assume that the system is dissi-
pative from x*. Then by definition of S, in (3.11) it directly follows that S, (x*) = 0.
Furthermore by Proposition3.1.14 it follows that the system is dissipative, while
clearly S, (x*) = 0. U

Hence, if X is dissipative as well dissipative from x*, then both S, and S, attain
their minimum O at x*. Under an additional assumption it can be shown that all other
storage functions attain their minimum at x* as well, as formulated in the following
proposition.

Proposition 3.1.20 Let ¥ be dissipative and dissipative from x*. Suppose further-
more the supply rate s is such that there exists a feedback u(x) satisfying (3.17)
for which x* is a globally asymptotically equilibrium for the closed-loop system
X = f(x,u(x)). Then any storage function S attains its minimum at x*, implying
that S(x) — S(x*) is a storage function that is zero at x*. Furthermore

S.(x) < S(x) — S(x*), xeX (3.32)

Proof Consider the dissipation inequality for any storage function S, rewritten as

T
—/ s(u(n), y@)dt = S(x) — S(x(T)) (3.33)
0

with x(0) = x. Extend u(-) : [0, T] — U to the infinite time interval [0, co) by
considering on (T, oo) a feedback u(x) as in (3.17) such that x* is a globally asymp-
totically equilibrium x = f(x, u(x)). It follows from (3.20) and convergence of x (¢)
to x* for t — oo that

T
- / Sy, y(©)dt < S(x) — S (3.34)
0

“Note however that there does not always exist such a state of minimal internal energy. In particular
inf, S,(x) = 0 but not necessarily the minimum is attained.
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Hence by taking the supremum at the left-hand side over all u(-) : [0, T] — U and
T > 0 we obtain (3.32), also implying that S attains its minimum at x*. ]

The above developments can be summarized as follows.

Corollary 3.1.21 Consider a system (3.1) that is dissipative from x*, reachable
from x*, and for which there exists a feedback u(x) satisfying (3.17) such that x* is a
globally asymptotically equilibrium of x = f (x, u(x)). Then any storage function S
attains its minimum at x* and the storage function S'(x) := S(x) — S(x*) satisfies

Sa(x) <8 (x) <8, (x), forallx € X, (3.35)

where S,(x*) = S§,(x*) = 0.

Remark 3.1.22 For a linear system x = Ax + Bu, y = Cx + Du with x* = 0 sat-
isfying the assumptions of Corollary3.1.21 it can be proved by standard optimal
control arguments [351] that S, and S, are given by quadratic functions %xT Qux,
respectively %xTer, with Q,, O, symmetric matrices satisfying Q, < Q,.

3.2 Stability of Dissipative Systems

In this section we will elaborate on the close connection between dissipative systems
theory and the theory of Lyapunov functions for autonomous dynamical systems
X = f(x).

Consider the dissipation inequality (3.3), where we assume throughout this section
that the storage functions S are C! (continuously differentiable); see the discussion in
the Notes for this chapter for generalizations. By dividing the dissipation inequality
by t; — o, and letting t; — 7o we see that (3.3) is equivalent to

Se(xX) fx,u) < s(u, h(x,un)), for all x, u, (3.36)

with S, (x) denoting the row vector of partial derivatives

oS oS
Se(x) = (a_xl(x)’ o a(x)) (3.37)

The inequality (3.36) is called the differential dissipation inequality, and is much
easier to check than (3.3) since we do not have to compute the system trajectories
(which for most nonlinear systems is even not possible).

In order to make the connection with the theory of Lyapunov functions we recall
some basic notions and results from Lyapunov stability theory. Consider the set of
differential equations

X = f(x) (3.38)
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Here x are local coordinates for an n-dimensional manifold X, and thus (3.38) is the
local coordinate expression of a vector field on X. Throughout we assume that f
is locally Lipschitz continuous; implying existence and uniqueness of solutions of
(3.38), at least for small time. The solution of (3.38) for initial condition x(0) = xg
will be denoted as x(z; xg), with ¢t € [0, T (xo)) and T (xo) > 0 maximal.

Definition 3.2.1 Let x* be an equilibrium of (3.38), that is f(x*) = 0, and thus
x(t; x*) = x*, for all ¢. The equilibrium x* is

(a) stable, if for each ¢ > 0 there exists §(¢) such that
| xo —x* |< () = x(t;x0) —x* ||l<e, VE>0 (3.39)
(b) asymptotically stable, if it is stable and additionally there exists & > 0 such that
| xo —x* |<d = lim x (1, x0) = x (3.40)
(c) globally asymptotically stable, if itis stable and tli}go x(t; x9) = x*forallxy € X.

(d) unstable, if it is not stable.

Remark 3.2.2 If x* is a globally asymptotically stable equilibrium then necessarily
X is diffeomorphic to R”.

An important tool in the stability analysis of equilibria are Lyapunov functions.

Definition 3.2.3 Let x* be an equilibrium of (3.38). A C! function V : X — R*
satisfying
Vx*) =0, V(x)>0, x#x" (3.41)

(that is, V is positive definite at x*), as well as
Vx):=V,(x)f(x) <0, xeX, (3.42)

is called a Lyapunov function for the equilibrium x*.

Theorem 3.2.4 Let x* be an equilibrium of (3.38). If there exists a Lyapunov function
for the equilibrium x*, then x* is a stable equilibrium. If moreover

V(x) <0, VxeX, x #x*, (3.43)

then x* is an asymptotically stable equilibrium, which is globally asymptotically
stable if V is proper (that is, the sets {x € X | 0 < V(x) < c} are compact for every
ceRY)

Remark 3.2.5 Theorem3.2.4 can be also applied to any neighborhood X of x*. In
particular, if (3.41) and (3.42), or (3.41) and (3.43) hold on a neighborhood of x*,
then x* is still a stable, respectively, asymptotically stable, equilibrium.
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Remark 3.2.6 For X = R” the requirement of properness amounts to V being radi-
ally unbounded; that is, V (x) — oo whenever |x|| — oo.

With the aid of Theorem 3.2.4 the following stability result for dissipative systems
is readily established.

Proposition 3.2.7 Let s(u, y) be a supply rate, and S : X — RT be a C! storage
function for X. Assume that s satisfies

s(0,y) <0, VyeY (3.44)

Assume furthermore that x* € X is a strict local minimum for S. Then x* is a stable
equilibrium of the unforced system x = f(x,0) with Lyapunov function V (x) :=
S(x) — S(x*) for x around x*, while s(0, h(x*, 0)) = 0. If additionally, S(x) <0,
forall x # x*, then x* is an asymptotically stable equilibrium.

Proof By (3.36) and (3.44) S, (x) f(x,0) < s(0, h(x,0)) <0, and thus S is nonin-
creasing along solutions of x = f(x, 0). Since S has a strict minimum at x* this
implies f(x*,0) = 0, and thus s(0, h(x*, 0)) = 0. The rest follows directly from
Theorem 3.2.4. (Il

An important weakness in the asymptotic stability statement of Proposition3.2.7
concerns the condition § (x) < Oforall x # x*. In general, this condition cannot be
inferred from the dissipation inequality (unless e.g., y = x). An important general-
ization of Theorem 3.2.4 to remedy this weakness is based on LaSalle’s Invariance
principle. Recall that a set NV C X is invariant for x = f(x) if x(; xo) € N for all
xo € N and forall ¢ € IR, and is positively invariant if this holds for all ¢+ > 0, where
x(t; x9), t > 0, denotes the solution of X = f(x) for x(0) = xo.

Theorem 3.2.8 Let V:X — R be a C' function for which V(x) := V,(x)
f(x) <0, for all x € X. Suppose there exists a compact set C which is posi-
tively invariant for x = f(x). Then for any xo € C the solution x(t; xo) converges
for t — oo to the largest subset of {x € X | V(x) = 0} NC that is invariant for

X = f(x).

The usual way of applying Theorem3.2.8 is as follows. Since V (x) < 0, the con-
nected component of {x € X' | V(x) < V(x()} containing x is positively invariant.
If additionally V is assumed to be positive definite at x* then the connected compo-
nentof {x € X | V(x) < V(x¢)} containing xo will be compact for xy close enough
to x*, and hence may serve as the compact set C in the above theorem.

Using this reasoning Theorem 3.2.8 yields the following connection between dis-
sipativity and asymptotic stability.

Proposition 3.2.9 Let S : X — R* be a C! storage function for %. Assume that
the supply rate s satisfies

s(0,y) <0, forally (3.45)
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Assume that x* € X is a strict local minimum for S. Furthermore, assume that no
solution of x = f(x, 0) otherthan x(t) = x* remainsin {x € X | 5(0, h(x, 0)) = 0}
for all t. Then x* is an asymptotically stable equilibrium of x = f(x, 0), which is
globally asymptotically stable if V > 0 is proper.

Proof Note that S(x)=0 implies s(0, 2(x, 0)) = 0, which by assumption implies
h(x,0) =0. The statement now directly follows from LaSalle’s Invariance
principle. (]

Remark 3.2.10 The requirement s(0, y) < O for all y is satisfied by the (output and
input strict) passivity and L,-gain supply rates.

A main condition on the storage function S in the previous statements is the require-
ment that S has a strict (local) minimum at the equilibrium x*. This is not part of
the standard definition of a storage function. On the other hand, in case S(x*) =0
(see also Proposition 3.1.20), then the property of a strict (local) minimum may be
sometimes derived making use of an additional observability condition.

In the rest of this section we assume that X has no feedthrough terms, i.e., y =
h(x). Without loss of generality take x* = 0. Moreover, assume /(0) = 0.

Definition 3.2.11 ¥ with y = h(x) is zero-state observable if u(t) =0,
y(t) =0,Vt > 0, implies x(¢r) = 0, Vt > 0.

Proposition 3.2.12 Let S > 0 be a C' storage function with S(0) = 0 for a supply
rate s satisfying s(0, y) <0 for all y, and such that s(0,y) = 0 implies y = 0.
Suppose ¥, is zero-state observable, then S(x) > 0 for all x # 0.

Proof By substituting u = 0 in (3.3) we obtain

T
Sx(T)) — S(x(0)) S/O s(0, y(1))dt

implying, since S(x (7)) > 0,

T
SO) = / $(0, y(t))d
0

which is > 0 for x(0) # 0. O

Remark 3.2.13 The same result follows for any supply rate s(u,y) for which
there exists an output feedback u = «a(y) such that s(a(y), y) <0 for all y, and
s(a(y), y) = 0 implies y = 0. Just consider in the above proof u = «(y) instead of
u=0.

Remark 3.2.14 Note that the L,-gain and output strict passivity supply rate satisfy
the conditions in the above Proposition 3.2.12, while the passivity supply rate satisfies
the conditions of Remark 3.2.13 (take u = —y).
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A weaker property of observability, called zero-state detectability, is instrumental
for proving asymptotic stability based on LaSalle’s Invariance principle.

Definition 3.2.15 %, is zero-state detectableifu(t) = 0, y(t) = 0, V¢ > 0,implies
lim x(¢) = 0.
—>00

Proposition 3.2.16 Let S be a C' storage function with S(0) = 0 and S(x) > 0,
x # 0, for a supply rate s satisfying s(0, y) < 0 and such that s(0, y) = 0 implies
y = 0, where h(0) = 0. Suppose that ¥, is zero-state detectable. Then x = 0 is an
asymptotically stable equilibrium of x = f(x, 0). If additionally S is proper then 0
is globally asymptotically stable.

Proof By Proposition3.2.9 x = 0 is a stable equilibrium of X = f(x, 0). Further-
more )
S(x) = S:(x) f(x) < 5(0, h(x,0)),

and asymptotic stability follows by LaSalle’s Invariance principle, since S(x) = 0
implies 4 (x, 0) = 0. (I

Finally, let us investigate the case that the storage function S has a local minimum at
x*, which is however not a strict minimum. In this case, S(x) — S(x*) is not a standard
Lyapunov function, and thus stability, let alone asymptotic stability, of x* is not
guaranteed. Nevertheless, even in this case one can still obtain (asymptotic) stability,
provided additional conditions are satisfied. The tool for doing this is formulated in
the following theorem; see the references in the Notes for this chapter.

Theorem 3.2.17 Let x* be an equilibrium of x = f(x), and let V : X — R! be a
C! function which is positive semi-definite at x*, that is,

V) =0, V(x)=>0 (3.46)

Furthermore, suppose that V(x) =Vix)f(x) <0, forallx € X.

(i) Define Vy :={x € X | V(x) = 0}. If x* is asymptotically stable conditionally
to Vo, that is (3.39) and (3.40) hold for xy € Vy, then x* is a stable equilibrium
of x = f(x). )

(ii) DefineV = {x € X | V(x) = 0}, and let V* be the largest positively invariant
(withrespecttox = f(x))set containedin). Then x* is an asymptotically stable
equilibrium of x = f(x) if and only if x* is an asymptotically stable equilibrium
conditionally to V*, that is, (3.39) and (3.40) hold for x, € V*.

Remark 3.2.18 By replacing the condition V(x) = V,(x) f(x) < 0by the condition
that the function V is nonincreasing along solution trajectories, the above theorem
also holds for functions V which are not C'.

With the aid of Theorem3.2.17 we obtain the following stability result extending
Proposition 3.2.9.
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Proposition 3.2.19 Let S >0 with S(x*) =0 be a solution to the dissipation
inequality, where the supply rate s(u, y) is such that

s(0,y) <O0forally, s(0,y) =0ifand onlyify =0

Let H* be the largest positively invariant set contained in the set H:={x | h(x, 0)=0}.
If x* is asymptotically stable conditionally to H*, then x* is an asymptotically stable
equilibrium.

Proof In view of the dissipation inequality S (x) <s(0, h(x,0)) <0. Since
5(0,y) =0 if and only if y =0, it follows that the largest positively invariant
set where S(x) = 0 is contained in H*. Application of Theorem3.2.17 yields the
claim. (]

Remark 3.2.20 Note that the L,-gain and output strict passivity supply rates satisfy
the conditions of Proposition3.2.19.

Remark 3.2.21 The property of x* = 0 being asymptotically stable conditionally

to the largest positively invariant set contained in the set {x | #(x, 0) = 0} is very

close to zero-state detectability. In fact, this latter property implies that lim x(¢) = 0
11— 00

whenever y(t) = 0, t > 0, for all initial conditions x, close to 0.

For later use we state the following closely related result.

Proposition 3.2.22 Consider the C' system
X =fx)+g9@0kx), fGx*)=0, k(") =0, (3.47)

and assume that x* is an asymptotically stable equilibrium of x = f(x), and that
there exists a C' function S > 0 which is positive semi-definite at x* and satisfies

Se () Lf () + g0k ()] < —llk(0)]]?, (3.48)

for some € > 0. Then x* is an asymptotically stable equilibrium of (3.47).

Proof Similarly to the proof of Proposition3.2.19, let £* be the largest positively
invariant set contained in /C := {x | k(x) = 0}. Since x* is an asymptotically stable
equilibrium of x = f(x) it follows that x* is asymptotically stable conditionally to
KC*. Since Sy (x)[ f(x) + g(x)k(x)] = 0 implies k(x) = 0, the rest of the proof is the
same as that of Proposition3.2.19. ]

Remark 3.2.23 Note that the condition of x* being an asymptotically stable equi-
librium of X = f(x) can be regarded as a zero detectability assumption on x =

J ) +90k(x), y=k(x).
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3.3 Interconnections of Dissipative Systems

Dissipative systems theory can be viewed as an extension of Lyapunov function the-
ory to systems with external variables (inputs and outputs). Furthermore, it provides
a systematic way to construct Lyapunov functions for large-scale interconnected sys-
tems by starting from the storage functions of the component systems, and requiring
a compatibility between the interconnection equations and the supply rates of the
component systems. In fact, this will be a leading theme in the state space versions of
the passivity theorems in Chap.4 and the small-gain theorems in Chap. 8. Also this
is a continuing thread in the theory of port-Hamiltonian systems in Chap. 6. While
in these subsequent chapters the attention will be confined to the passivity supply
rate (in the case of passive and port-Hamiltonian systems) and the L,-gain supply
rate (in the case of the small-gain theorems) the current section will be devoted to a
general theory of interconnections of dissipative systems.

Consider k systems X; of the form (3.1) with input, state, and output spaces

Ui, &;,Y;,i =1,..., k. Suppose ¥; are dissipative with respect to the supply rates
siui, yi), wi €U, yieY, i=1,...k, (3.49)

and storage functions S;(x;), i = 1,..., k.
Now consider an interconnection of ¥;,i = 1, ..., k, defined through an inter-

connection subset
ICU xY)x - xUxY,xU*xY° (3.50)

where U*, Y are spaces of external input and output variables u¢, y°. This defines
an interconnected system X; with state space A} X - -- x X} and inputs and outputs
u®, y¢, by imposing the interconnection equations

((ulv yl)"“v(ukv )’k),(ue’ ye)) el (3.51)

Note that in general the interconnected system X; is of the DAE form (3.9). The
following result is immediate.
Proposition 3.3.1 Suppose the supply rates sy, . . ., s; and the interconnection sub-
set I are such that there exists a supply rate s¢ : U¢ x Y¢ — R for which
si(up, y1) + - 4 seQup, yi) < 89’ y©),
fOr[lll ((ula }’1), ey (Mka }’k), (ue7 ye)) € 1

(3.52)

Then the interconnected system X, is dissipative with respect to the supply rate s¢,
with storage function

S, oo, xx) = S1(x) 4+ -+ Sk () (3.53)
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Proof Just add the k dissipation inequalities

Si(xi(t)) = Si(xi(tO))+/]Si(”i(t)»Yi(t))dtv i=1...k

o
and invoke the inequality (3.52). (]

Note that for the purpose of stability analysis of the interconnected system X; the
external inputs and outputs u°, y¢ and the supply rate s¢ can be left out, in which
case (3.52) reduces to

si(up, yo) + -+ seug, i) <0,

(3.54)
forall ((uy, y1),..., (ug, yx)) € 1

Example 3.3.2 Consider a system having inputs and outputs (u., y.) accessible to
control interaction, and another set of inputs and outputs (u., y.) via which the
system interacts with its environment. Suppose the system is passive, with respect
to the combined set of variables (u., y.) and (u,, y.); that is, there exists a storage
function S such that s

T S ulye+ @)y

An example is a robotic mechanism interacting with its environment via generalized
forces u, and generalized velocities y,, and controlled by collocated sensors (gen-
eralized velocities y.) and actuators (generalized forces u,). Closing the loop with a
passive controller with storage function S, that is,

ds.
dt

S _yZuC’

results in a system which is passive with respect to (¢, y°), since
L5450 = @)y
dt <

Note that the storage function of the interconnected system X; in Proposition3.3.1
is simply the sum of the storage functions of the component systems ;. A useful
extension of Proposition3.3.1 is obtained by allowing instead for weighted combi-
nations of the storage functions of the component systems. For simplicity we will
only consider the case without external inputs and outputs u¢, y°.

Proposition 3.3.3 Suppose the supply rates sy, . . ., si and the interconnection sub-
set I are such that there exist positive constants o, . . ., ay for which
apsi(ur, y1) + -+ -+ arse (ug, i) <0,

(3.55)
Jorall ((uy, yv), ..., (i, yo)) €1
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Then the nonnegative function
Sa(X1, oy x0) = anSi(xr) + - -+ arSi(xk) (3.56)

satisfies %Sa < 0 along all solutions of the interconnected system Xj.

Proof Multiply each i-th dissipation inequality

Si(xi (1)) < Si(xi(to))—l-/ si(ui(t), yi(t))dt

o
by a;,i =1, ..., k, add them, and use the inequality (3.55). [l

In Sect. 8.2 we will see how this proposition underlies the small-gain theorem and
extensions of it. Furthermore, it will appear naturally in the network interconnection
of passive systems in Sect.4.4.

3.4 Scattering of State Space Systems

The generalization (3.10) of the definition of dissipativity to DAE systems without a
priori splitting of the external variables into inputs # and y is also useful in discussing
the extension of the notion of scattering, as treated in Sect. 2.4 for input—output maps,
to the state space system context.

Consider a state space system X given in standard input—state-output form (3.1),
which is assumed to be passive, i.e.,

S(x(r)) — Sx (1) = / ul (1)y(t)dt (3.57)

to

for some storage function S > 0. Consider the scattering representation (v, z) of
(u, y) defined as, see (2.41),

v:L(u+y), Z=L(—u+y) (3.58)

NG NG

The inverse transformation of (3.58) is u = %(v —2),y= \/%(v + z), and substi-
tution of these expressions in (3.57) yields

I
S(n) = S(x) = 5 / (IvOI1* = llz®)]1?)dt (3.59)

This shows that ¥ is passive with respect to # and y if and only if ¥ with transformed
external variables v and z has L,-gain < 1 from v to z, while the storage function
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remains the same. Similarly, it follows that X is lossless with respect to # and y if
and only if it is inner with respect to v and z.

Note that in general the transformed system X with external variables w = (v, z)
is in the format (3.9). In case the original ¥ is an affine system without feedthrough
term, i.e., of the form

X =) +gu

a (3.60)

y = h(x)
the substitution u = %(v —2),y= %(v + z), leads to an input—state—output rep-
resentation in the wave vectors v, z, namely

= () = g(0)hx) + V2g(x)v

(3.61)
z=+2h(x)—v

Summarizing

Proposition 3.4.1 X, is passive (lossless) with storage function S if and only if ¥
has Ly-gain < 1 (is inner) with storage function S.

3.5 Dissipativity and the Return Difference Inequality

Dissipative systems theory turns out to provide an insightful framework for the study
of the Inverse problem of optimal control, as originally introduced in [155] for the
linear quadratic optimal control problem.

Consider the nonlinear optimal control problem (see Sects. 9.4 and 11.2 for further
information)

min/ (u()])> + £(x(®)))dt , (3.62)
u 0

for the system
x=f)+gxu, f(0)=0, (3.63)

where £ > 0 is a cost function with £(0) = 0.

Denote the minimal cost (value) defined by (3.62) for initial condition x (0) = xg
by V(xo). The function V : X — R is called the value function. Suppose that the
value function V is well defined for all initial conditions and is C'. Then it is known
from optimal control theory that V' is a nonnegative solution to the Hamilton—Jacobi—
Bellman equation

1 1
Ve(x) f(x) — va(x)mx)gT(x)vxT(x) + 00 =0, V() =0 (3.64)
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Fig. 3.1 Feedback system

i = f() + g(a)u

l— alx)

u

Furthermore the optimal control is given in feedback form as
u=—a) =—-g"' VI x) (3.63)

If additionally V (x) > 0 for x # 0 and the system x = f(x), y = £(x) is zero-state
detectable (cf. Definition 3.2.15), it follows from LaSalle’s Invariance principle that
this optimal feedback is actually stabilizing, since (3.64) can be rewritten as

1
Vi(@)[Lf (x) — g(x)ax)] = —EaT(xm(x) —0(x), (3.66)

and thus asymptotic stability of x = 0 follows as in Proposition 3.2.16.
As we will now show, the optimal control feedback u = —a(x) := —g” (x) V] (x)
has a direct dissipativity interpretation. Indeed, (3.64) and (3.65) can be rewritten as

Vi) f(x) = 30" (ax) = —£x) < 0 V() =0

(3.67)
Vi()g(x) = ol (x)

implying that the following system (the “loop transfer” from u to minus the optimal
feedback —a(x))

x=f(x)+gM)u
A (3.68)
u = a(x)
is dissipative with respect to the supply rate
N Y.
s(u, ) := 2||u|| +u'u (3.69)

This leads to the following interesting consequence. By further rewriting the supply
rate s(u, 1) = 1|a|]> + a7 u as

1 1 1 1 1
Ellﬁll2 +ilu = Sllu +al? - QIIMII2 = EIIUII2 - EIIMII2 : (3.70)

it means that the feedback system in Fig.3.1 with external inputs v satisfies the
property
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1 [T 1 [T
5/ llu(t)|*dt < 5/ llo(®)17dt + V (x(0)) — V (x(T))
0 0

IA

T
%/0 llv(@®)|*dt + V(x(0)) , (3.71)

for all initial conditions x (0), and for all external input signals v. Thus the L,-gain
from the external inputs v to the internal inputs u is less than or equal to one.

In the linear case the frequency domain version of the inequality (3.71) is called
the return difference inequality. The inequality expresses the favorable property that
in the closed-loop system of Fig. 3.1 the L,-norm of the optimal feedback u = —a(x)
is attenuated with regard to the L,-norm of any external control signal v(-).

Conversely, it can be shown that any stabilizing feedback u = —a(x) for which
(3.71) holds is actually optimal with respect to some cost function £ > 0 with
£(0) = 0. Indeed, consider # = —a(x) such that (3.71) is satisfied for some function
V >0, with V(0) = 0. Equivalently, the system (3.68) is dissipative with respect
to the supply rate s (u, ) = %||ﬁ| 1> + 4" u, with storage function V > 0, V(0) = 0.
Then it follows that (assuming V is C')

Ve(@) f(x) — ol (0)a(x) <0

(3.72)
Vi(x)g(x) = a’ (x)
Hence we may define the cost function £ > 0 as
Lx):==Vi(x)f(x)+ %QT(X)CM()C), (3.73)

satisfying £(0) = 0. It follows that V is actually a nonnegative solution of the
Hamilton—Jacobi—Bellman equation (3.64) of the optimal control problem (3.62)
for this cost function £. As will be shown in Sect. 11.2, it follows that V is the value
function of this optimal control problem and that u = —a(x) is the optimal feedback
control.

Summarizing, we have obtained the following theorem.

Theorem 3.5.1 Consider the system (3.63). Let £ > 0 be a cost function with
£(0) = 0 such that x = f(x), y = £(x), is zero-state detectable, and that the value
function V of the optimal control problem is well defined, C', and satisfies V (x) >
0, x # 0. Then the feedback u = —a(x) := —g” (x)VXT (x) is stabilizing, and the
resulting feedback system in Fig. 3.1 satisfies property (3.71).

Conversely, u = —a(x) is a stabilizing feedback such that the feedback system in
Fig. 3.1 satisfies property (3.71) for a C' function V> 0 with V (0) = 0, then u =
—a(x) is the optimal control for (3.62) with the cost function £(x) := —V,(x) f(x) +
%aT (xX)a(x).

Thus, loosely speaking, afeedback u = —a(x) is optimal with regard to some optimal

control problem of the form (3.62) if and only if the return difference inequality (3.71)
holds.
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Remark 3.5.2 In view of Proposition 3.1.14, we additionally note that if the system
X = f(x) + g(x)uisreachable from x = 0, then property (3.74) holds for a feedback
u = —a(x)and aV > 0 with V(0) = 0, if and only if

T T
/||u(r)||2drs / llv(®|*dt,  x(0) =0, (3.74)
0 0

for all external inputs v, and all T > 0.

Remark 3.5.3 Notice that the optimal regulator in Fig. 3.1, that is the system

X =[f(x) —gx)a)]+gx)v

(3.75)
i=ax) =g" @)V x)

is output strictly passive, as follows directly from (3.66).

3.6 Notes for Chapter3

1. The main part of the theory exposed in Sect.3.1 is based on Willems’ seminal
and groundbreaking paper [350]. The developments around Propositions 3.1.19,
3.1.20 and Corollary 3.1.21 are relatively new, although inspired by similar argu-
ments in Willems [349, 351].

2. Other expositions of (parts of) the theory of dissipative systems can be found
in Hill & Moylan [126], Moylan [225], Brogliato, Lozano, Maschke & Egeland
[52], as well as Isidori [139], Arcak, Meissen & Packard [11].

3. We refer to e.g., Weiland & Willems [346], and Trentelman & Willems [338,
339], Willems & Trentelman [353] for developments on dissipative systems
theory within a (linear) behavioral systems theory framework; generalizing the
concept of quadratic supply rates to quadratic differential forms that may also
involve derivatives of the inputs and outputs. Note that in these papers “dissipa-
tivity” is often used in the meaning of “cyclo-dissipativity”.

4. The first part of Sect. 3.2 is also mainly based on Willems’ paper [350], together
with important contributions due to Hill & Moylan [123—-126]. The exposition
on stability in Sect.3.2 was influenced by Sepulchre, Jankovich & Kokotovic
[312].

5. The theory of dissipative systems is closely related to the theory of Integral
Quadratic Constraints (1QCs); see e.g., Megretski & Rantzer [215], Jonsson
[152] and the references quoted therein.

Basically, in the theory of Integral Quadratic Constraints (IQCs) the system X;
denotes the given linear “nominal” part of the system to be studied, specified
by a transfer matrix G, while A := X, denotes the “troublemaking” (nonlinear,



56

3 Dissipative Systems Theory

time-delay, time-varying, uncertain) components. In order to assess stability of
the overall system one searches for IQCs for A. These are given by a Hermitian
matrix valued function I1(jw), w € R, such that

* [waw)] i (jw)
/ VYN mGw) [V g0 > 0
oo |72(JW) n2(jw)
for all L, signals us, y, compatible with A. Here ~ denotes Fourier transform,

and * is complex conjugate and transpose. For rational IT that are bounded on
the imaginary axis, the time domain version of the IQC is

/0 o (xx(1), y2(1), ua(1))dt = 0

for a certain quadratic form o, where x; is solution of an auxiliary system
).C7r = A’Tl'xﬂ’ + ByzyZ + Buzuz’ -x’)T(O) =0.

The main theorem (Theorem 1 in Megretski & Rantzer [215]) states that if we
can find a IT such that for every 7 € [0, 1] the interconnection of G and TA is
well posed and IT is an IQC for 7 A, while there exists a € > 0 such that

[G({w)] M(jw) [G({“)} < _¢l, YweR

then the closed-loop system is stable. Compared with the setup of dissipative
systems theory there are two major differences. One is that IT is not necessarily a
constant matrix, and that therefore in the time domain formulation the function o,
which replaces the supply rate s of dissipative systems theory, also depends on an
auxiliary dynamical system (acting as an additional filter for the signals u5, y,).
Secondly, the IQC should only hold for all L, signals u», y,, and therefore in the
time domain version the integral is from O to oo, instead of from 0 to any 7 > 0,
as in dissipative systems theory formulation. The first aspect constitutes a major
extension with respect to dissipative systems theory. The second difference is
more of a technical nature, closely related to an extension of dissipativity to
cyclo-dissipativity. The L,-stability problems caused by the second difference
are taken care of by an ingenious homotopy argument based on the variation of 7
from O to 1 (nominal value). In Veenman & Scherer [341] it has been shown how
in most situations IOC stability analysis can be proved by dissipative systems
theory.

On a methodological level, the philosophy of the theory of IQCs is somewhat
different from dissipative systems theory in the sense that in IQC theory the
emphasis is on stability analysis by splitting between nominal linear dynamics
and “troublemaking” nonlinearities or time delays, whose disturbing properties
are sought to be bounded by a suitable IQC. Dissipative systems theory, on the
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10.

11.

other hand, is primarily a compositional theory of complex systems (rooted in
network dynamics), where nonlinear dynamical components are not necessarily
considered to be detrimental. The theory of IQCs is especially useful for stability
analysis of systems with “small-scale” nonlinearities or time delays. It yields
sharp results on the classical cases of ‘“noncausal multipliers” and the Popov
criterion.

In Sect. 3.2 we have assumed throughout that there exist storage functions which
are continuously differentiable (C'), in order to make the link with Lyapunov
stability theory, and, very importantly, in order to be able to rewrite the dissi-
pation inequality (3.3) as the differential dissipation inequality (3.36). Now, for
Lyapunov stability theory the Lyapunov functions do not necessarily have to
be C!, see e.g., Sontag [317]. Moreover, often storage functions for nonlinear
systems are not everywhere differentiable (in particular this may happen for the
available storage S, and the required supply S, being solutions to an optimal
control problem). Since it is much easier to work with differential dissipation
inequalities than with dissipation inequalities in integral form, it would thus
be desirable to have a generalized solution concept for differential dissipation
inequalities (3.36), admitting solutions S that are not everywhere differentiable.
In fact, this is possible using the concept of a viscosity solution (see e.g., Fleming
& Soner [99], for a clear exposé), as shown in James [144] (see also James &
Baras [145], Ball & Helton [22]). We also like to refer to Clarke, Ledyaev, Stern
& Wolenski [67, 68] for a broader discussion of generalized solution concepts
for Hamilton—Jacobi inequalities or equalities, showing equivalence between
apparently different solution concepts.

See e.g., Khalil [159] for a coverage of Lyapunov stability theory and LaSalle’s
Invariance principle.

. Theorem 3.2.17 is due to Iggidr, Kalitine & Outbib [134]. I thank Laurent Praly

for pointing out an error in the presentation of the consequences of this theorem
in the second edition of this book.

. Proposition3.2.22 is due to Imura, Sugie & Yoshikawa [132], Imura, Maeda,

Sugie & Yoshikawa [131], where an alternative proof is given.

Section 3.3 is largely based on Willems [350], Moylan & Hill [227], see also
Moylan [225].

The stability analysis of an interconnected system the approach taken in Sect. 3.3
can be turned around as well. Given the component systems X, ..., ¥; and the
interconnection subset I, one may search for (suitably defined) supply rates
S1, ..., Sk, for which the systems are dissipative and (3.54) holds. This point
of view is already (implicitly) present in classical papers on dissipative systems
such as Moylan & Hill [227], see also Moylan [225], and was recently empha-
sized and explored in Meissen, Lessard, Arcak & Packard [217], Arcak, Meissen,
Packard [11].
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Furthermore, in Jokic & Nakic [151] the converse result is obtained stating that if
an interconnected linear system has an additive quadratic Lyapunov function (a
sum of terms only depending on the state variables of the subsystems) then there
exist interconnection neutral supply rates with respect to which the subsystems
are dissipative.

Section 3.5 is an extended and simplified exposition of basic ideas developed
in Moylan & Anderson [226]. For related work on the inverse optimal control
problem and its applications to robust control design we refer to Sepulchre,
Jankovic & Kokotovic [312], and Freeman & Kokotovic [106].

The differential dissipation inequality (3.36) admits the following factorization
perspective. For concreteness, assume that f(0,0) = 0, 2(0, 0) = 0 as well as
5(0,0) = 0. Then, under technical assumptions (see Chap.9), satisfaction of
(3.36) will imply that there exists amap 4 : X x R” — R such that

Se(0) f o) = s, hx, w) = —|lhG, w)])? (3.76)

Equivalently, the system is conservative with respect to the new supply rate
S, y, ) = s,y — 3% (3.77)
involving, next to y, the new output y = A (x, u). This factorization perspective

will be further discussed in the context of the passivity supply rate in Sect.4.1,
and will be key in the developments on the L,-gain supply rate in Sect. 9.4.
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Chapter 4
Passive State Space Systems

In this chapter we focus on passive systems as an outstanding subclass of dissipative
systems, firmly rooted in the mathematical modeling of physical systems.

4.1 Characterization of Passive State Space Systems

Recall from Chap. 3 the definitions of (input and/or output strict) passivity of a state
space system, cf. Definition 3.1.4.

Definition 4.1.1 A state space system ¥ with equal number of inputs and outputs

X =fx,u), xeX,uelU=R" @
y=h(x,u), yeY=R" )
is passive if it is dissipative with respect to the supply rate s(u, y) = u” y. Further-
more, ¥ is called cyclo-passive if the storage function is not necessarily satisfying
the nonnegativity condition. X is called lossless if it is conservative with respect to
s(u,y) = u’y. The system X is input strictly passive if there exists § > 0 such that
¥ is dissipative with respect to s(u, y) = u”y — §||u||? (also called -input strictly
passive). X is output strictly passive if there exists € > 0 such that X is dissipative
with respect to s(u, y) = u’y — €||y||? (e-output strictly passive).

Also recall from Chap. 3 that there is a minimal storage function S, (the available
storage), and under areachability condition, a storage function S, (the required supply
from x*), which is maximal in the sense of (3.26); see also Corollary 3.1.21. The
storage function in the case of the passivity supply rate often has the interpretation
of a (generalized) energy function, and S, (x) equals the maximal energy that can be
extracted from the system being in state x, while S, (x) is the minimal energy that
is needed to bring the system toward state x, while starting from a ground state x*.

© Springer International Publishing AG 2017 59
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In physical examples, the true physical energy usually will be “somewhere in the
middle” between S, and S,.

Assuming differentiability of the storage function (as will be done throughout
this section), passivity, respectively input or output strict passivity, can be character-
ized through the differential dissipation inequalities (3.36). These take a particularly
explicit form for systems which are affine in the input u (as often encountered in
applications), and given as

g X =fx)+g(x)u
oty = (o + jou. @2

with g(x) an n x m matrix, and j (x) an m x m matrix. In case of the passivity supply
rate s(u, y) = u’ y the differential dissipation inequality then takes the form

d

ES = S (O[f) + gul < u’[h(x) + j(x)ul, Vx, u, 4.3)
where, as before, the notation S, (x) stands for the row vector of partial derivatives
of the function S : X — RR. Note that

ScOLf (x) + g(ul — u” [h(x) + j(x)ul =
L1 a] [ 25: @) fx)  Sx(0)g(x) — hT(X)} [1} 4.4)

2 g"()ST(x) —h(x) —(Gx)+ 7)) ||u

while similar expressions are obtained in the case of the output and input strict
passivity supply rates.
This leads to the following characterizations.

Proposition 4.1.2 Consider the system ZZ’ given by (4.2). Then:
(i) E({t is passive with C! storage function S if and only if for all x

28, (x) f(x) Se(x)g(x) — hT (x)
[QT(X)SE(X) —h(x) =G @)+ jT(x) } =0 4.5)

(ii) Eé‘,f " is e-output strictly passive with C' storage function S if and only if for all x

|:2Sx () £ (x) +2ehT ()R (x) Sx(x)g(x) —h" (x) +k" (x)

where k(x) := 4ehT (x)j (x), £(x) :=2j(x)jT (x).
(iii) Z({t is 6-input strictly passive with C' storage function S if and only if for all x

[ 25, () S.(0g() — T () ]<0 @7

9" ()ST(x) = h(x) 201, — (j(x) + j7 (x))

The proof of this proposition is based on the following basic lemma.
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Lemma 4.1.3 Let R = RT be an m x m matrix, g an m-vector, and p a scalar. Then

u'Ru+2u"q+p <0, forallu e R", (4.8)
if and only if
T
P4
[q R] <0 4.9)

Proof (of Lemma 4.1.3) Obviously, the inequality (4.9) implies

pqa’|[1
uﬁm+2ﬂq+p=puﬂ[ }[}fO,VMGRm (4.10)

u

In order to prove! the converse implication assume that

T
J[S%}U>O (4.11)

for some (m + 1)-dimensional vector v. If the first component of v is different from
zero we can directly scale the vector v to a vector of the form [i:| while still (4.11)

holds, leading to a contradiction. If the first component of v equals zero then we
can consider a small perturbation of v for which the first component of v is nonzero
while still (4.11) holds, and we use the previous argument. O

Proof (of Proposition 4.1.2) Write out the dissipation inequalities in the form
ul R(x)u +2u”q(x)+ p(x) <0, and apply Lemma 4.1.3 with R, ¢, p additionally
depending on x. (I

Example 4.1.4 Tt follows from (4.7) that an input strictly passive system necessarily
has a nonzero feedthrough term j(x)u. An example is provided by a proportional—
integral (PI) controller

Xe = U,
Ye = kac+kPuc (412)

with kp, k; > 0 the proportional, respectively integral, control coefficients. This is

a kp-input strictly system with storage function is %k,xf_, since

dlk 2 kpu? (4.13)
——kix. =u;y. — kpu .
dr 2" e T Hede TPt

A drastic simplification of the conditions for (output strict) passivity occurs for
systems without feedthrough term (j (x) = 0) given as

'With thanks to Anders Rantzer for a useful conversation.
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= fx)+g)u

DI 4.14
y =h(x) @19
Corollary 4.1.5 Consider the system ¥, given by (4.14). Then:
(i) T, is passive with C' storage function S if and only if for all x
Sc(x) f(x) =0 4.15)

Se(x)g(x) = A" (x)
(ii) 2, is e-output strictly passive with C' storage function S if and only if for all x

Se(0) f(x) < —eh" (x)h(x)

Sy (x)g(x) = h' (x) (4.16)

(iii) X, is not 6-input strictly passive for any 6 > 0.
kgl

q Om
matrix) if and only if ¢ = O and k < 0.

Proof Use the well-known fact that |: i| < 0 (with 0,, denoting the m x m zero

Remark 4.1.6 For a linear system

X = Ax + Bu
y=Cx+ Du @.17)
with quadratic storage function S(x) = 3x"Qx, Q = QT > 0, the passivity
condition (4.5) amounts to the linear matrix inequality (LMI)
ATQ+ QA QOB -CT <0 4.18)
B'"Q—-C -D-D"|~— ’

Obvious extensions to input/output strict passivity are left to the reader. Incase D = 0
(no feedthrough) the conditions (4.18) simplify to the LMI

ATQ+0A<0, BTo=cC (4.19)

The relation of these LMISs to frequency-domain conditions is known as the Kalman—
Yakubovich—Popov Lemma; see the Notes at the end of this chapter for references.

The inequalities in Proposition 4.1.2 and Corollary 4.1.5, as well as the resulting
LMIs (4.18) and (4.19) in the linear system case, admit the following factoriza-
tion perspective. Given a matrix inequality P(x) < 0, where P(x) is an k X k
symmetric matrix depending smoothly on x, we may always, by standard linear-
algebraic factorization for every constant x, construct an £ x k matrix F(x) such
that P(x) = —FT (x)F(x), where £ is equal to the maximal rank of P(x) (over x).
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Furthermore, by an application of the implicit function theorem, locally on a neigh-
borhood where the rank of P(x) is constant, this can be done in such a way that
F(x) is depending smoothly on x. Applied to (minus) the matrices appearing in
Proposition 4.1.2 and Corollary 4.1.5 this leads to the following result. For con-
creteness, focus on the inequality (4.5); similar statements hold for the other cases.
Inequality 4.5 holds if and only if

25, () f(x)  Se(x)g(x) —hT(x) T

[gT(mS,{(x) — ) —( () + 7 () } =P OFm =0 @20

for a certain matrix

F(x) = [6() w@)] @21)

with ¢(x) an £-dimensional column vector, and ¢(x) an £ x m matrix, with £ the
(local) rank of the matrix in (4.5). Writing out (4.20) yields

285:(x) f(x) = =T (x)p(x)
Se(x)g(x) —hT (x) = —¢T (x)¥(x) (4.22)
J) + T ) =W (x)W(x)

It follows that by defining the new, artificial, output equation

y = o)+ ¥(x)u (4.23)
one obtains
Se LS (x) + g(o)ul —u’ [h(x) + j(x)u] = —%II?IIZ, (4.24)
and therefore J ) .
ZS=uwy— Iy (4.25)

Hence, by factorization we have turned the dissipativity of the system x/" with

respect to the passivity supply rate s (u, y) = u” y into the fact that /" is conservative
with respect to the new supply rate

I
Snew(ut, y) = u'y — Ellyllz, (4.26)

defined in terms of the inputs u, outputs y, as well as the new outputs y defined by
(4.23). The same can be done for the output and input strict passivity supply rates; in
fact, for any supply rate which is quadratic in u, y. Within the context of the L,-gain
supply rate this? will be exploited in Chap. 9; see especially Sect.9.4.

2In fact, in Sect. 9.4 we will see how this can be extended to general systems X.
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Let us briefly focus on the linear passive system case, corresponding to the LMIs
(4.18). As was already mentioned in Remark 3.1.22 for general supply rates, the
available storage S, of a linear passive system (4.17) with D = O is given as %xT Qux
where Q, is the minimal solution to the LMI (4.18), while the required supply is
%xT Q,x where Q, is the maximal solution to this same LMI.

Although in general (4.18) has a convex set of solutions Q > 0, this set may
sometimes reduce to a unique solution; even for systems with nonzero internal energy
dissipation. This is illustrated by the following simple physical example.

Example 4.1.7 Consider the ubiquitous mass—spring—damper system

[q] = [ 0 %dj| [q} + [O:| u, u = force
A 2 4.27)

y = [0 %] [Zi| = velocity

with physical energy H(q, p) = 5-p> + 1kq* (¢ extension of the linear spring
with spring constant k, p momentum of mass m), and internal energy dissipation
corresponding to a linear damper with damping coefficient d > 0. The LMI (4.19)

takes the form
0 —k o L
]| P S P A B
mem " (4.28)
qi1 412 1
01 =0~
[ ] [Chz 6122] [ ’"]
The last equation yields g1, = 0 as well as gy, = % Substituted in the inequality
this yields the unique solution ¢;; = k, corresponding to the unique quadratic stor-
age function H(q, p), which is equal to S, = S,. The explanation for the perhaps
surprising equality of S, and S, in this case is the fact that the definitions of S, and

S, involve sup and inf (instead of max and min).

We note for later use that passivity of a static nonlinear map y = F(u), with
F : R"™ — R™, amounts to requiring that

ul Fu) >0, forallu e R™, (4.29)

which for m = 1 reduces to the condition that the graph of the function F is in the
first and third quadrant. This definition immediately extends to relations instead of
mappings.

Furthermore, passivity of the dynamical system ¥ implies the following static
passivity property of the steady-state values of its inputs and outputs. Let ¥ be an
input-state-output system in the general form (4.1). For any constant input & consider
the existence of a steady-state x, and corresponding steady-state output value y,
satisfying
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0= f@&, ), y=nh(, i) (4.30)

This defines the following relation between u and y, called the steady-state
input—output relation X, corresponding to X:

Ty i= {(@@, ¥) | 3% s.t. (4.30) holds } 4.31)

In case of a cyclo-passive system (4.1) with storage function S satisfying %S <uly
it follows that

d
0= S < i’y, forany (ii,y) € Dy, (4.32)

with the obvious interpretation that at its steady states every cyclo-passive system
necessarily dissipates energy.

Note that in general ¥;; need not be the graph of a mapping from u to y. For
example, ¥, corresponding to the (multi-dimensional) nonlinear integrator

OH
X=u, y=—u), x,u,yeR" (4.33)
Ox
(which is a cyclo-passive system with, possibly indefinite, storage function H), is
given as

_ - - _  OH _
Y=1@=0,y)|Ixsty= a(x)} 4.34)

This will be further explored within the context of port-Hamiltonian systems in
Chap. 6, Sect.6.5.

4.2 Stability and Stabilization of Passive Systems

Many of the stability results as established in Chap. 3 for dissipative systems involving
additional conditions on the supply rate directly apply to the passivity supply rate. In
particular Propositions 3.2.7, 3.2.9 (see Remark 3.2.10) and Proposition 3.2.12 (see
Remark 3.2.14) hold for passive systems. Moreover, Propositions 3.2.15 and 3.2.19
apply to output strictly passive systems; see Remark 3.2.20.

Loosely speaking, equilibria of passive systems are typically stable, but not neces-
sarily asymptotically stable. On the other hand, there is no obvious relation between
passivity and stability of the input—output maps. This is already illustrated by the
simplest example of a passive (in fact, lossless) system; namely the integrator

X=u,y=x, x,u, yeR
Obviously, 0 is a stable equilibrium with Lyapunov function %xz, while the input—
output mappings of this system map L, (R) into L,.(R), but not L,(R) into L, (R).
The same applies to a nonlinear integrator, with output equation y = x replaced by
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y = S, (x) for some nonnegative function S having its minimum at 0. The situation

becomes different by changing X = u, y = x into X = —x + u, y = x, leading to
a system with asymptotically stable equilibrium 0 and finite L,-gain input—output
map. On the other hand, the minor modification ¥ = —x* + u displays 0 as an

asymptotically stable equilibrium, but does not define a mapping from L,(R) to
L>(R). To explain the differences, notice that of the three preceding examples only
X = —x +u, y = x is output strictly passive. Indeed, output strict passivity implies
finite L,-gain, as formulated in the following state space version of Theorem 2.2.13.

ogs . . . . . 1
Proposition 4.2.1 If ¥ is e-output strictly passive, then it has Ly-gain < -.

Proof 1If X is e-output strictly passive there exists S > 0 such that for all #; > 7y and
all u

S(x(11)) — S(x(10)) 5/ W' (0)y(0) —elly®)|Pdr (4.35)

fo

Therefore

t

el IyOIPr < [ u" ()y(n)dt — S(x(n)) + S(x(10)) <
Jo @ @y (0) + 3l Fzu(t) — ey 0| Pdt — S(x(1)) + S(x(to)) =

S GEN@I + 51y 011)dt — SCe(01) + S(x(10))

whence

n l
S(x(t1) — S(x(t)) < / (2—||u(r||2 - E||y<r)||2) dt, (4.36)
5 2

Iy

implying that ¥ has L,-gain < 1 (with storage function 15). O

€

Further implications of output strict passivity for the input—output stability will
be discussed in the context of L,-gain analysis of state space systems in Chap. 8.

The importance of output strict passivity for asymptotic and input—output stability
directly motivates the consideration of the following simple class of feedbacks which
render a passive system output strictly passive. Indeed, consider a passive system X
as given in (4.1) with C! storage function S, that is

d
—S<uf 437
PTL (4.37)

If the system is not output strictly passive, then an obvious way to render the system
output strictly passive is to apply a static output feedback

u=—-dy+v, d=>0, (4.38)
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with v € R the new input, and d a positive scalar.® Then the closed-loop system
satisfies

d
= vy —d|lyll%, (4.39)

and thus is d-output strictly passive, and has L,-gain < 5 (from v to y). Hence, we
obtain the following corollary of Propositions 3.2.16 and 3.2.19.

Corollary 4.2.2 Consider the passive system X with storage function S satis-
fying S(0) = 0. Assume that S is positive definite at 0 and that the system
X = f(x,0), y = h(x,0), is zero-state detectable. Alternatively, assume 0 is an
asymptotically stable equilibrium of X = f(x, 0) conditionally to {x | h(x,0) = 0}.
In both cases the feedback u = —dy, d > 0, asymptotically stabilizes the system
around the equilibrium 0.

Finally, we remark that in certain cases the verification of the property of zero-state
detectability or asymptotic stability conditionally to y = h(x, 0) = 0 can be reduced
to the verification of the same property for a lower-dimensional system. Consider as
a typical case the feedback interconnection of ¥; and ¥, as in Fig. 1.1 withe, =0
(see Fig.4.1 later on). Suppose that X satisfies the property

yi#)=0, t>0=x(t)=0, t>0andu;(t) =0, t>0 (4.40)

(This is a strong zero-state observability property.) Now, let y;(f) = 0, ¢ > 0, and
ei(t) =0, t>0.Thenu,(t) =0, ¢ > 0,and by (4.40), y,(t) =0, > 0.
Hence, checking zero-state detectability or asymptotic stability conditionally to
y1 = hi(x;) = 0 for the closed-loop system is the same as checking the same
property for ¥,. Summarizing, we have obtained the following.

Proposition 4.2.3 Consider the closed-loop system Xy %, with e; = 0, having
input e\ and output y. Suppose that ¥, satisfies property (4.40). Then the closed-
loop system is zero-state detectable, respectively asymptotically stable conditionally
to yy = 0, if and only if X, is zero-state detectable, respectively, asymptotically
stable conditionally to y, = 0.

Example 4.2.4 (Euler’s equations) Euler’s equations of the dynamics of the angular
velocities of a fully actuated rigid body, spinning around its center of mass (in the
absence of gravity), are given by

lo=—-Sw)lw+u (4.41)
Here I is the positive diagonal inertia matrix, w = (w;, w», w3)T is the vector of

angular velocities in body coordinates, u = (u1, u, u3)T is the vector of inputs,
while the skew-symmetric matrix S(w) is given as

3This can be extended to u = —Dy + v, with D a matrix satisfying D + DT > 0.
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0 —W3 wy
Sw=|[ws 0 —w (4.42)

—W2 Wi 0
Since 41w 1w = u"w it follows that the system (4.41) with output y = w is passive
(in fact, lossless). Stabilization to w = 0 is achieved by output feedback u = — Dy
for any positive matrix D. In Sect.7.1 we will see how this can be extended to the
underactuated case by making use of the underlying Hamiltonian structure of (4.41).

Example 4.2.5 (Rigid body kinematics) The dynamics of the orientation of a rigid
body around its center of mass is described as

R = RS(w) (4.43)
where R € SO(3) is an orthonormal rotation matrix describing the orientation of
the body with respect to an inertial frame, w = (w1, wo, w3)T is the vector of angular
velocities as in the previous example, and S(w) is given by (4.42). The rotation matrix
R € SO(3) can be parameterized by a rotation ¢ around a unit vector k as follows:

R =I5+ sing S(k) + (1 — cos ) S2(k) (4.44)

The Euler parameters (¢, ) corresponding to R are now defined as

—n (¥ _ (4
E—Sm(z)k n—cos(z), (4.45)
and satisfy
elet=1 (4.46)
It follows that
R=?—c"e)ls +2ee’ +2nS(e), (4.47)

and thus R can be represented as an element (g, 7) of the three-dimensional unit
sphere S* in R*. Note that (g, 7)) and (—e, —n) correspond to the same matrix R.
In particular, (0, 1) and (0, —1) both correspond to R = I5. Thus the unit sphere
S3 defines a double covering of the matrix group SO(3). In this representation the
dynamics (4.43) is given as

IR PR

evolving on §3 in R*. Define the function V : §3 — R as
Vie,n) =c"e+ 1 —n)? (4.49)

which by (4.46) is equal to V (¢, n) = 2(1 —n). Differentiating V along (4.48) yields
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Fig. 4.1 Standard feedback e1 + up Y1
configuration Xy || X X

Y2 o

4 V=uwle (4.50)

ar '
Hence the dynamics (4.48), with inputs w and outputs ¢, is passive (in fact, lossless)
with storage function* V. As a consequence, the feedback control w = —e will
asymptotically stabilize the system (4.48) toward (0, £1), thatis, R = I3. In Chap.7
we will see how Examples 4.2.4 and 4.2.5 can be combined for the control of the
total dynamics of the rigid body described by (4.43), (4.41) with inputs u.

4.3 The Passivity Theorems Revisited

The state space version of the passivity theorems as derived for passive input—output
maps in Chap. 2, see in particular Theorem 2.2.11, follows the lines of the general
theory of interconnection of dissipative systems as treated in Chap. 3, Sect.3.3. Let
us consider the standard feedback closed-loop system X || ; X5 of Fig. 4.1, which is
the same as Fig. 1.1 with the input—output maps G| and G, replaced by the state
space systems

CXi=filxi,u), xieX, uelU .

Zi : yi = hi(xi, u;), ey, 'T L2, “.51)
with U; = Y,, U, = Y;. Suppose that both ¥; and X, in (4.51) (with U; =
U, = Y| = Y,) are passive or output strictly passive, with storage functions S;(x;),
respectively S»(x3), i.e.,

S1 (e (1)< S1(x1 (o)) + [, wl (0)y1 (1) — exllyn ()]t

(4.52)

Sr(x2 ()< Sa(xa(t0)) + [ (wd (1) y2(1) — eally2(0) Pt
with ) > 0, e, > 0 in case of output strict passivity, and €| = ¢, = 0 in case
of mere passivity. Substituting the standard feedback interconnection equations (see
(1.30))

4Note that this storage function does not have an interpretation in terms of physical energy.
It is instead a function that is directly related to the geometry of the dynamics (4.48) on S°,
integrating w.
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Uy =er — Yy,

uy = ez +yi, (4.53)
the addition of the two inequalities (4.52) results in
t S1(x1(81)) + S2(x2(11)) = S1(x1(70)) + S2(x2(20)) +
Jo el y1(0) + €3 (0)y2(1) — erllyi(OI1 = eally2(DI) dr (4.54)

< S1(x1(20)) + S2(x2(%)) +
ft: (el yi(t) + e )y (1) — elllyi 11> + lIy2()1*]) dt

with e = min(ey, £;). Hence the closed-loop system with inputs (e, e;) and outputs
(y1, ¥2) is output strictly passive if € > 0, respectively, passive if ¢ = 0, with storage
function

S(x1, x2) = S1(x1) + S2(x2), (1, x) € X1 x A (4.55)

Using Lemmas 3.2.9 and 3.2.16 we arrive at the following proposition, which can
be regarded as the state space version of Theorems 2.2.6 and 2.2.11.

Proposition 4.3.1 (Passivity theorem) Assume that for every pair of allowed exter-
nal input functions e, (-), ex(-) there exist allowed input functions u(-), u,(-) of the
closed-loop system Z|| r Xo.

(i) Suppose ¥ and %, are passive or output strictly passive. Then X || r Xy with
inputs (e, e2) and outputs (y1, y2) is passive, and output strictly passive if both ¥,
and X, are output strictly passive.

(ii) Suppose X, is passive and X, is input strictly passive, or X1 is output strictly
passive and X, is passive, then Xt || r Xo with e; = 0 and input ey and output y; is
output strictly passive.

(iii) Suppose that S, S, satisfying (4.52) are C! and have strict local minima at x7,
respectively x5. Then (x{, x3) is a stable equilibrium of 1| y X, with ey = e; = 0.

(iv) Suppose that | and X, are output strictly passive and zero-state detectable,
and that S\, S, satisfying (4.52) are C' and have strict local minima at x} = 0,
respectively x; = 0. Then (0, 0) is an asymptotically stable equilibrium of 25)2(1,22
with ey = ep = 0. If additionally S, Sy have global minima at x{ = 0, respectively
x5 = 0, and are proper, then (0, 0) is a globally asymptotically stable equilibrium.

Proof (i) has been proved above, cf. (4.54), while (ii) follows similarly. (iii) results
from application of Lemma 3.2.9 to X || y X, with inputs (e;, e;) and outputs (y;, y2).
(iv) follows from Proposition 3.2.16 applied to X1 || y X,. O

Remark 4.3.2 The standard negative feedback interconnection u; = —y, + e,
u, = y; for e; = 0 has the following alternative interpretation. It can be also
regarded as the series interconnection u, = y; of £ and X,, together with the addi-
tional negative unit feedback loop u; = —y, + e;. This interpretation will be used
in Chap. 5, Theorem 5.2.1.
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Remark 4.3.3 Note the inherent robustness property expressed in Proposition 4.3.1:
the statements continue to hold for perturbed systems X; and X,, as long as they
remain (output strictly) passive and their storage functions satisfy the required prop-
erties.

Remark 4.3.4 As in Lemma 3.2.12 the strict positivity of S; and S, outside
xj = 0, x5 = 0 can be ensured by zero-state observability of X and X,.

In case S;(x1) — S1(x]) and/or S>(x2) — S»(x3) are not positive definite but only
positive semidefinite at x|, respectively x5, then Proposition 4.3.1 can be refined as
in Theorem 3.2.19. We leave the details to the reader; see also [312].

In Theorem 2.2.18, see also Remark 2.2.19, we have seen how “lack of passivity”
of one of the output maps G, G, can be compensated by “surplus of passivity” of
the other. The argument generalizes to the state space setting as follows.

Corollary 4.3.5 Suppose the systems %;,i = 1,2, are dissipative with respect to
the supply rates

siCuin yi) =ul yi — eillyill® = Sillull®, i =1,2, (4.56)
where the constants €;, 6;,1 = 1,2, satisfy
E14+6,>0, 2+ >0 (4.57)

Then the standard feedback interconnection X1 || f X2 has finite La-gain from inputs
ey, ey to outputs yi, ya.

Proof Since %; is dissipative with respect to the supply rates s; we have
S <ulyi —&illyil® = dillwi >, i=1,2 (4.58)
for certain storage functions S;,i = 1,2 (assumed to be differentiable; otherwise

use the integral version of the dissipation inequalities). Substitution of u; = e; — y»,
uy = ey + y; into the sum of these two inequalities yields

Sl +Sz =< elTyl +€27)’2

4.59
el = diller — ol — a2yl = Salles + 2 4

which, multiplying both sides by —1, can be rearranged as
—biller])* = &2llexl® = §1 — S, = (4.60)

(1 + I lI> + (g2 4+ ) Iy2ll> — 281el yo — 282eL y1 — el y1 — el ys

Then, completely similar to the proof of Theorem 2.2.18, by the positivity assumption
ona? :=¢e; + &, a3 := &, + §; we can perform “completion of the squares” on the
right-hand side of the inequality (4.60), to obtain an expression of the form
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a1y er|,2 201 €1] 2 _ ¢ ¢
—A <c -85 - 9%, 4.61
|| [am} [62] I = LZ] =8 =5 61)
for a certain 2 x 2 matrix A and constant c. In combination with the triangle inequality
(2.29) this gives the desired result. O

This corollary is illustrated by the following example, which contains a further
interesting extension.

Example 4.3.6 (Lur’e functions) Consider an input-state-output system

X1 = f(x1,u1)
DITE 4.62
Uy = hix) u, y1 € R, (4.62)

and a system X, given by a static nonlinearity
Xty = F(uz), uz, »2 € R, (4.63)

interconnected by negative feedback u; = —y,, u, = y;.

Suppose the static nonlinearity F is passive in the sense of (4.29), that is,
uF(u) > 0 for all u € R (its graph is in the first and third quadrant). Obviously,
if X is passive with C' storage function S; (x;), then by a direct application of the
passivity theorem (Proposition 4.3.1) the closed-loop system satisfies $; < 0.

Now suppose that X, is not passive, but only dissipative with respect to the supply

rate
2

u
s1(ur, y1) = u1yr + 71, (4.64)

for some k > 0, having C! storage function S;. On the other hand, suppose that F
is %—output strictly passive; that is, dissipative with respect to the supply rate

2
Y
$2(2,2) = wrys = 2 (4.65)
for the same k as above. Then by application of Corollary 4.3.5 the closed-loop system
satisfies S| < 0. Note that dissipativity of F with respect to s, can be equivalently
expressed by the sector condition

F(us)
us

0=

<k (4.66)

The story can be continued as follows. Suppose that X is not dissipative with respect
to s, but that instead X, defined as

X1 = f,u)
Yo ~ . 4.67
1= 4y = h0a) + af- () fi(a, w) *+67)
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is dissipative with respect to s; for some o > 0. Suppose as above that the static
nonlinearity F satisfies (4.66) (and thus is output strictly passive). Then consider
instead of the static nonlinearity X, defined by F the dynamical system

. axy) = —xp+ux, x»elkR
z:2(1 .

V2 = F(x) (4.68)

It readily follows that X, is dissipative with respect to s,, with storage function
X2
Sr(xp) = a/ F(o)do =0 (4.69)
0

Indeed, by (4.66)

F2(x2)

Sy = aF(x2)i = F(x)(—x2 + u2) < usF(x2) —

Hence, (again by Corollary 4.3.5) the closed-loop system of ¥, and %, satisfies
S1 + S» < 0. Finally note that

Xy +x2 = up =y + ay,

and thus a(xy; — y;) = —(x2 — y1), implying that the level set x, = h(x;) is an
(attractive) invariant set. Hence, we can restrict the closed-loop system to the level
set x, = h(x;), where the system has total storage function

hy(xr)
S(xp) == Sy (x1) + a/ F(o)do
0

satisfying § < 0. In case of a linear system ¥; with quadratic storage function S;
the obtained function S is called a Lur’e function. Depending on the properties of
S, we may derive stability, and under strengthened conditions, (global) asymptotic
stability, for ¥; with the static nonlinearity F in the negative feedback loop. This
yields the Popov criterion; see the references in the Notes at the end of Chap. 2.

Example 4.3.7 Consider the system

x=fx)+g@u+gXuz, u; € R™,u; € R™
v = hi(x), y e R™ (4.70)
y2 = hy(x), y, € R™

which is passive with respect to the inputs u, #, and outputs y;, y,, with storage
function S(x). Consider the static nonlinearity

Li={(w,z) e R™ xR™ |v >0, >0, v'z=0)}, (4.71)
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where v > 0, z > 0 means that all elements of v, z are nonnegative. Clearly this is a
passive static system. Interconnect _L to the system by setting u, = —z, y» = v. The
resulting system satisfies

d

—S <uiy, 4.72

ao = 1)1 ( )
and thus defines a passive system (although not of a standard input-state-output type).
This type of systems occurs, e.g., in electrical circuits with ideal diodes; see the Notes
at the end of this chapter.

The passivity theorems given so far are one-way: the feedback interconnection of two
passive systems is again passive. As we will now see, the converse also holds: if the
feedback interconnection of two systems is passive then necessarily these systems
are passive. This will be shown to have immediate consequences for the set of storage
functions of the interconnected system, which always contains an additive one.

Proposition 4.3.8 (Converse passivity theorem) Consider X; with state spaces
Xy,i = 1,2, and with allowed input functions u,(-), u>(-), in standard feedback
configuration uy = e; — ya2, Uy = ey + Yo. Assume that for every pair of allowed
external input functions e (-), e>(-) there exist allowed input functions u,(-), u>(-) of
the closed-loop system L1 || f £o. Conversely, assume that for all allowed input func-
tions u(-), uy(-) there exist allowed external input functions e (-), e»(-) satisfying at
any time-instant u; = ey — yz, Uy = ey + y». Then X1 || r X with inputs ey, e; and
outputs yi, y» is passive if and only if both ¥ and ¥, are passive. Furthermore, the
available storage S, and required supply S, of 1| 2o (assuming %; is reachable
from some x},i =1, 2) are additive, that is

Sa(x1, X2) = Sa1(x1) + Sa2(x2) 4.73)

Sr(x1, x2) = Sp1(x1) + Sp2(x2) ’
with S,i, S;i denoting the available storage, respectively required supply, of %,
i=1,2.

Proof The “if” part is Proposition 4.3.1. For the converse statement we note that

31l f X5 is passive if and only

Sa(x1, X2) 1=

sup  — Jil (eF @yi(0) + ef (0)y2(0)) dit < o0 (4.74)
e1(-),e2(-), T=0

forall (x1, xp) € X.Substituting the “inverse” interconnection equations e; = u;+y»
and e, = u; — y; this is equivalent to

T
sup  — / (] Oy1(®) +uj (Dy2(1)) dt < 00 4.75)
e1(), e2(), T=0 0
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for all (xy, x). Using the assumption that for all allowed u;(-), u>(-) there exist
allowed external input functions e, (-), e () this is equal to

sup = fo (Wl On@) +ul 0)ya0) =
u1(-), uz(), T=0

sup — [Lul Oyidr+ sup  — [ ul ()y2(0)dt < o0
u(-), T>0 uz(-), T>0

for all (x, x»). Hence X1 s X is passive iff ¥; and X, are passive, in which case
Sa(x1, x2) = Su1(x1) + Su2(x2). The same reasoning leads to the second equality of
4.73). O

A similar statement, for any storage function of X|| y X5, can be obtained from
the differential dissipation inequality as follows.

Proposition 4.3.9 Consider ¥;,i = 1, 2, of the form (4.14) with equilibria x} € X;
satisfying fi(x]) = 0,1 = 1, 2. Assume that ||y X, is passive (lossless) with C!
storage function S(x1, x2). Thenalso X;,i = 1, 2, are passive (lossless) with storage
Sunctions Sy (x1) 1= S(x1, x3), S2(x2) := S(xf, x2).

Proof We will only prove the passive case; the same arguments apply to the lossless
case. Xl f Xo being passive is equivalent to the existence of § : X} x A, — R
satisfying

Sy, (x1, x2) Lfi(x1) — g1(x1)h2(x2)]

+8x (1, x2) [ f2(x2) + g2(x2)h1 (x1)] <0

Sy, (x1, x2)g1(x1) = hi (x1)

S, (X1, X2) g2 (x2) = h] (x2)

(4.76)

This results in

Sy, (x1, x2) f1(x1) — Sy, (x1, x2)g1(x1) ha(x2)
—_——

=h!(x1)
+ 8y, (x1, x2) f2(x2) + Sy, (x1, X2)g2(x2) b1 (x1) 4.77)
—_—

=h} (x2)

= S, (x1, x2) fi(x1) + Sy, (X1, x2) fo(x2) <0

For x, = x5, (4.77) amounts to

Sy (x1, x3) f1(x1) + Sx, (x1, x3) f2(x5)
=8, (x1,x3) filx1) = S, () fi(x) <0

(4.78)
since f>(x3) = 0. Furthermore, the second line of (4.76) becomes

Sy, (x1)g1(x1) = Sy, (x1, X3) g1 (x1) = h{ (x1) 4.79)

Hence, S;(x;) is a storage function for X;. In the same way S,(x;) is a storage
function for %,. O
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An important consequence of Propositions 4.3.8 and 4.3.9 is the fact that among the
storage functions of the passive system X || s X, there always exist additive storage
functions S(x, x2) = S;(x1) + S2(x2). In fact, the available storage and required
supply functions are additive by Proposition 4.3.8, while by Proposition 4.3.9 an
arbitrary storage function S(xi, x;) for X[ X, can be replaced by the additive
storage function S(x, x3) + S(x}, x2).

4.4 Network Interconnection of Passive Systems

In many complex network systems—f{rom mass—spring—damper systems, electrical
circuits, communication networks, chemical reaction networks, and transportation
networks to power networks—the passivity of the overall network system naturally
arises from the properties of the network interconnection structure and the passivity
of the subsystems. In this section this will be illustrated by three different scenarios
of network interconnection of passive systems.

The interconnection structure of a network system can be advantageously encoded
by a directed graph. Recall the following standard notions and facts from (algebraic)
graph theory; see [48, 114] and the Notes at the end of the chapter for further
information. A graph G, is defined by a set V of N vertices (nodes) and a set £ of
M edges (links, branches), where £ is identified with a set of unordered pairs {i, j}
of vertices i, j € V. We allow for multiple edges between vertices, but not for self-
loops {i, i}. By endowing the edges with an orientation, turning the unordered pairs
{i, j} into ordered pairs (i, j), we obtain a directed graph. In the following “graph”
will throughout mean “directed graph.” A directed graph with N vertices and M
edges is specified by its N x M incidence matrix, denoted by D. Every column of D
corresponds to an edge of the graph, and contains one —1 at the row corresponding
to its tail vertex and one +1 at the row corresponding to its head vertex, while all
other elements are 0. In particular, 17 D = 0 where 1 is the vector of all ones.
Furthermore, ker DT = span 1 if and only if the graph is connected (any vertex can
be reached from any other vertex by a sequence of—undirected—edges). In general,
the dimension of ker DT is equal to the number of connected components of the
graph. A directed graph is strongly connected if any vertex can be reached from any
other vertex by a sequence of directed edges.

The first case of network interconnection of passive systems concerns the inter-
connection of passive systems which are partly associated to the vertices, and partly
to the edges of an underlying graph. As illustrated later on, this is a common case in
many physical networks. Thus to each i-th vertex there corresponds a passive system
with scalar inputs and outputs (see Remark 4.4.2 for generalizations)

i = frodouy), xl e XY, ul e R

Wo=hialuh), 3 eR (4-80)
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with storage function §7,i =1, ..., N, and to each j-th edge (branch) there corre-
sponds a passive single-input single-output system

b= fhbuby, xbeXxl ubeR

(4.81)
y=hbu), v eR
with storage function S;’ ,i =1,..., M.Collecting the scalar inputs and outputs into
vectors . -
u”:[u'{,...,u}’v , y”:[yf,...,y}i,]
b _[,b b T b _ [y 1T (4.82)
u _[ul,...,uM , Y _[y,,...,yM]

these passive systems are interconnected to each other by the interconnection equa-
tions
u’ = —Dyb +¢v
I/tb — DTyv + 6JJ

(4.83)

where ¢! € R" and ¢’ € R are external inputs. Since the interconnection (4.83)
satisfies
(uv)Tyv + (Mb)Tyb — (ev)Tyv + (Eb)Tyb

the following result directly follows.

Proposition 4.4.1 Consider a graph with incidence matrix D, with passive systems
(4.80) with storage functions S} associated to the vertices and passive systems (4.81)
with storage functions Sib associated to the edges, interconnected by (4.83). Then the
interconnected system is again passive with inputs e*, e* and outputs y*, yb, with
total storage function

SV A SRR + STy - Sk (4.84)

Remark 4.4.2 The setup can be generalized to multi-input multi-output systems
with u}, y/, u’]’., y;’ all in R™ by replacing the incidence matrix D in the above by
the Kronecker product D ® I,, and DT by DT ® I,,, with I,, denoting the m x m
identity matrix.

Remark 4.4.3 Proposition 4.4.1 continues to hold in cases where some of the edges
or vertices correspond to static passive systems. Simply define the total storage
function as the sum of the storage functions of the dynamic passive systems.

Example 4.4.4 (Power networks) Consider a power system of synchronous
machines, interconnected by a network of purely inductive transmission lines. Mod-
eling the synchronous machines by swing equations, and assuming that all voltage
and current signals are sinusoidal of the same frequency and all voltages have con-
stant amplitude one arrives at the following model. Associated to the N vertices each
i-th synchronous machine is described by the passive system
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pi = —Aiw; +u
= w;

1

(4.85)

where wj is the frequency deviation from nominal frequency (e.g., 50 Hz), p; = Jiw;
is the momentum deviation (with J; related to the inertia of the synchronous machine),
A; the damping constant, and u; is the incoming power, i =1, ..., N. Furthermore,
denoting the phase differences across the j-th line by ¢g;, the dynamics of the j-th
line (associated to the j-th edge of the graph) is given by the passive system

s b

=" (4.86)
y j =7 j Sin q j

with the constant -y; determined by the susceptance of the line and the voltage ampli-

tude at the adjacent vertices, j = 1, ..., M. Here y;’ equals the (average or active)
power through the line. Denoting p = (p1,..., py), w = (wi,...,wy)T, and
g = (q1,...,qu)T, the final system resulting from the interconnection (4.83) is
given as

q 0 DT][TISing 0

= + , =Jw

H [—D —AlL e [T ” (4.87)
y=uw,

with A and J denoting diagonal matrices with elements A;, J;,i = 1,..., N,and T’
the diagonal matrix withelementsy;, j = 1, ..., M. Furthermore Sin : RM — RM
denotes the element-wise sinus function, i.e., Sing = (singqy, ..., singy). Finally,

the input u denotes the vector of generated/consumed power and the output y the
vector of frequency deviations, both associated to the vertices. The final system (4.87)
is a passive system with additive storage function

M

1
H(g. p) = 5p"J7'p =D jcosq, (4.88)
j=1

Example 4.4.5 (Mass-spring systems) Consider N masses moving in one-
dimensional space interconnected by M springs. Associate the masses to the ver-
tices of a graph with incidence matrix D, and the springs to the edges. Furthermore,
let pi, ..., py be the momenta of the masses, and ¢y, . . ., gy the extensions of the
springs. Then the equations of motion of the total system are given as

; 0 —D1| %) v
HE Bl Ak
dq

where p = (py1,..., py) and g = (q1,...,qu)", and where K (p) = > ﬁp?
is the total kinetic energy of the masses, and P(g) the total potential energy of the
springs. This defines a passive system with inputs e”, e” (external forces, respectively,
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external velocity flows) and outputs g—’;( P, %—:(q) (velocities, respectively, spring
forces), and additive storage function K (p) + P(q).

Similar to Remark 4.4.2 this can be generalized to a mass-spring system in R?,
by considering p;, ¢; € R?, and replacing the incidence matrix D by the Kronecker
product D ® I3 and DT by DT ® I5. Furthermore, by Remark 4.4.3 the setup can be
extended to mass—spring—damper systems, in which case part of the edges correspond
to dampers.

In Chap.6 we will see how Examples 4.4.4 and 4.4.5 actually define passive
port-Hamiltonian systems.

A second case of network interconnection of passive systems is that of a multi-
agent system, where the input of each passive agent system depends on the outputs
of the other systems and of itself. Thus consider N passive systems %; associated to
the vertices of a graph, given by

X = filxi,u;)), xieX, u;eR

4.90

vi =hi(xi,u;), yieR (4.90)

with storage functions S;,i = 1, ..., N. Collecting the inputs into the vector u =

@y, ..., uy)T and the outputs into y = (v, .. ., yn)T we consider interconnection
equations

u=—-Ly—+e 4.91)

where e is a vector of external inputs, and L is a Laplacian matrix, defined as follows.

Definition 4.4.6 A Laplacian matrix of a graph with N vertices is defined as an
N x N matrix L with positive diagonal elements, and non-positive off-diagonal
elements, with either the row sums of L equal to zero (a communication Laplacian
matrix) or the column sums equal to zero (flow Laplacian matrix). If both the row
and sums are zero then L is called a balanced Laplacian matrix.

This means that any communication Laplacian L. satisfies L.1 = 0, and can be
written as L, = —K,.D” for an incidence matrix D of the communication graph,
and amatrix K, of nonnegative elements. In fact, the nonzero elements of the i-th row
of K. are the weights of the edges incoming to vertex i. Dually, any flow Laplacian
L ¢ satisfies 17L r =0, and can be written as L = — DKy for a certain incidence
matrix, and a matrix K s of nonnegative elements. The nonzero elements of the i-th
column of Ky are the weights of the edges originating from vertex i.

A communication Laplacian matrix L., respectively flow Laplacian matrix L ; is
balanced if and only [70]

L.+ LCT > 0, respectively, L s + LJ{ >0 4.92)


http://dx.doi.org/10.1007/978-3-319-49992-5_6
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Remark 4.4.7 A special case of a balanced Laplacian matrix is a symmetric balanced
Laplacian matrix L, which can be written as L = DK DT, where D is the incidence
matrix and K is an M x M diagonal matrix of positive weights corresponding to the
M edges of the graph.

Remark 4.4.8 The interconnection (4.91) with L a communication Laplacian matrix
corresponds to feeding back the differences of the output values

== an(i—y), i=1,...,N, (4.93)
k

where the summation index k is running over all vertices that are connected to the i-th
vertex by an edge directed toward i, and a;y, is the positive weight of this edge. On the
other hand, the interconnection (4.91) with L a flow Laplacian matrix corresponds
to an output feedback satisfying 17u = 0, corresponding to a distribution of the
material flow through the network. This occurs for transportation and distribution
networks, including chemical reaction networks.

Proposition 4.4.9 Consider the passive systems (4.90) interconnected by (4.91),
where L is a balanced Laplacian matrix. Then the interconnected system is passive
with additive storage function S1(x1) + - - - + Sy (xn).

Proof Follows from the fact that by (4.92)

1
Wy=—-(Ly+e'y=—2y"L+LDy+ey=ely 0

Proposition 4.4.9 can be generalized to flow and communication Laplacian matrices
that are not balanced by additionally assuming that the connected components of
the underlying graph are strongly connected® In fact, under this assumption, any
flow or communication Laplacian matrix can be transformed into a balanced one.
Furthermore, this can be done in a constructive way by employing a general form of
Kirchhoff’s Matrix Tree theorem, which for our purposes can be described as follows
(see the Notes at the end of this chapter).

Let L be a flow Laplacian matrix, and assume for simplicity that the graph is
connected, implying that dimker L = 1. Denote the (i, j)-th cofactor of L by
Cij = (=1)"*/ M; ;, where M; ; is the determinant of the (i, j)-th minor of L, which
is the matrix obtained from L by deleting its i-th row and j-th column. Define the
adjoint matrix adj(L) as the matrix with (7, j)-th element given by Cj;. It is well
known that

L-adj(L) = (detL)Iy =0 (4.94)

SIn fact, balancedness of a communication or flow Laplacian matrix implies that all connected
components are strongly connected; cf. [70].
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Furthermore, since 17L = 0 the sum of the rows of L is zero, and hence by the
properties of the determinant function the quantities C;; do not depend on i, implying
thatC;; = v;, i = 1,..., N.Hence,bydefiningy := (71, ..., )T, itfollows from
(4.94) that Ly = 0. Moreover, ~; is equal to the sum of the products of weights of
all the spanning trees of G directed toward vertex i. In particular, it follows that
v; = 0,j=1,...,N.Infact, v # 0 if and only if G has a spanning tree. Since for
every vertex i there exists at least one spanning tree directed toward i if and only if
the graph is strongly connected, we conclude that y € Rﬁ if and only if the graph is
strongly connected.

In case the graph G is not connected the same analysis can be performed on each
of its connected components. Hence, if all connected components of G are strongly
connected, Kirchhoff’s matrix tree theorem provides us with a vector v € Rﬁ such
that Ly = 0. It immediately follows that the transformed matrix LI", where I' is the
positive N x N-dimensional diagonal matrix with diagonal elements i, ..., yy, is
a balanced Laplacian matrix.

Dually, if L is a communication Laplacian matrix and the connected components
of the graph are strongly connected, then there exist a positive N x N diagonal matrix
I' such that I" L is balanced. Summarizing, we obtain the following.

Proposition 4.4.10 Consider a flow Laplacian matrix L ; (communication Lapla-
cian matrix L.). Then there exists a positive diagonal matrix T'y (I'c) such that
LT ¢ (TcL.) is balanced if and only if the connected components of the graph are
all strongly connected.

This has the following consequence for the passivity of the interconnection of passive
systems X;,i = 1, ..., N, under the interconnection (4.91).

Proposition 4.4.11 Consider passive systems X1, ..., Xy with storage functions
Si, ..., Sy, interconnected by u = —Ly + e, where L is either a flow Laplacian L ¢
or a communication Laplacian L., and assume that the connected components of the
interconnection graph are strongly connected. Let L ¢ be a flow Laplacian, and con-

sider a positive diagonal matrixI" ; = diag(fylf s 7]{,) suchthat L T ;is balanced.
Then the interconnected system with inputs e and scaled outputs wa Yir-os STIN is
1 N

passive with storage function

1 1
Sf(xl,...,xN) = —fSl(x1)+--~+—fSN(xN) 4.95)
T TN

Alternatively, let L. be a communication Laplacian, and consider a positive diagonal

matrix I'c = diag(vy, ..., vy) such that T'. L. is balanced. Then the interconnected
system with inputs e and scaled outputs {y\, ..., YyYn, IS passive with storage
function

Sc(xl,...,xN) = ’7?51(X1)+"'+’Y;/SN(XN) (496)

Proof The first statement follows by passivity from
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%S-f < yTl"Elu = —yTF_;lLfy +yTF;1e

_ _ _ (4.97)
= —(C'W LT ) + [T y)Te
and balancedness of L /I' ;. Similarly, the second statement follows from
d
8 =y T = —y'TeLey+y'Tee (4.98)
and balancedness of I'.L.. O

Remark 4.4.12 The result continues to hold in case some of the systems X; are
static passive nonlinearities. Indeed, since for each j-th static passive nonlinearity
u;y; > 0, the same inequalities continue to hold, with the storage functions S’ or
S¢ now being the weighted sum of the storage functions of the dynamical passive
systems ;.

Remark 4.4.13 The notion of a balanced Laplacian matrix is also instrumental in
defining the effective resistance from one vertex of the connected network to another.
In fact, let L be a balanced Laplacian matrix. For any vertex i and j note that
e; —e; € im L, where ¢; and e; are the standard basis vectors with 1 at the i-th or
Jj-th element, and 0 everywhere else. Thus there exists a vector v satisfying

Lv =¢; —e¢j, (4.99)

which is moreover unique up to addition of a multiple of the vector 1 of all ones.
This means that the quantity
Rj,' =V — vy, (4100)

is independent of the choice of v satisfying (4.99). It is called the effective resistance
of the network from vertex j to vertex i.

The same idea of taking weighted combinations of storage functions is used in
the following third case of interconnection of passive systems. Consider again a
multi-agent system, composed of N passive agent systems X; with scalar inputs and

outputs u;, y;, and storage functions S;(x;),i = 1, ..., N. These are interconnected
by

u=Ky+e (4.101)
where u = (uy,...,uy)T,y = (y1,...,yn)7, and the N x N matrix K has the

following special structure:

—a; 0 - : 0 —0Bn
B —ar - : 0 0

k=[O AT 00 @102
0 0 - Bvo2—ay O

0 0 . 0 pBy-1 —ay
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for positive constants «;, 3;,i = 1, ..., N. This represents a circular graph, where
the first N — 1 gains 3y, . .., By are positive, but the last interconnection gain — 3y
(from vertex N to vertex 1) is negative.

The main differences with the case u = —Ly + e considered before, where L
is either a flow or communication Laplacian matrix, are the special structure of the
graph (a circular graph instead of a general graph), the fact that the right-upper
element of K, given by —/fy, is negative, and the fact neither the row or column
sums of K are zero. Nevertheless, also the matrix K can be transformed by a diagonal
matrix into a matrix satisfying a property similar to (4.92), provided the constants
ai, B, i =1,..., N, satisfy the following condition.

Theorem 4.4.14 ([12]) Consider the N x N matrix K given in (4.102). There exists
a positive N x N diagonal matrix T such that TK + K'T' < 0 if and only the

positive constants «;, B;,i = 1,..., N, satisfy6
... N
Brby o (%) (4.103)
Q- ay N

The condition (4.103) is referred to as the secant condition. Proceeding in the same
way as for the Laplacian matrix interconnection case we obtain the following inter-
connection result.

Proposition 4.4.15 Consider passive systems X1, ..., ¥y with storage functions
Si, ..., Sn, interconnected by u = —Ky + e, where K is given by (4.102)
with «;, Bi,i = 1,..., N, satisfying (4.103). Take any positive diagonal matrix
I' = diag(7i,...,vn) such that TK + K'T' < 0. Then the interconnected sys-
tem with inputs e and scaled outputs v, y1, ..., YN YN IS output strictly passive with
storage function

SE(xy, o xn) == S1(x) 4 -+ v Sy (k) (4.104)

Proof This follows from

d
ESK <y'Tu=y"TKy+y'Te=y'TKy+ y'Te (4.105)
andTK + K'T < 0. O

Remark 4.4.16 The stability of the interconnected system can be alternatively con-
sidered from the small-gain point of view; cf. Chaps.?2 and 8. Indeed, the intercon-
nected system can be also formulated as the circular interconnection, with gains +1
for the first N — 1 interconnections and gain —1 for the interconnection from vertex
N to vertex 1, of the modified systems T with inputs v; and outputs y; obtained from
3; by substituting u; = —a;y; + v, i = Biyi,i = 1,..., N. Then by output strict

1

SNote that the secant function is given as sec ¢ = os3
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passivity of T the L,-gain of Siis < 5. Application of the small-gain condition,
cf. Chap. 8, then yields stability for all o, Bii=1,...,N, satisfying (4.103) with
the right-hand side replaced by 1. This latter condition is however (much) stronger
than (4.103). For instance, sec (%)N =8 for N = 3.

4.5 Passivity of Euler-Lagrange Equations

A standard method for deriving the equations of motion for physical systems is via
the Euler—Lagrange equations

(L ) - Liqq (4.106)
-\ 5. ) - a5 _ ) =T, .
a\ag V)" a1
where ¢ = (g1, ...,q,)" are generalized configuration coordinates for the system
with n degrees of freedom, L is the Lagrangian function,” and 7 = (7 ..., )7 is

the vector of generalized forces acting on the system. Furthermore, 9—3 (g, q) denotes
the column vector of partial derivatives of L(g, ¢) with respect to the generalized

velocities ¢, . . ., ¢, and similarly for g—;(q, q).
By defining the vector of generalized momenta p = (py, ..., p,)" as
oL )
p= ;(q,q), (4.107)
q

and assuming that the map ¢ +— p is invertible for every ¢, this defines the 2n-
dimensional state vector (¢, . .., ¢n, Pi, - - ., Pn).,in which case the n second-order
equations (4.106) transform into 2n first-order equations

i=%a.p
(4.108)
p=—%@.p+,

where the Hamiltonian function H is the Legendre transform of L, defined implicitly
as

. ) oL .
H(g,p)=p q—Lg,q9), p= 8—q(q,q) (4.109)

Equation (4.108) are called the Hamiltonian equations of motion. In physical systems
the Hamiltonian H usually can be identified with the total energy of the system. It
immediately follows from (4.108) that

7Not to be confused with the Laplacian matrix of the previous section; too many mathematicians
with a name starting with “L.”
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=28 pi+ T2 s
T
=—(q.pT = §¢', (4.110)
dp

expressing that the increase in energy of the system is equal to the supplied work (con-
servation of energy). This directly translates into the following statement regarding
passivity (in fact, losslessness) of the Hamiltonian and Euler—Lagrange equations.

Proposition 4.5.1 Assume the Hamiltonian H is bounded from below, i.e., 3 C >
—oo such that H(q, p) > C. Then (4.106) with state vector (q, q), and (4.108) with
state vector (q, p), are lossless systems with respect to the supply rate y' 7, with
output y = ¢ and storage function E(q,q) := H(q, g—g(q, q)) — C, respectively
H(g,p) —C.

Proof Clearly H(q, p) — C > 0. The property of being lossless directly follows
from (4.110). ([

Remark 4.5.2 If the map from ¢ to p is not invertible this means that there are alge-
braic constraints ¢;(q, p) = 0,i = 1, ..., k, relating the momenta p, and that the
Hamiltonian H (g, p) is only defined up to addition with an arbitrary combination of
the constraint functions ¢;(q, p),i = 1, ..., k. This leads to a constrained Hamil-
tonian representation; see the Notes at the end of this chapter for further information.

The Euler—Lagrange equations (4.106) describe dynamics without internal energy
dissipation, resulting in losslessness. The equations can be extended to

i(a_L( -))_a_L( 4 IR oy = @.111)
ai\og TV) "9 VT =T '

where R(q) is a Rayleigh dissipation function, satisfying
.7OR . .
q'—(g) = 0, forallg 4.112)
9q
Then the time evolution of H (g, g—;(q, q)) satisfies

d OR
S = T gy g7 4.113
d:H q 6q(q)+q T ( )

Hence if H is bounded from below, then, similar to Proposition 4.5.1, the systems
(4.111) and (4.112) with inputs 7 and outputs g are passive.

We may interpret (4.111) as the closed-loop system depicted in Fig.4.2. Equa-
tion (4.111) thus can be seen as the feedback interconnection of the lossless system
¥, given by the Euler-Lagrange equations (4.106) with input 7, and the static passive
system X, given by the map g — g—g(q'). If (4.112) is strengthened to
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Fig. 4.2 Feedback r + 7 .
representation of (4.111) R {%% - %2 =7 1
Lzz ) |
% (@) !
OR
.T . L2
q ?(Q) > dllq1| (4.114)
q

(assuming an inner product structure on the output space of generalized velocities)
for some § > 0, then the nonlinearity (4.114) defines an d-input strictly passive map
from g to g—f; (¢), and (4.111) with output ¢ becomes output strictly passive; as also
follows from Proposition 4.3.1(ii).

Furthermore, we can apply Theorem 2.2.15 as follows. Consider any initial condi-
tion (¢ (0), ¢(0)), and the corresponding input—output map of the system X;. Assume

that for any 7 € L.(IR") there are solutions 7/ = g—g(c}), q € Ly.(R"). Then the
map 7 +— g has L,-gain < % In particular, if 7 € L,(IR") then ¢ € L,(IR"). Note
that not necessarily the signal g—g(é) will be in L,(IR"); in fact this will depend on

the properties of the Rayleigh function R.
Finally, (4.113) for 7 = 0 yields

d OR
—H=—4"—( 4.115
7 7 54 (@) ( )

Hence, if we assume that H has a strict minimum at some some point (g, 0), and by
(4.114) and La Salle’s invariance principle, (go, 0) will be an asymptotically stable
equilibrium of the system whenever R is such that §” g—g(c}) =ifand only if g =0
(in particular, if (4.114) holds).

4.6 Passivity of Second-Order Systems
and Riemannian Geometry

In standard mechanical systems the Lagrangian function L(q, ¢) is given by the
difference

1
L(g.q) = Eq'TM@q‘ — P(q) (4.116)

of the kinetic energy %C}TM (¢)q and the potential energy P(q). Here M(g) is an
n X n inertia (generalized mass) matrix, which is symmetric and positive definite
for all g. It follows that the vector of generalized momenta is given as p = M (q)q,
and thus that the map from ¢ to p = M (g)q is invertible. Furthermore, the resulting
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Hamiltonian H is given as

1
H(q,p) = —pTM “q)p + P(q), (4.117)

which equals the fotal energy (kinetic energy plus potential energy).

It turns out to be of interest to work out the Euler-Lagrange equations (4.106)
and the property of conservation of total energy in more detail for this important
case. This will lead to a direct connection to the passivity of a “virtual system” that
can be associated to the Euler—Lagrange equations, and which has a clear geometric
interpretation.

Let m;;(q) be the (i, j)-th element of M (q). Writing out

—(q q) = ka, (@)q;

and

OL .. d .
= (—(q q)) = my(@d; + 27 @4
J J
. amkj ..
= kaj(q)qj + Z g,
j nj

as well as

£ q.9 =3 oy £ q)4i4 e q),

the Euler—Lagrange equations (4.106) for L(g,q) = %qTM (9)g — P(q) take the
form

oP
90 ——(q) = 7,

ka,(qm, + Z {am"% )~

}( )%CI/

fork =1, ..., n. Furthermore, since

My Omy;
Z a j(CI) qiq J:Z_< aqj( )"f‘ 6% }(Q)thja

iJ

by defining the Christoffel symbols of the first kind

1 [8mkj N Omyi Om; ] @), (4.118)

Cii = =
D=5 T e, oa
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we can further rewrite the Euler—Lagrange equations as
. .. oP
E my;(q)g; + E ¢ijix(q)giq; + E @Q=mn, k=1,...,n,
, — k
J ij

or, more compactly,

oP
M(q)ii+C(qsé)é+%(q)=T, (4.119)

where the (k, j)-th element of the matrix C(q, ¢) is defined as
cj(q) = Zcijk(q)éi . (4.120)
i=1

In a mechanical system context the forces C(q, ¢)g in (4.119) correspond to the
centrifugal and Coriolis forces.

The definition of the Christoffel symbols leads to the following important obser-
vation. Adopt the notation M (g) for the n x n matrix with (i, j)-th element given

Z?m,»j

by mij(q) = Gmij (@) = 2x Gl (@)dx-

Lemma 4.6.1 The matrix )
M(g) —2C(q,q) (4.121)

is skew-symmetric for every q, q.
Proof Leaving out the argument ¢, the (k, j)-th element of (4.121) is given as
. " 8mkj H c’?mkj 8mk,» 8m,-j ]i| .
myj — 2cp; = [ - + - qgi
! ! ; 9qi dqi  9q;  Oqk

_ - [8m,~j amk,-] .
=2 Tg "0, qi

which changes sign if we interchange k and j. |

The skew-symmetry of M(q) — 2C(q, ¢) is another manifestation of the fact that
the forces C(q, ¢)q in (4.119) are workless. Indeed by direct differentiation of the
total energy E(q, q) := %c]TM(q)q + P(q) along (4.119) one obtains

d . o 1T, . T OP
aH=4d"M@)§+ 34" M@)q +4q" 57 (@)

; 2 NG . (4.122)
=q¢"r+ 14" (M(q) —2Cq.9)q = ¢"r,

in accordance with (4.110).
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However, skew-symmetry of M(gq) — 2C(q, §) is actually a stronger property
than energy conservation. In fact, if we choose the matrix C(q, ¢) different from the
matrix of Christoffel symbols (4.116), i.e., as some other matrix C(g, ¢) such that

Clq.9)¢ =C(q,9)q, forall q,q, (4.123)

then still c}T(M (@) — 2C (¢,9))g = 0 (conservation of energy), but in general
M (q9) — 2C (g, q) will not be skew-symmetric anymore.

This observation is underlying the following developments. Start out from
Eq. (4.119) for zero potential energy P and the vector of external forces 7 denoted
by u, that is

M(q)G +C(q,4)g =u (4.124)

Definition 4.6.2 The virtual system associated to (4.124) is defined as the first-order
system in the state vector s € R”

M(g)s+Clg,q)s =u (4.125)
y=s

with inputs # € R” and outputs y € IR”, parametrized by the vector g € R” and its

time-derivative ¢ € R".

Thus for any curve ¢ (-) and corresponding values ¢ (¢), ¢ (¢) for all £, we may consider
the time-varying system (4.125) with state vector s. Clearly, any solution g (-) of the
Euler-Lagrange equations (4.124) for a certain input function 7(-) generates the
solution s(¢) := ¢(¢) to the virtual system (4.125) for u = 7, but on the other
hand not every pair g (t), s(t), with s(¢) a solution of (4.125) parametrized by ¢(¢),
corresponds to a solution of (4.124). In fact, this is only the case if additionally
s(t) = q(t). This explains the name virtual system.

Remarkably, not only the Euler—Lagrange equations (4.124) are lossless with
respect to the output y = ¢, but also the virtual system (4.125) turns out to be lossless
with respect to the output y = s, for every time-function q(-). This follows from the
following computation, crucially relying on the skew-symmetry of M (¢)—2C(q, §).
Define the storage function of the virtual system (4.125) as the following function
of s, parametrized by ¢

1
S(s,q) = 35" M(q)s (4.126)
Then, by skew-symmetry of M — 2C, along (4.125)

LS(s,q) = sTM(q)s + 3s"M(q)s

_ ) 4.12
=—s"C(q.4)s + 35" M(g)s +s"u =s"u (4.127)

This is summarized in the following proposition.
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Proposition 4.6.3 For any curve q(-) the virtual system (4.125) with input u and
output y is lossless, with parametrized storage function S(s, q) = %STM (q)s.

This can be directly extended to
.. ... OR .
M(q)g + C(q.9)q + a_q@ =T, (4.128)

with Rayleigh dissipation function R(g) satisfying c}Tg—q’?(c]) > 0, leading to the
associated virtual system

§=—-M"1q)C(q.d)s — M~ ()2 (s) + M~ (q)u
y =s.

(4.129)

Corollary 4.6.4 For any curve q(-) the virtual system (4.129) is passive with para-
metrized storage function S(s, q) = %STM(q)s, satisfying % S(s,q) = —sT %—f )+
sTu < sTu.

Example 4.6.5 As an application of Proposition 4.6.3 suppose one wants to asymp-
totically track a given reference trajectory g,(-) for a mechanical system (e.g., robot
manipulator) with dynamics (4.119). Consider first the preliminary feedback

: oP
T=M(q)€+C(q,q')€+%(q)+u (4.130)

where
§:=qa — Ng —qa) (4.131)

for some matrix A = AT > 0. Substitution of (4.130) into (4.119) yields the virtual
dynamics
M(q)s +C(q,q)s =v (4.132)
with s := ¢ — £. Define the additional feedback
v=—>0+71,=—Ks+71, K=K >0, (4.133)

corresponding to an input strictly passive map s > 0.

Then by Theorem 2.2.15, part (b), for every 7, € L,(IR") such that s (and thus v/)
are in L}, (see Fig.4.3), actually the signal s will be in L,(IR"). This fact has an
important consequence, since by (4.131) and s = ¢ — £ the error ¢ = g — g satisfies

é=—Ae+s. (4.134)
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Fig. 4.3 Feedback - + Yy s
configuration for tracking - M(q)s + C(q. ¢)s=v

(3
w»

Because we took A = AT > 0 it follows from linear systems theory that also
e € L,(R"), and therefore by (4.134) that ¢ € L,(IR"). It is well known (see e.g.,
[83], pp. 186, 237) that this implies® e(t) — 0 for t — occ.

An intrinsic geometric interpretation of the skew-symmetry of M — 2C and the
virtual system (4.125) can be given as follows, within the framework of Riemannian
geometry. The configuration space Q of the mechanical system is assumed to be
a manifold with local coordinates (qi, ..., q,). Then the generalized mass matrix
M (gq) > 0 defines a Riemannian metric <, > on Q by setting

<v,w >:= vTM(q)w (4.135)

for v, w tangent vectors to Q at the point ¢. The manifold Q endowed with the
Riemannian metric is called a Riemannian manifold.

Furthermore, an affine connection V on an arbitrary manifold Q is a map that
assigns to each pair of vector fields X and Y on Q another vector field VxY on Q
such that

(a) VxY isbilinearin X and Y
(b) VixY = fVxY
© VxfY=fVxY +(Lxf)Y

for every smooth function f, where Ly f denotes the directional derivative of f
along q = X(gq), that is, in local coordinates ¢ = (q1,...,q,) for @, Lx f(q) =
Zk (q)X ©(q), where X} is the k-th component of the vector field X. In particular,
as W111 turn out to be important later on, Property (b) implies that VyY at g € Q
depends on the vector field X only through its value X (¢) at gq.
In local coordinates g for Q an affine connection on Q is determined by 1> smooth
functions
T, ij.t=1,....n, (4.136)

such that the £-th component of VxY, ¢ =1, ..., n, is given as

8 A simple proof runs as follows (with thanks to J.W. Polderman and I.M.Y. Mareels). Take for sim-
plicity n = 1. Then, since % ¢2(r) = 2e(t)é(1), €*(t2) — €*(11) =2 f[f e(e)dr < ,? [e2(t) +
éz(t)]dt — Oforty, tp — oo. Thus for any sequence of time instants t1, t2, . . ., t, ... With fxy — 00
for k — oo the sequence ¢2(#;) is a Cauchy sequence, implying that e2(#;) and thus e2(¢) converges
to some finite value for ¢;, t — oo, which has to be zero since e € L, (R).
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Ve =S My riX;Y 4.137
(X)e_;(?_t]jj+izj:ijij’ (4.137)

with subscripts denoting the components of the vector fields involved.

The Riemannian metric <, > on Q obtained from M (q) defines a unique affine
connection V¥ on Q (called the Levi-Civita connection), which in local coordinates
is determined by the n3 Christoffel symbols (of the second kind)

(@) = D m*@ein(q), (4.138)
k=1

with mt (g) the (£, k)-th element of the inverse matrix M~'(g), and cijk(q) the
Christoffel symbols of the first kind as defined in (4.118). Thus in vector notation
the affine connection V¥ is given as

V¥Y(q) = DY (q)(@)X(q) + M '(q)C(q, X)Y(q) (4.139)

with DY (q) the n x n Jacobian matrix of Y.
Identifying s € IR" with a tangent vector at ¢ € Q, we conclude that the
coordinate-free description of the virtual system (4.125) is given by

VI s0) = M~ (q(@)u(r)
q® (4.140)
y(@®) =s()
Thus the state s of the virtual system at any moment ¢ is an element of 7,,(,) Q. (Recall
that V;‘f s(q) depends on the vector field X only through its value X (¢). Hence at
every time ¢ the expression in the left-hand side of (4.140) depends on the curve g (-)
only through the value g (¢) € T;()Q.)

With regard to the last term M ~!(g)u we note that from a geometric point of view,
the force u is an element of the cotangent space of Q at . Since M~'(g) defines a
map from the cotangent space to the tangent space, this yields M~!(q)u € T,Q. In
terms of the Riemannian metric <, > the tangent vector Z = M -1 (@Qu e T,Q is
determined by the requirement that the cotangent vector < Z, - > equals u. This is
summarized in the following.

Proposition 4.6.6 Consider a configuration manifold Q with Riemannian metric
determined by the generalized mass matrix M(q). Let VM be the Levi-Civita con-
nection on Q. Then the virtual system is given by (4.140), where q(-) is any curve
on Q and s(t) € Tyq)Q for all t. The virtual system is lossless with parametrized
storage function S(s, q) = % <s,8 > (q).

Remark 4.6.7 The expression V%)S(Z) on the left-hand side of (4.140) is also called
the covariant derivative of s(t) (with respect to the affine connection V¥ ); sometimes

denoted as 2% (1).
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We emphasize that one can take any curve g (¢) in Q with corresponding velocity
vector field ¢ () = X (q(t)), and consider the dynamics (4.140) of any vector field s
along this curve ¢(t) (that is, s(¢) being a tangent vector to Q at g (t)). If we take s
to be equal to ¢, then (4.140) reduces to

Vil =M (qw (4.141)

which is nothing else than the second-order equations (4.124).

Finally, let us come back to the crucial property of skew-symmetry of M — 2C.
This property has the following geometric interpretation. First we note the following
obvious lemma.

Lemma 4.6.8 M — 2C is skew-symmetric if and only if M = C + CT
Proof (M —2C) = —(M —2C)7T iff 2M = 2C 4+ 2CT. O

Given an arbitrary Riemannian metric <, > on Q, an affine connection V on Q is
said to be compatible with <, > if the following property holds:

Ly <Y, Z>=<VyxY,Z>+ <Y, VxZ > (4.142)

for all vector fields X, Y, Z on Q.

Consider now the Riemannian metric <, > determined by the mass matrix M as
in (4.135). Furthermore, consider local coordinates ¢ = (¢, ..., g,) for Q, and let
Y= a%,-’ Z = %. Then (4.142) reduces to (see (4.137))

o 0 0 0
Lymi =< Vy—0, 2 I v 4.143
xmij =< X B o0 >+ < 94, Xaqj > ( )

with m;; the (i, j)-th element of the mass matrix M. Furthermore, by (4.139) we

have .
VX% =M (q)C(q, X)e;
(4.144)
Vi =M @)C(g, Xe,

with ¢;, e; denoting the i-th, respectively j-th, basis vector. Therefore, taking into
account the definition of <, > in (4.135), we obtain from (4.143)

Lymi; = (C"(q., X))ij +(C(q. X))ij. (4.145)
which we write (replacing Ly by the "operator) as

M(q) =C"(q.9) + C(q. Q). (4.146)
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Thus, in view of Lemma 4.6.8, the property of skew-symmetry of the matrix M —2C
is nothing else than the compatibility of the Levi-Civita connection V¥ defined by
the Christoffel symbols (4.138) with the Riemannian metric <, > defined by M(q).

This observation also implies that one may take any other affine connection V
(different from the Levi-Civita connection V), which is compatible with <, >
defined by M in order to obtain a lossless virtual system (4.140) (with V™ replaced
by V).

Finally, we note that the Levi-Civita connection V¥ defined by the Christoffel
symbols (4.138) is the unique affine connection that is compatible with <, > defined
by M, as well as is torsion-free in the sense that

VxY — VxY =[X,Y] (4.147)

for any two vector fields X, ¥ on Q, where [ X, Y] denotes the Lie bracket of X and Y.
In terms of the Christoffel symbols (4.138) the condition (4.147) amounts to the
symmetry condition Ffj = Ffi for all i, j, €, or equivalently, with Cy; related to Ffj
by (4.138) and (4.120), that

C(qg, X)Y = C(q, V)X (4.148)

for every pair of tangent vectors X, Y.

4.7 Incremental and Shifted Passivity

Recall the definition of incremental passivity as given in Definition 2.2.20. A state
space version can be given as follows.

Definition 4.7.1 Consider a system as given in (4.1), with input and output spaces
U =Y = R™ and state space X. The system X is called incrementally passive if
there exists a function, called the incremental storage function,

S: X xX—>R" (4.149)

such that
Sx1(T), x2(T)) < S(x1(0), x2(0))

4.150
1 () — w0) (1) — ya(0))d (4-150)

for all T > 0, and for all pairs of input functions u;, u, : [0, T] — IR™ and all pairs
of initial conditions x; (0), x5 (0), with resulting pairs of state and output trajectories
X1, X% [0, T] = X, y1,y: [0, T] - R™.

Remark 4.7.2 Note that if S(xi, x,) satisfies (4.150) then so does the function
% (S(x1, x2) + S(x2, x1)). Hence, without loss of generality, we may assume that
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the storage function S(x;, x;) satisfies S(x;, x2) = S(x2, x1). Extensions of Defini-
tion4.7.1 to incremental output strict or incremental input strict passivity are imme-
diate.

Definition 4.7.1 directly implies incremental passivity of the input—output map Gz
defined by X, for every initial state x € X. This follows from (4.150) by taking
identical initial conditions x;(0) = x,(0) = x. Hence, the property of incremental
passivity defined in Definition 4.7.1 for state space systems is in principle stronger
than the property defined in Definition 2.2.20 for input—output maps.

As a direct corollary of Theorem 3.1.11 we obtain the following.

Corollary 4.7.3 The system (4.1) is incrementally passive if and only if

T
sup —/ (w1 (1) — ua ()" (y1(1) — y2(1))dt < 00 (4.151)
uy (1), u2(-),T=0 0

for all initial conditions (x1(0), x2(0)) € X x X.

The differential version of the incremental dissipation inequality (4.149) takes the
form

Sy, (X1, x2) £ (x1, 1) + Sy, (1, x2) f (X2, u2) < (w1 — uz)” (y1 — y2) (4.152)

for all xi, x2, uy, w2, y1 = h(xi,u1),y2 = h(xz, uz), where Sy, (x;, x2) and Sy,
(x1, x2) denote row vectors of partial derivatives with respect to x;, respectively x;.

An obvious example of an incrementally passive system is a linear passive sys-
tem with quadratic storage function %xT Qx. In this case, S(x1, x2) = %(xl —
x2)T Q(x1 — x») define an incremental storage function, satisfying (4.149). Another
example of an incrementally passive system is the virfual system defined in (4.125),
with incremental storage function given by the parametrized expression (compare
with (4.126)) S(s1, $2,9) = %(sl — 52)"M(g)(s1 — s2). Furthermore, in both cases
the system remains incrementally passive in the presence of an extra external (distur-
bance) input. For example, passivity of x = Ax + Bu, y = Cx implies incremental
passivity of the disturbed system

x=Ax+Bu+Gd, d=Fd, y=Cx (4.153)

for any F, G.
A different type of example of incremental passivity, relying on convexity, is given
next.

Example 4.7.4 (Primal-dual gradient algorithm) Consider the constrained opti-
mization problem
min C(q), (4.154)
q; Ag=b

where C : R" — R is a convex function, and Aq = b are affine constraints, for
some k x n matrix A and vector b € R¥. The corresponding Lagrangian function is
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defined as
L(g,\) :=C(q) + \[(Ag — b), XeRK, (4.155)

which is convex in g and concave in A. The primal-dual gradient algorithm for
solving the optimization problem in continuous time is given as

744 = ~5:@. N = ~50(@) — ATA+u
T = g—i(q,)\) :Aq—b (4156)
y=q,

where 7, 7 are diagonal positive matrices (determining the time-scales of the algo-
rithm). Furthermore, we have added an input vector u € R” representing possi-
ble interaction with other algorithms or dynamics (e.g., if the primal—dual gradient
algorithm is carried out in a distributed fashion). The output vector is defined as
y = g € R". This defines an incrementally passive system with incremental storage
function

1 1
S(q1, A1, q2, A2) == 5(41 — )" 1(q1 — q2) + 5()\1 =)' = X)) (4.157)

Indeed
d . .
ES = (g1 — @) 741 — ¢2) + A1 — M) (A — A)
ocC ocC
=—(q1—q)" (8—(91) - —(qz)) + (ur —u)" (y1 — )
q dq
< (1 —u)" (yi — y2) (4.158)

since (g1 — qz)T (g—g(ql) — g—g(qz)) > 0 for all g1, g2, by convexity of C.

Finally, a special case of incremental passivity is obtained by letting u, to be
a constant input i, and x; a corresponding steady-state x satisfying f(x,u) = 0.
Defining the corresponding constant output y = h(x, ) and denoting uy, x1, ¥
simply by u, x, y, this leads to requiring the existence of a storage function S (x)
(parametrized® by ¥) satisfying

T
Se(x(T)) = Sz(x(0)) +/ (@) — )" (y(t) = y)dt (4.159)
0

This existence of a function Sz (x) > O satisfying (4.159) is called shifted passivity
(with respect to the steady-state values i1, x, y). We shall return to the notion of shifted
passivity more closely in the treatment of port-Hamiltonian systems in Chap. 6, see
especially Sect.6.5.

Note that in this case the subscript X does nor refer to differentiation.
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4.8 Notes for Chapter 4

1.

10.

The Kalman—Yakubovich—Popov Lemma is concerned with the equivalence
between the frequency-domain condition of positive realness of the transfer
matrix of a linear system and the existence of a solution to the LMI (4.18) or
(4.19), and thus to the passivity of a (minimal) input-state-output realization. It
was derived by Kalman [154], also bringing together results of Yakubovich and
Popov. See Willems [351], Rantzer [257], Brogliato, Lozano, Maschke & Ege-
land [52]. For the uncontrollable case, see especially Rantzer [257], Camlibel,
Belur & Willems [58].

Example 4.1.7 is taken from van der Schaft [283].

. The factorization approach mentioned in Sect. 4.1 is due to Hill & Moylan [123,

126, 225]; see these papers for further developments along these lines.

Example 4.2.5 is taken from Dalsmo & Egeland [75, 76].

. Corollary 4.3.5 is based on Vidyasagar [343], Sastry [267] (in the input—output

map setting; see Chap.2). See also Hill & Moylan [124, 125], Moylan [225] for
further developments and generalizations.

The treatment of Example 4.3.6 is from Willems [352].

Example 4.3.7 is based on van der Schaft & Schumacher [302], where also
applications are discussed. For further developments on passive complementarity
systems see Camlibel, Iannelli & Vasca [59] and the references quoted therein.

. Proposition 4.3.9 is taken from Kerber & van der Schaft [158].

Another interesting extension to the converse passivity theorems discussed in
Sect.4.3 concerns the following scenario. Suppose X is such that X[y X, is
stable (in some sense) for every passive system %,. Then under appropriate
conditions this implies that also X; is necessarily passive. This is proved, using
the Nyquist criterion, for single-input single-output linear systems in Colgate &
Hogan [69], and for general nonlinear input—output maps, using the S-procedure
lossless theorem, in Khong & van der Schaft [163]. Within a general state space
setting the result is formulated and derived in Stramigioli [329], where also
other important extensions are discussed. The result is of particular interest for
robotic applications, where the “environment” X, of a controlled robot X; is
usually unknown, but can be assumed to be passive. Hence, overall stability is
only guaranteed if X, is passive; see e.g., Colgate & Hogan [69], Stramigioli
[328, 329].

The first scenario of network interconnection of passive systems discussed in
Sect.4.4 is emphasized and discussed much more extensively in the textbook
Bai, Arcak & Wen [18]. Here also a broad range of applications can be found,
continuing on the seminal paper Arcak [10]. See also Arcak, Meissen & Packard
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18.
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[11] for further developments, as well as Biirger, Zelazo & Allgéwer [55] for a
network flow optimization perspective.

Example 4.4.4 can be found in Arcak [10]. See also van der Schaft & Stegink
[303] for a generalization to “structure-preserving” networks of generators and
loads.

Kirchhoff’s matrix tree theorem goes back to the classical work of Kirchhoff on
resistive electrical circuits [164]; see Bollobas [48] for a succinct treatment (see
especially Theorem 14 on p. 58), and Mirzaev & Gunawardena [220] and van
der Schaft, Rao & Jayawardhana [301] for an account in the context of chemical
reaction networks.

The existence (not the explicit construction) of v € Rﬁ satisfying Ly = 0
already follows from the Perron—-Frobenius theorem, exploiting the fact that the
off-diagonal elements of —L := DK are all nonnegative; see Sontag [320]
(Lemma V.2).

The idea to assemble Lyapunov functions from a weighted sum of Lyapunov
functions of component systems is well known in the literature on large-scale
systems, see e.g., Michel & Miller [219], Siljak [315], and is sometimes referred
to as the use of vector Lyapunov functions. Closely related developments to
the second scenario discussed in Sect.4.4 can be found in Zhang, Lewis &
Qu [364]. The exposition here, distinguishing between flow and communication
Laplacian matrices, is largely based on van der Schaft [287]. The interconnection
of passive systems through a symmetric Laplacian matrix can be already found in
Chopra & Spong [66].

Remark 4.4.13 generalizes the definition of effective resistance for symmetric
Laplacians, which is well known; see e.g., Bollobas [48]. Note that in case of a
symmetric Laplacian R;; = R;.

The third scenario of network interconnection of passive systems as discussed
in Sect.4.4 is based on Arcak & Sontag [12], to which we refer for additional
references and developments on the secant condition.

Section4.5, as well as the first part of Sect.4.5 is mainly based on the survey
paper Ortega & Spong [243], for which we refer to additional references. See also
the book Ortega, Loria, Nicklasson & Sira-Ramirez [239], as well as Arimoto
[13]. Example 4.6.5 is due to Slotine & Li [316].

(Cf. Remark 4.5.2). If the map from ¢ to p is not invertible one is led to con-
strained Hamiltonian dynamics as considered by Dirac [81, 82]. Under regularity
conditions the constrained Hamiltonian dynamics is Hamiltonian with respect
to the Poisson structure defined as the Dirac bracket. See van der Schaft [271]
for an input—output decoupling perspective.

Background on the Riemannian geometry in Sect.4.6 can be found, e.g., in
Boothby [49], Abraham & Marsden [1]. For related work, see Li & Horowitz
[180].
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19.
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21.

The concept of the virtual system defined in Definition 4.6.2 and the proof of
its passivity (in fact, losslessness) is due to Slotine and coworkers, see e.g.,
Wang & Slotine [344], Jouffroy & Slotine [153], Manchester & Slotine [193].

Incremental passivity is also closely related to differential passivity, as explored
in Forni & Sepulchre [100], Forni, Sepulchre & van der Schaft [101], van
der Schaft [285]. Following the last reference, the notion of differential pas-
sivity involves the notion of the variational systems of 3, defined as follows
(cf. Crouch & van der Schaft [73]). Consider a one-parameter family of input-
state-output trajectories (x (¢, €), u(t, €), y(t, €)), t € [0, T], of ¥ parametrized
by € € (—c, c), for some constant ¢ > 0. Denote the nominal trajectory by
x(t,0) = x(¢), u(t,0) = u(t) and y(¢, 0) = y(¢), ¢ € [0, T]. Then the infinites-
imal variations

Ox ou oy
5X(t)—§(l‘,0), 5“0)—&(&0% 5)’0‘)—&(1‘,0)
satisfy

ox(t) = L (x (1), u()dx (1) + é%—§<x(t), w())ou(r)
Sy (1) = Le(®), u()dx(t) + G (x (1), u(t)du(r)

(4.160)
The system (4.160) (parametrized by u(-), x(-), y(-)) is called the variational
system, with variational state dx(t) € Ty ()X, variational inputs éu € R™, and
variational outputs oy € R”.

Suppose now that the original system X is incrementally passive. Identify
u(-), x(), y(-) withus(+), x2(-), y2(-) in (4.150), and (x (¢, €), u(, €), y(t, €)) for
€ # 0 with u;(), x1(-), y1(-). Dividing both sides of (4.150) by €2, and taking
the limit for e — 0, yields under appropriate assumptions

T
S(x(T), 6x(T)) < S(x(O),ax(O))+/ Gu(®))T 5y(t)dt (4.161)
0

where
S(x(t, €), x(2))
2

Sx (@), 6x(®)) := lim
e—>0 €

(4.162)

The thus obtained Eq. (4.161) amounts to the definition of differential passivity
adopted in Forni & Sepulchre [100], van der Schaft [285].

For the numerous applications of the theory of passive systems to adaptive
control werefer, e.g., to Brogliato, Lozano, Maschke & Egeland [52], and Astolfi,
Karagiannis & Ortega [16], and the references quoted therein.



Chapter 5
Passivity by Feedback

In the previous Chaps.2 and 4, we have seen the importance of the notion of pas-
sivity, both for analysis and for control. This motivates to consider the problem of
transforming a non-passive system into a passive system by the application of state
feedback.

We will give necessary as well as sufficient conditions for the solvability of this
problem. The main idea in the proof of the sufficiency part is to transform the system
into the feedback interconnection of two passive systems. This idea is further explored
in Sect. 5.2 for the stabilization of cascaded systems, and leading in Sect. 5.3 to the
technique of stabilization of systems with triangular structure known as backstepping.

5.1 Feedback Equivalence to a Passive System

Consider throughout this chapter affine input-state-output systems without
feedthrough terms, denoted as

5 Xx=fx)+gxu, xeX, ueR"

: (5.1)
y = h(x), yeR"

with an equal number of inputs and outputs. Furthermore, let us consider the set of
regular state feedback laws

(o, ) u= ax) + Sx)v,

5.2)
ax) € R™, [B(x) e R™™, detf(x) # 0,
leading to the closed-loop systems
© Springer International Publishing AG 2017 101
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S = [f®) +gWa®]+ gx)BE)v (5.3)
C oy =h(x)

with new inputs v € IR™. The system X is said to be feedback equivalent to X, 3.
The problem we want to address is the following:

Problem

Under what conditions on X is it possible to find a feedback law («, 3) as in (5.2)
such that X, 5 is a passive system, i.e., when is X feedback equivalent to a passive
system?

We will first derive, modulo some technicalities, two necessary conditions for
feedback equivalence to a passive system. Subsequently, we will show that these
two conditions are sufficient as well; at least for a locally defined feedback
transformation.

Suppose X is feedback equivalent to a passive system, i.e., there exists a regular
feedback («, 3) such that X, g defined in (5.3) is passive with storage function S > 0.
Then by definition

Sx(1)) = Sx(1)) = /l v (ny(ndt (5.4)

fo

along all solutions (x(7), v(z), y(¢)), t € [to, 1], of (5.3), and all #; > #,. Therefore,
if we consider the constrained system, defined by setting y = h(x) to zero, that is,

B &= [f() +gwaw] + gx)BEx)v (5.5)
- 0=nh),

then S(x(#1)) — S(x (%)) < 0, for all solutions (x(¢), v(t)), t € [ty, t;], of this con-
strained system. On the other hand, as follows from the definition of regular
state feedback in (5.2), in particular the requirement det 5(x) # 0, the state space
part of the solutions (x(¢), v(¢)) of X, 3 equals the state space part of solutions
(x(1), u(r)) of the original system X. Indeed, if (x(¢), u(¢)) is solution of X, then
x@®), v(0) = 7 x@)[u() — a(x(r)]) is a solution of = e and conversely if
(x(#), v(¢) is a solution of X, 5 then (x(7), u(t) = a(x(r)) + ﬁ(x(t))v(t)) is a solu-
tion of X. Hence, also for the orlgmal system X with constraints y = 0

x=f(x)+gx)u
ZL .

: (5.6)
0 = h(x)

it follows that necessarily
S(x(11)) — S(x(10)) =0 (5.7

along all solutions (x(#), u(#)) of X¢. The constrained system X in (5.6) is called
the zero-output constrained dynamics of X.
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Summarizing, we have obtained the following necessary condition for feedback
equivalence to a passive system.

Proposition 5.1.1 Suppose X is feedback equivalent to a passive system %, g with
storage function S. Then (5.7) holds for all solutions (x(t), u(t)), t € [t, t1], of the
zero-output constrained dynamics X°.

A second necessary condition can be derived, under some extra technical condi-
tions, as follows. We give two versions, requiring slightly different technical assump-
tions.

Denote by h,(x) the m x n-Jacobian matrix of &, that is, the i-th row of A, (x) is
the gradient vector £, (x) of the i-th component function 4;.
Lemma 5.1.2 Suppose % is passive with a C? storage functionzS that is positive def-
inite at x* and has nondegenerate Hessian matrix Sy, (x*) := ?)75 (x*). Furthermore,
assume that rank g(x*) = m. Then h,(x)g(x) has rank m in a neighborhood of x*.

Proof By positive-definiteness of S at x* it follows that %(x*) = 0. Hence, since
h(x) = g" ()% (),
hx(x*) = gT(x*)Sxx(x*)

and thus
he(x*)g(x*) = g7 (") S (x*) g (x*) (5.8)

By positive-definiteness of S the non-degenerate Hessian matrix S,,(x*) is posi-
tive definite, and thus, since rank g(x*) = m, also h,(x*)g(x*) has maximal rank m,
implying that it has rank m in a neighborhood of x*. O

Lemma 5.1.3 Suppose X is passive with a C' storage function S which is positive
definite at x*. Assume the m x m-matrix h,(x)g(x) has constant rank in a neighbor-
hood of x*. Then h,(x)g(x) has rank m in a neighborhood of x*.

Proof Suppose rank h,(x)g(x) < m in a neighborhood of x*. Then there exists a
smooth function u(x) € R, defined on a neighborhood of x*, such that

he () g(x)u(x) =0 (5.9

While Y(x) := g(x)u(x) # 0. As before, positive-definiteness of S at x* implies
g—i(x*) = 0. Hence, h7 (x) = S, (x)g(x) satisfies 2(x*) = 0. Denote the solutions of

X = ~y(x), x(0) = xo, by xﬁ/, (x0), and consider the function f(¢) = S(x; (x*)). By the
Mean Value Theorem there exists for any r > 0 some s with 0 < s < ¢ such that

SO () = SEF) 4wl (] () A ()t (5.10)

since f'(t) = S, (x; (N () = hT()c’v(x*))u()c’W (x*)). From (5.9) it follows that
h(x§ (x*)) = h(x*) = 0, and thus by (5.10) S(xf/,(x*)) = 0. However, by positive-
definiteness of § this implies x;(x*) =0, which is in contradiction with
y(x*) # 0. U
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Finally, we note that the full-rank property of %, (x)g(x) is invariant under feedback
(o, B), since by such a feedback 4, (x)g(x) is transformed into %, (x)g(x)3(x) with
det B(x) # 0. Hence, modulo technical conditions spelled out in the previous two
Lemma’s, we conclude that a second necessary condition for feedback equivalence
to a passive system is that rank %, (x)g(x) = m.

The property of h,(x)g(x) being full rank in a neighborhood of x* has several
consequences. First, it implies that rank #,(x) = m around x*, implying that the
constrained set

X, ={xeX|hx) =0} (5.11)

is actually a submanifold of X (of co-dimension m) in a neighborhood of x*. Further-
more, it implies that the zero-output constrained dynamics X has a unigue solution
(x(#), u(t)), t > 0, for every initial condition x(0) = x. € X,. Indeed, computing the
time-derivative y of y(t) = h(x(t)) for X yields

V= he0)f () + he () g(x)u. (5.12)

Hence, by defining
ue(x) 1= = [ () g ()]~ e ()f (x) (5.13)

the closed-loop dynamics x = f(x) + g(x)u*(x) satisfies y = 0, while conversely
v = 0 implies (5.13). Thus every solution x(#) of the closed-loop dynamics starting
in X, (h(x(0)) = 0) satisfies h(x(t)) = 0, ¢ > 0, and thus remains in X,. Hence X, is
an invariant submanifold for the closed-loop dynamics, and the closed-loop dynamics
can be restricted to X,. Thus, under the assumption that /4, (x)g(x) has rank m, the
zero-output constrained dynamics X ¢ is equivalently given by the explicit system on
X

=) +g@uc(x), xedk (5.14)

Summarizing, we have arrived at the following necessary conditions for local feed-
back equivalence to a passive system.

Proposition 5.1.4 Suppose X is locally about x* feedback equivalent to a passive
system with C? storage function S, which is positive definite at x*. Assume that either
h,(x)g(x) has constant rank on a neighborhood of x*, or that S,.(x*) is positive
definite and rank g(x*) = m. Then rank h,(x)g(x) = min a neighborhood of x*, and

S0 [f() +gu* )] <0, xe X, (5.15)

with u. defined by (5.13).

Proof Suppose there exists, locally about x*, a feedback («, 8) such that ¥, 5 is
passive. Since rank g(x*) = rank A, (x)g(x)5(x) it follows from Lemma’s 5.1.3,
respectively, Lemma 5.1.2, that &,(x)g(x) has rank m on a neighborhood of x*.
Since y =0 on X, the inequality (5.15) directly follows from the dissipation
inequality (5.4). ]
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Loosely speaking (disregarding technical assumptions), Proposition 5.1.4
expresses that necessary conditions for (local) feedback equivalence of X to a pas-
sive system are that (locally) A, (x)g(x) has rank m, and that the resulting zero-output
constrained dynamics ¢ of ¥ on X, given by (5.14), with u.(x) defined by (5.13),
satisfies (5.15) for a certain function S, : X, — R™.

Next step is to show that these conditions are actually sufficient as well.

Theorem 5.1.5 Consider the system 3. Suppose rank h,(x*)g(x*) = m at a certain
pointx* with h(x*) = 0, and let S, : X, — R satisfy (5.15) locally around x*, where
X, and u. are defined as in (5.11), respectively (5.13). Then X is locally around x*
feedback equivalent to a passive system with storage function S : X — R™ (locally
defined around x*). Furthermore, if S. is positive definite at x*, then so is S.

Proof We will give the proof under the additional assumption that the Lie brack-

ets! [g;, g;] of the vector fields defined by the columns gy, ..., g, of g(x) are
contained in span {g;(x), ..., gn(x)}; see [56] for the general case. Since rank
hy(x) = m for all x in a neighborhood of x* the functions y; = h;(x), ...,y =

h,,(x), can be taken as partial local coordinate functions for X around x*. Further-
more, since rank %, (x)g(x) = m and by the additional assumption Lie bracket condi-
tion, we can find n — m complementary local coordinates z around x* such that in the
new coordinates (z, y) for X the first n — m rows of the matrix g are zero.” Hence,
after suitable feedback the dynamics of (5.7) takes, locally around x*, the following
form

2=fiy (5.16)

y=v

Furthermore, z define local coordinates for X, and the dynamics z = fi(z, 0) =: f.(2)
is a coordinate expression of (5.14). Expressing S, in these coordinates we have by
(5.15)

Sez(2)fe(z) =0 (5.17)

Since fi(z, y) — f.(z) is zero for y = 0 we can write (see e.g., the Notes at the end of
this chapter)

fiz,y) =fe(@ + pz, y)y (5.18)

for some smooth matrix p(z, y). Then the following system, defined locally around
x*on X,
5 2 =fe(@) +p y)y

. (5.19)
B (2)

L
w=pl(z,y)

n local coordinates x the Lie bracket vector field [gi, gj] is given by the expression [g;, gj](x) =
dag; Py

1 0gi(x) — % () gi (x).

2Since dim span {g; (x), ..., gm(X)} = mnearx™* and[g;, g;](x) €span{g;(x), ..., gm(x)} itfollows
from Frobenius’ theorem that there exist n — m partial local coordinates z = (z1, ..., Zn—m) such
that % g; = 0[135, 233].
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is a passive system with storage function S., with respect to the inputs y and outputs
w, since by (5.17) % < w’y. Furthermore, the integrator system y = v is trivially a
passive system with respect to the inputs v and outputs y, and with storage function
% lv]I>. Hence the standard feedback interconnection

95 (2)+e, ecR" (5.20)
0z

v=—w+e=—p'(zy)

will result by Proposition 4.3.1 into a passive system, with respect to the inputs e and
outputs y, and with storage function

1
S(z,y) :==S8c(2) + Ellyll2 (5.21)

on X If additionally S, is assumed to be positive definite at x*, then also S(z, y) is
positive definite at x*. ]

5.2 Stabilization of Cascaded Systems

The main idea in proving Theorem 5.1.5 was to transform X into a standard feedback
interconnection of two passive systems, one being the system (5.19), and the other
being the integrator system y = v. This idea can be generalized in a number of
directions. Consider the system

2=fz8) . f0,00=0

. (5.22)
E=®(,&u), ue R, ©(0,0,00=0

The feedback stabilization problem s to find a feedback u = «a(z, &) suchthat(z, §) =
(0, 0) is an (asymptotically) stable equilibrium of the closed-loop system.

Theorem 5.2.1 Consider the system (5.22). Suppose there exists an output map
vy = h(z, &) € R™ such that

(i) the system (5.22) is passive with respect to this output map, with storage
Sunction S(§),
(ii)

F@ O = O+ D yifiz O (5.23)

j=1
for some functions fo(z, §) and f;(z,§),j = 1, ..., m, with fo(z, §) satisfying

V.(2)fo(z, &) <0, forallz&, (5.24)
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for some function V(z) > 0.

Then the feedback
u=—-V.()fj(z, ) +v, j=1,...,m, (5.25)

transforms (5.22) into a passive system with respect to the inputs v € R™ and outputs
y = h(z, £), having storage function V (z) + S(€). Furthermore, the feedback

uy=—-V.()fj(z, ) —yj+v, j=1,...,m, (5.26)

renders the system (5.22) output strictly passive.
Proof Define the system

m

2 =GO+ ZIP.U?(Z’ &)
=

PO (5.27)
w; = V:(2)fi(z, §) j=1....m
This system, with inputs p; and outputs w;, j = 1, ..., m, and modulated by &, is
passive with storage function V, since by (5.24)
v <
= ,Z::‘ piw, (5.28)

Hence, the standard feedback interconnection of X, with X¢ defined by u = —w +
v, p = y results in a passive system with storage function V (z) + S(§), while u =
—w — y + v, p = y results in output strict passivity. (]

Corollary 5.2.2 If V(z) + S(&) is positive definite at (z, £) = (0, 0), then the feed-
back (5.25) renders the equilibrium (0, 0) stable, while the feedback (5.26) renders
the equilibrium asymptotically stable assuming a zero-state detectability property.
See Chap. 3 for further generalizations.

Remark 5.2.3 Let the output functions y = h(z, £) be chosen, as well as the drift
vector field fy (z, £). Then there exist functions f;(z, ), j = 1, . .., m, satisfying (5.23)
if and only if the function f(z, £) — fo(z, &) is zero whenever h(z, £) is zero; see the
Notes at the end of this chapter.

The range of applicability of Theorem 5.2.1 is substantially enlarged by relaxing
the condition (i) to the condition that the system (5.22) can be rendered passive by
a preliminary feedback u = W (z, £), as formulated in the following corollary.

Corollary 5.2.4 Replace condition (i) in Theorem 5.2.1 by

(i) ' There exists a preliminary feedback u = WV (z, £) + u' such that the system (5.22)
is passive with respect to the output map 'y = h(z, ) and storage function S(§).
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Then after this preliminary feedback the results of Theorem 5.2.1 continue to hold
with u replaced by u'.

Example 5.2.5 (Examples4.2.4and 4.2.5 continued) Consider the combined dynam-
ics of the orientation and the angular velocities of a rigid body spinning around its
center of mass as discussed before, cf. (4.43), (4.41),

R = RS(w) (5.29)
—S(w)lw +u (5.30)

lw

with I the diagonal matrix containing the moments of inertia along the principal axes.
Recall from Example 4.2.5 that by representing the rotation matrix R € SO(3) in its
Euler parameters (e, 1), the dynamics (5.29) takes the form, cf. (4.48),

> 1
AR

evolving on the three-dimensional unit sphere S in R*. In Example 4.2.5 it was noted
that the dynamics (5.31), with inputs w and outputs ¢, is lossless with respect to the
storage function V (¢, ) = e’e + (1 — )> = 2(1 — 1)). Moreover, in Example 4.2.4
it was observed that the dynamics (5.30) with inputs u and outputs w is lossless with
respect to the storage function 7' (w) = %wTM w (kinetic energy). Hence, the total set
of Egs. (5.29), (5.30) can be regarded as the cascade (series) interconnection of two
lossless systems. Therefore, closing the loop by setting

u=—=c+e (5.32)

(with e an external input), one obtains a lossless system with inputs e and outputs w,
with total storage function S(1, w) := T (w) + V().

5.3 Stabilization by Backstepping

An important case where condition (i)’ of Corollary 5.2.4 is always satisfied occurs
if the £-dynamics in (5.22) is of the form

E=a(z,§) + bz, u

with rank b(z, £) = m everywhere. In fact, if rank b(z, &) = m then the {-dynamics
can be feedback transformed into any dynamics.

This motivates the consideration of systems with the following triangular struc-
ture
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2=1f(z &)
&l =a1z )+ bz D6
& = a2, 61, 6) + bz, &1, E)E (5.33)

fk = ak(Zs 51? ""fk) +bk(Z, €1$ "'agk)u

with & € R”, where it is assumed that rank b; = m, i =1, ..., k, everywhere.
Let z=0,& =--- =& = 0 be an equilibrium of (5.33), that is, f(0,0) = 0,
ai(0,0) = --- = q(0,0) = 0. In order to asymptotically stabilize this equilibrium,

we start by assuming that there exists a virtual feedback

& = (@) (5.34)

such that z = 0 is an asymptotically stable equilibrium of

2 =f(z, a(2), (5.35)

having a Lyapunov function V that is positive definite at z = 0. Defining the corre-
sponding virtual output

y1i=& — @) (5.36)

consideration of Theorem 5.1.5 then leads to rewriting the z-dynamics as

2=fz @) +y1) =1z @) + gz yDyn (5.37)

Furthermore, the £;-dynamics can be replaced by the dynamics for y; = £ — g (2),
given as

V1= &o(@) +ai(z, &) + b1z, §)& (5.38)
which is regarded as a system with virtual input &,. This last system can be rendered

output strictly passive with respect to the virtual output y; and the storage function
51ly111* by setting

& = by (@ EDldo() —ar(z, &) —yi +ul, (5.39)
with u a new input. Define

ai(z, &) = by (2, E)ldo(@) — ai(z &) =y — (Va(2g(z, )] (5.40)

Hence by application of Theorem 5.1.5, the virtual feedback

& =ai(z, &)+ by (@ &), (5.41)
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with v another new input, will result in the system

7 =f(z, a0(2)) + g(z, y)y1

. - (5.42)
yi=-—y— V2)g(z y1))" +v,
which is output strictly passive with storage function
1 2
81z, & =V@+ 5”)’1” (5.43)
Alternatively, returning to the original form
Z = f(z’ gl)
D (5.44)
& = a1z, &) + b1z, §)&
we conclude that by defining
2 =86 —ai(2), (5.45)
and substituting &, = o (z, &) + y2 in (5.47) we obtain a system
z=f(z&)
(5.46)

&l =ai(z, &) + bz, )iz &) + bz, £)y2

where z =0,& =0 is an asymptotically stable equilibrium for y, =0, with
Lyapunov function S(z, £;). This means that once more we can apply Theorem
5.1.5 to the extended dynamics

z =f(z,&)
S & =aiz &) + bz )6 (5.47)
& =axz, &1,6) + bz, &1, &)E

with virtual input &3 and virtual output y, = & — «(z, &). Since its zero-output
constrained dynamics is by construction asymptotically stable with Lyapunov func-
tion Sy, it again follows that (5.47) can be transformed into a passive system by the
virtual feedback

& =0z, &,6)+ b, (2, &, &)es

(2, &1, &) = by (2, &1, &) —ar(z, &1, &) + G (z, &) — y2 — bi(z, E)yi]
(5.48)
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This leads to the recursion

yi=6& — i1z, &, 6m1)
ai(z, &1y, §) = i=1,2,....,k (549

bi_l(_ai + &1 —yi —bic1(Z, &, - Eim)Yizt)

resulting in a feedback transformed system with Lyapunov function

1 1
Si=8=V@+Inl*+-+ Sl (5.50)

satisfying

i 2 _ 2 _...= 2 5.51
2 = ~Inlm =2 [yl (5.51)

This procedure is commonly called (exact) backstepping.

The class of system (5.33) to which the backstepping procedure applies can be
described as follows. The £-dynamics of (5.33) (with & = (&, ..., &)) is a feedback
linearizable, that is, there exists a feedback u = a(§) + B(§)v, det 3(§) # 0, such
that in suitable new coordinates & the system is a linear system (with input v). Hence,
the backstepping procedure applies to the cascade of a system (5.33) which is asymp-
totically stabilizable (by virtual feedback &; = ap(x)), and a feedback linearizable
system.

Necessary and sufficient geometric conditions for feedback linearizability have
been obtained in geometric control theory, see e.g., the textbooks [135, 233] for a
coverage. These conditions imply that the class of feedback linearizable systems is
an important but, mathematically speaking, a thin subset of the set of all systems
(see [335]).

In practice, the recursively defined feedbacks oy, i =0, 1, ..., k, in (5.49) tend
to become rather complex, primarily due to the appearance of ¢; in the definition of
@;+1. On the other hand, the procedure can be made more flexible by not insisting
on Lyapunov functions of the precise form S; = V + %Ilyl 124+ %Ilyl-llz, and
by generalizing (5.51). This flexibility can be also exploited for avoiding exact can-
celation of terms involving unknown parameters and, in general, for improving the
characteristics of the resulting feedback oy (z1, ..., zx). We refer again to [312] and
the references quoted in there.

5.4 Notes for Chapter 5

1. Sect.5.1 is based on Byrnes, Isidori & Willems [56].

2. The factorizations in (5.18) and in Remark 5.2.3 are based on the following
fact (see, e.g., Nijmeijer & van der Schaft [233], Lemma 2.23, for a proof): Let
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f:R" — R be a C*® function with f(0) = 0. Then f(x1, ..., x,) = > xigi(x),
i=1
for certain C* functions g; satisfying ¢;(0) = %(O).

3. The first part of Sect. 5.2 is largely based on Ortega [237], as well as on Sussmann
& Kokotovic [332]. The backstepping procedure is detailed in Sepulchre, Jankovic
and Kokotovi¢ [312], and Krsti¢, Kanellakopoulos and Kokotovi¢ [173]; where
many extensions and refinements can be found. Related work is presented in
Marino and Tomei [195].

4. The example in Sect.5.2 is taken from Dalsmo and Egeland [75], Dalsmo [74].



Chapter 6
Port-Hamiltonian Systems

As described in the previous Chaps.3 and 4, (cyclo-)passive systems are defined
by the existence of a storage function (nonnegative in case of passivity) satisfying
the dissipation inequality with respect to the supply rate s(u, y) = u”y. In contrast,
port-Hamiltonian systems, the topic of the current chapter, are endowed with the
property of (cyclo-)passivity as a consequence of their system formulation. In fact,
port-Hamiltonian systems arise from first principles physical modeling. They are
defined in terms of a Hamiltonian function together with two geometric structures
(corresponding, respectively, to power-conserving interconnection and energy dis-
sipation), which are such that the Hamiltonian function automatically satisfies the
dissipation inequality.

6.1 Input-State-Output Port-Hamiltonian Systems

An important subclass of port-Hamiltonian systems, especially for control purposes,
is defined as follows.

Definition 6.1.1 An input-state-output port-Hamiltonian system with n-dimensional
state space manifold &', input and output spaces U = Y = R™, and Hamiltonian
H: X — R, is given as!

i =) = R0 G () + g(ou .
y = g" @2 () ©D

where the n x n matrices J(x), R(x) satisfy J(x) = —J7 (x) and R(x) = RT (x) > 0.
By the properties of J(x), R(x), it immediately follows that

I As before, %—Ij (x) denotes the column vector of partial derivatives of H.
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ﬁfi—l;l(x(t)) = %TH(x(I))x(I) =

"H OH T T 62)
— % GO)R(x (1) Fz (x(1) + ¥y (Du(r) < u” (D)y(1),
implying, cf. Definition 4.1.1, cyclo-passivity and passivity if H > 0.
The Hamiltonian H is is equal to the fotal stored energy of the system, while
u"y is the externally supplied power. In the definition of a port-Hamiltonian sys-
tem, two geometric structures on the state space X play a role: the internal inter-
connection structure given by J(x), which by skew-symmetry is power-conserving,
and a resistive structure given by R(x), which by nonnegativity is responsible for
internal dissipation of energy. For a further discussion on the mathematical theory
underlying these geometric structures, as well as the port-based modeling origins of
port-Hamiltonian systems, we refer to the Notes at the end of this chapter.
A useful extension of Definition 6.1.1 to systems with feedthrough terms is given
as follows.

Definition 6.1.2 An input-state-output port-Hamiltonian system with feedthrough
terms is specified by an n-dimensional state space manifold X, input and output
spaces U = Y = R”, Hamiltonian H : X — R, and dynamics

X =[J(x) —RW] @) + [Gx) — P(D)]u

. 6.3
y=[G) + P01 2 (x) + [M(x) + S u, 63)

where the matrices J(x), M (x), R(x), P(x), S(x) satisfy the skew-symmetry condi-
tions J (x) = —JT (x), M(x) = —M" (x), and the nonnegativity condition

|:R(x) P(x)

P S (x)] >0, xeX (6.4)

In this case, the power balance (6.2) takes the following form (using skew-symmetry
of J(x), M (x), and exploiting the nonnegativity condition (6.4))

4H) = 28 () (V) — ROOTZ () + [G () — P()] ) =

r R(x) P oH (6.5)
e ] e

leading to the same conclusion regarding (cyclo-)passivity as above.

Remark 6.1.3 Note that by (6.4) P = 0 whenever S = 0 (no feedthrough).

Both (6.3) and (6.5) correspond to a linear resistive structure. The extension to
nonlinear energy dissipation is given next.

Definition 6.1.4 An input-state-output port-Hamiltonian system with nonlinear
resistive structure is given as

x=Jx)z—Rx,2) +9gx)u, z= %—f(x)

y=g"(x)z (6.6)
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where J(x) = —J7 (x), and the resistive mapping R(x, -) : R" — R” satisfies
R(x,z) >0, forallzeR", xe X (6.7)

Remark 6.1.5 Geometrically z = a—I;C'()c) e T} X, with T} X, the co-tangent space of
X atx € X, whilex € T, X, the tangent space atx € X'. Hence, the resistive mapping
R is defined geometrically as a vector bundle map R : T*X — TX.

Similarly to (6.2) we obtain

dH 8TH(), OTH
—H=—xx=—
dt Ox Ox

OH
R (x, —(x)) +yTu < uTy, (6.8)
Ox
showing again (cyclo-)passivity. We leave the extension to systems with feedthrough
terms to the reader.

Example 6.1.6 Consider a mass—spring—damper system (mass m, spring constant k,
momentum p, spring extension ¢, external force F') subject to ideal Coulomb friction

=L Lesen ] <[] ©9)

where sign is the multivalued function defined by

1 , v>0
signv=14[-1,1], v=0 (6.10)
-1 , v<0

and ¢ > 0 is a constant. This defines an input-state-output port-Hamiltonian system

with nonlinear resistive structure defined by the multivalued function c sign. Note

that strictly speaking, this entails a further generalization of Definition 6.1.4 since

the Coulomb friction mapping (6.10) is multivalued. The Hamiltonian H(q, p) =
Lp? + 1kq? satisfies

2m

d
“H=-Lgign L +FL <FL 6.11)
dt m m m m
Example 6.1.7 The dynamics of a detailed-balanced mass action kinetics chemical
reaction network can be written as, see the Notes at the end of this chapter for further
information,

t=— TLn £

X TZEEXxp (Z"Ln £) + Spu 6.12)
y=3S8,Ln =
where x € R” is the vector of chemical species concentrations, u is the vector of
boundary fluxes, and y is the vector of boundary chemical potentials. Furthermore,
x* is a thermodynamic equilibrium, Z is the complex composition matrix, S, speci-
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fies which are the boundary chemical species, and £ is a symmetric Laplacian matrix
(see Definition 4.4.6) on the graph of chemical complexes, with weights determined
by the kinetic reaction constants. Exp and Ln denote the component-wise exponen-
tial and logarithm mappings, i.e., (Exp (x)); = expx;, Ln (x)); = Inx;,i=1,...,n.
Similarly, = denotes component-wise division of the vector x by the vector x*. The
Hamiltonian is given by the Gibbs’ free energy, which (up to constants) is equal to

Hx = xn ;C— +> @ - x), (6.13)
i=1 i i=1

corresponding to the chemical potentials z; = g—f(x) = In . Since [299]

Y LExpy >0 (6.14)

for all vectors -, this defines an input-state-output port-Hamiltonian system, with
J = 0 and nonlinear resistive structure given by the mapping z — Z7 LExp Z7z.

Finally, a linear input-state-output port-Hamiltonian system with feedthrough
terms is given by the following specialization of Definition 6.1.2

i=[J—R|Ox+I[G — Plu 615
y=1[G+Pl" Ox+[M + Slu :
with quadratic Hamiltonian H(x) = 1x"Qx, 0 = Q”, and constant matrices
J,M,R, P, S satistying J = —J7,M = —M" and

[lfT 1;] >0 (6.16)

Since subtracting a constant from the Hamiltonian function H does not change the
system, the condition H > 0 can be replaced by H being bounded from below.
Hence based on (6.2), (6.5), (6.8), we can summarize the characterization of
(cyclo-)passivity of input-state-output port-Hamiltonian systems as follows.

Proposition 6.1.8 Any input-state-output port-Hamiltonian system given by one of
the expressions (6.1), (6.3), (6.6), (6.15) is cyclo-passive, and passive if H is bounded
from below, respectively, Q > 0. Furthermore, if the (nonlinear) resistive structure
is absent, then the system is lossless in case H is bounded from below.

In the modeling of physical systems, the port-Hamiltonian formulation directly fol-
lows from the physical structure of the system; see Sects. 6.2 and 6.3 and the Notes
at the end of this chapter for further information. On the other hand, one may still
wonder when the converse of Proposition 6.1.8 holds, i.e., when and how a passive
system can be written as a port-Hamiltonian system. In the linear case, this ques-
tion can be answered as follows. Consider the passive linear system (for simplicity
without feedthrough terms)
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;:‘é);JFB” 6.17)
with positive-definite storage function 1x” Qx, i.e.,
ATo+04A<0, B'o=C, 0>0 (6.18)
Now decompose AQ~! into its skew-symmetric and symmetric part as
AQ'=J—R, J=—-J" R=R" (6.19)

Then A”Q + QA < 0 implies R > 0, and % = Ax + Bu, y = Cx, can be rewritten
into port-Hamiltonian form x = (J — R)Qx + Bu, y = BT Qx. The same result can be
shown to hold for linear passive systems with O > 0 under the additional assumption
ker Q C ker A. In this case, one defines F such that A = FQ, and factorizes F into
its skew-symmetric and symmetric part.

On the other hand, since in general the storage matrix Q of a passive system is not
unique, also the interconnection and resistive structure matrices J and R as obtained
in the above port-Hamiltonian formulation are not unique. Hence, if Q is not unique
then there exist essentially different port-Hamiltonian formulations of the same linear
passive system X = Ax + Bu,y = Cx.

For nonlinear systems, the conversion from passive to port-Hamiltonian systems
is more subtle. For example,

X =fx)+gu

y = h(x) (6.20)
is lossless with storage function H > 0 iff

O"H

O'H =0

o (Of () 6.21)

g @)% (x) = h(x)

Nevertheless, the first equality in (6.21) does not imply that there exists a skew-
symmetric matrix J(x) such that f(x) =J (x)%—’j(x), as illustrated by the next
example.

Example 6.1.9 Consider the system

[2} B [—xalcj " m ! (6.22)

2

y = X{X2
which is lossless with respect to the storage function H(xy,x;) = 3xix3.
However, it is easy to see that there does not exist a 2 x 2 matrix J(x) = —J7 (x),

depending smoothly on x = (x1, x»), such that
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] =]

Hence, the system is not a port-Hamiltonian system with respect to H (xy, x»).

6.2 Mechanical Systems

The port-Hamiltonian formulation of standard mechanical systems directly follows
from classical mechanics. Consider as in Proposition 4.5.1, the Hamiltonian repre-
sentation of fully actuated Euler-Lagrange equations in n configuration coordinates

q = (qi1, - .., qn) given by the 2n-dimensional system
qg=19 (qp) p=@1---.pn)
1'?— (qp)+u u=(up,...,u) (6.23)

y— (qp)( @D, y=01,--1Yn)

with u the vector of (generalized) external forces and y the vector of (generalized)
velocities. The state space of (6.23) with local coordinates (g, p) is called the phase
space. In most mechanical systems, the Hamiltonian H (g, p) is the sum of a positive
kinetic energy and a potential energy

1
H(q,p) = —pTM (@p +P(g) (6.24)

It was shown in Proposition 4.5.1 that along every trajectory of (6.23)

H(q(n), p(11)) = H(q(to), p(to)) ~I—/ u' (n)y (o, (6.25)

fo

expressing that the increase in internal energy H equals the work supplied to the
system (u”y is generalized force times generalized velocity, i.e., power). Hence, the
system (6.23) is an input-state-output port-Hamiltonian system, which is lossless if
H is bounded from below. The system description (6.23) can be further generalized to

g = 8,, (61 p); (@)= (41, Gn:P1s - D)
p=—%Gq, p) + B(q)u, ueR"
y=B"@%4.p) (=B"(@¢.y € R",

(6.26)
where B(g) is an input force matrix, with B(g)u denoting the generalized forces
resulting from the control inputs u € R™. If m < n, we speak of an underactuated
mechanical system. Also for (6.26) we obtain the power balance
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dH ,
E(q(t),l’(t)) =u (0y(@) (6.27)

A further generalization is obtained by extending (6.26) to input-state-output port-
Hamiltonian systems

i=JWLE@) +gWu, J@x)=-J"x), xeX

) (6.28)

y=g" @)%,
where X is an n-dimensional state space manifold, and J (x) is state-dependent skew-
symmetric matrix. Note that (6.23) and (6.26) correspond to the full rank and constant
skew-symmetric matrix J given by

0 I,
J= [_ i o} (6.29)

Models (6.28) arise, for example, by symmetry reduction of (6.23) or (6.26). A
classical example is Euler’s equations for the dynamics of the angular velocities of
a rigid body.

Example 6.2.1 (Euler’s equations; Example 4.2.4 continued) Consider a rigid body
spinning around its center of mass in the absence of gravity. In Example 4.2.4, we
already encountered Euler’s equations for the dynamics of the angular velocities.
The Hamiltonian formulation is obtained by considering the body angular momenta
p = (px, py, p;) along the three principal axes, and the Hamiltonian given by the

kinetic energy
(2 P
Hp=-{=+—=+-%), 6.30
®) 2(1x+1y+1, (6.30)

where I, I, I, are the principal moments of inertia. The vector p of angular momenta
is related to the vector w of angular velocities as p = [w, where [ is the diagonal
matrix with positive diagonal elements I, I, I.. Euler’s equations are now given as

OH
Iax 0 —p. Py I by
byl=|p 0 =p|| G |+]b|u (6.31)
P: —py px O oH b,
AR ——

J(p)
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In the scalar input case, the last term bu denotes the torque around an axis with
coordinates b = (b, b, b,)", with corresponding collocated output given as

b, b, b, 6.32
yl+[+IZ (6.32)

which is the velocity around the same axis (b, b, b)T.

In many cases (including the one obtained by symmetry reduction from the canon-
ical J given in (6.29)), the dependence of the matrix J on the state x will satisfy the
integrability conditions

n

> |:J1, == (x) + i (x) L MO Jzk(x)—’(x)} =0, (6.33)

I=1

fori,j,k =1, ..., n. These integrability conditions are also referred to as the Jacobi-
identity. If these integrability conditions are met, we can construct by Darboux’s
theorem (see e.g., [347]), around any point xy where the rank of the matrix J(x) is
constant, local coordinates

X=(q.p,8) =(q1, -+ q1, P15 -+ Dk>S15 - - 51)5 (6.34)
with 2k the rank of J and n = 2k + [, such that J in these coordinates takes the form

0 O
J=|-,00O (6.35)
0 00

The coordinates (g, p, s) are also called canonical coordinates, and J satisfying
(6.33) is called a Poisson structure matrix. Otherwise, it is called an almost-Poisson
structure.

Example 6.2.2 (Example 6.2.1 continued) It can be directly checked that the skew-
symmetric matrix J (p) defined in (6.31) satisfies the Jacobi-identity (6.33). This also
follows from the fact that J(p) is the canonical Lie—Poisson structure matrix on the
dual of the Lie algebra so(3) corresponding to the configuration space SO(3) of the
rigid body; see the Notes at the end of this chapter for further information.

The rest of this section will be devoted to mechanical systems with kinematic con-
straints, which is an important class of systems in applications (for example in robot-
ics). Consider a mechanical system with n degrees of freedom, locally described by
n configuration variables

qg=1(q1,---:9n) (6.36)

Expressing the kinetic energy as %QTM (@)g, with M(q) > 0 being the
generalized mass matrix, we define in the usual way the Lagrangian function



6.2 Mechanical Systems 121

L(q,q) = %c‘]TM (9)q — P(q), where P is the potential energy. Suppose now that
there are constraints on the generalized velocities ¢, described as

Al (9)g =0, (6.37)

with A(g) ann x k matrix of rank k everywhere. This means that there are k indepen-
dent kinematic constraints. Classically, the constraints (6.37) are called holonomic
if it is possible to find new configuration coordinates ¢ = (¢, - . ., g,,) such that the
constraints are equivalently expressed as

Gyis1 =qpin=""=q,=0, (6.38)

in which case it is possible to eliminate the configuration variables g, .,
.., q,, since the kinematic constraints (6.38) are equivalent to the geometric con-
straints constraints

C_In—k-H = Cn—k+1s -+ Z],l =Cp, (639)

for constants ¢,—j41, ..., c, determined by the initial conditions. Then the sys-
tem reduces to an unconstrained system in the remaining configuration coordinates
4, ---,q,_)-Ifitis not possible to find coordinates g such that (6.38) holds (that is,
if we are not able to integrate the kinematic constraints as above), then the kinematic
constraints are called nonholonomic.

The equations of motion for the mechanical system with Lagrangian L(q, ¢) and
kinematic constraints (6.37) are given by the constrained Euler—Lagrange equations

d {OL . OL . m
N =@.d) - —(@ 9 =A@ +B@u, \eR uekR
dt \ 0q Jdq

AT (@)g =0, (6.40)

where B(q)u are the external forces applied to the system, for some n x m matrix
B(gq), while A(g)\ are the constraint forces. The Lagrange multipliers A(¢) are
uniquely determined by the requirement that the constraints A7 (¢(¢))§(¢) = 0 are
satisfied for all 7.

Defining as before (cf. (4.107)) the generalized momenta

oL .
pP= y(q, q) =M(q)q, (6.41)
q

the constrained Euler-Lagrange equations (6.40) transform into constrained Hamil-
tonian equations
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'_(Q)H( )
q= op q,p

. OH
p=-75-@ p) +A@A + B(q)u
q
OH
v=B"@)5-.p) (6.42)
P

T OH
0=A (q)—a (q,p)
p

withH(q, p) = % p' M~ (q)p + P(q) the total energy. Thus, the kinematic constraints
appear as algebraic constraints on the phase space, and the constrained state space
is given as the following subset of the phase space

OH
X, = [(q,p) | A%q)a(q,p) = 0] (6.43)

The algebraic constraints AT(q)%—IZ(q, p) = 0 and constraint forces A(g)A can be
eliminated in the following way. Since rank A(g) = k, there exists locally an n x
(n — k) matrix S(gq) of rank n — k such that

AT(@S(@) =0 (6.44)

Now define p = (', p*) = (B1, - - - » Puks Prktls - - - » Pn) @S

=1 ._ T ~1 n—k
p =8 (gp. p eR

- ~ 6.45
7= AT(@)p. " € R (049
Itis readily checked that (¢, p) + (g, p', p*) is a coordinate transformation. Indeed,
by (6.44) the rows of S7 (g) are orthogonal to the rows of A7 (¢). In the new coordinates
the constrained system (6.42) takes the form [293], % denoting unspecified elements,

) oH
q 0, S(q) * 04
pt=|=S"@ (=P"1S:.81@),; = | | 2% | +
ﬁZ L % k * OH
W
S 0
0 A | Be@) | u (6.46)
L AT(@A(9) B(q)

OH OH
AT() — = AT(PA(g) — =
(@) p (DA(q) o5 0

with H(g, p) the Hamiltonian H expressed in the new coordinates ¢, p. Here S;
denotes the i-th column of S(g), i =1,...,n — k, and [S;, S;] is the Lie bracket of
S; and §;, in local coordinates ¢ given as (see e.g., [1, 233])



6.2 Mechanical Systems 123

_ 08 oo OSig
[Si, Sil(g) = a—q(q)S,(q) 94 Si(q) (6.47)

9s;
Dq° (7

The constraints AT(q) (q p) = 0 are equivalently given as g(q, p) =0, and

with . i denoting the n x n Jacobian matrices.

by non-degeneracy of the klnetlc energy pTM !(g)p these equations can be solved
for p%. Since A only influences the [Jz-dynamics, the constrained dynamics is thus
determined by the dynamics of ¢ and p! alone (which together serve as coordinates
for the constrained state space X&), given as

; . . (4> ) 0
q | _ 1
[p } Je(q, ph) [ om0 5 )} + [ B, (q)] u (6.48)

Here H.(q, p') equals H(q, p) with p? satisfying g—;(q, p', p*) =0, and where the
skew-symmetric matrix J.(g, p') is given as the left-upper part of the structure matrix
in (6.46), that is

O 5@ } (6.49)

~1\
Je(q.p) = [—ST(q) (~p"15:. @),

where p is expressed as function of ¢, p, with p? eliminated from 2 5 9H — (). Finally,
in the coordinates ¢, p, the output map is given as

_ Ut (q.p")
y=[B@B@]|| B § (6.50)
G (a.ph
which reduces on the constrained state space X, to
y= BT(q> (q D (6.51)

Summarizing, (6.48) and (6.51) define an input-state-output port-Hamiltonian sys-
tem on X, with Hamiltonian H, given by the constrained total energy, and with
structure matrix J. given by (6.49).

The skew-symmetric matrix J,. defined on X, is an almost-Poisson structure since
it does not necessarily the integrability conditions (6.33). In fact, J,. satisfies the
integrability conditions (6.33), and thus defines a Poisson structure on &, if and
only if the kinematic constraints (6.37) are holonomic. In fact, if the constraints are
holonomic then the coordinates s as in (6.34) can be taken equal to the “integrated
constraint functions” g, _;. 1, . .., g, of (6.39).

Example 6.2.3 (Rolling coin) Let x,y be the Cartesian coordinates of the point of
contact of a vertical coin with the plane. Furthermore, ¢ denotes the heading angle
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Fig. 6.1 The geometry of the rolling coin

of the coin on the plane, and 6 the angle of Willem Alexander’s head; cf. Fig.6.1.
With all constants set to unity, the constrained Lagrangian equations of motion are

X=X\
V=X
0 = =X\ cosp — A\ysinp + u; (6.52)
b =u

where u; is the control torque about the rolling axis, and u, the control torque about
the vertical axis. The rolling constraints are

% =0cos p, y= 9sin<p (6.53)
(rolling without slipping). The energy is H = %pfc + %p)z + %pﬁ + %pé, and

the kinematic constraints can be rewritten as p, = pg cos @, p, = pg sin . Define
according to (6.45) new p-coordinates

P1 =Dy
P2 = Ppo + Px COs o + pysin g
D3 = Px — PoCOS (6.54)

P4 =py —posing

The constrained state space X, is given by p3 = ps = 0, and the dynamics on X is
computed as
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- on,
“ox
X 0 cosyp OH,
. Dy
; 0 SSI?W e
4 90
= o (6.55)
» Lo 5
P1 0 0 0 -10 0 oH,
P2 —cosp —sing—1 0 0 0 gﬁ
L Jp2
00
00
00 uj
Tloo [W}
01
10

HEHEE

where H.(x, y, 6, @, p1, p2) = ;pl 4p2 (Note that 28 2p2 Po.) It can be ver-
ified that the structure matrix J, in (6.55) does not satlsfy the integrability conditions,
in accordance with the fact that the rolling constraints (rolling without slipping) are
nonholonomic.

6.3 Port-Hamiltonian Models of Electromechanical
Systems

This section will contain a collection of characteristic examples of port-Hamiltonian
systems arising in electromechanical systems, illustrating the use of port-Hamiltonian
models for multi-physics systems. In most of the examples the interaction between
the mechanical and the electrical part of the system will take place through the
Hamiltonian function, which will depend in a non-separable way on state variables
belonging to the mechanical and variables belonging to the electrical domain.

Example 6.3.1 (Capacitor microphone [230]) Consider the capacitor microphone
depicted in Fig.6.2.

The capacitance C(q) of the capacitor is varying as a function of the displacement
q of the right plate (with mass m), which is attached to a spring (with spring constant
k > 0) and a damper (with constant d > 0), and affected by a mechanical force F
(air pressure arising from sound). Furthermore, E is a voltage source. The equations
of motion can be written as the port-Hamiltonian system
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Fig. 6.2 Capacitor
microphone

R
oH
g 010 00 0 24
. OH
) 000 00 1/R on
00
0 (6.56)
+ 1 F+ 0 |E
0 1/R
n="54=4
yzzl%g—gzl

where p is the momentum, R the resistance of the resistor, / the current through the
voltage source, and the Hamiltonian H is the total energy

1
H(g,p,0) = —P +— (q-9)? +r()Q (6.57)

with g denoting the rest length of the spring. Note that the electric energy %@QZ
not only depends on the electric charge Q, but also on the g-variable belonging to
the mechanical part of the system. Furthermore

%H = —cq* —RI* + F§+ EI < F§ +EI, (6.58)
with F g the mechanical power and EI the electrical power supplied to the system.
In the application as a microphone the voltage over the resistor will be used (after
amplification) as a measure for the mechanical force F. Finally, we note that the
same model can be used for an electrical micro-actuator. In this case, the system
is controlled at its electrical side in order to produce a certain desired force at its
mechanical side. This physical phenomenon of bilateral operation will be also evi-
dent in the following examples.
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Fig. 6.3 Magnetically + 14 -
levitated ball

Example 6.3.2 (Magnetically levitated ball) Consider the dynamics of an iron ball
that is levitated by the magnetic field of a controlled inductor as schematically
depicted in Fig.6.3. The port-Hamiltonian description of this system (with g the
height of the ball, p the vertical momentum, and ¢ the magnetic flux linkage of the
inductor) is given as

OH
g 010 gfl 0
% 0 0-R az 1 (6.59)
e
,_0H
= %

Although at first instance the mechanical and the magnetic part of the system look
decoupled, they are actually coupled via the Hamiltonian

2 2

P ®
H(g,p, o) = — ,
(g, p, p) = mgq + o + L)

(6.60)

where the inductance L(g) depends on the height g. In fact, the magnetic energy %(Zq)
depends both on the flux ¢ and the mechanical variable g. As a result, the right-hand
side of the second equation (describing the evolution of the mechanical momentum
variable p) depends on the magnetic variable ¢, and conversely the right-hand side
of the third equation (describing the evolution of the magnetic variable ¢) depends
on the mechanical variable q.
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Example 6.3.3 (Permanent magnet synchronous motor [242]) A state vector for a
permanent magnet synchronous motor (in rotating reference (dq) frame) is defined
as

id Ly 00
x=M|i,|, M=|0L0 (6.61)
w 00 L

P

composed of the magnetic flux linkages and mechanical momentum (with iz, i, being
the currents, and w the angular velocity), Ly, L, stator inductances, j the moment of
inertia, and n, the number of pole pairs. The Hamiltonian H (x) is given as H(x) =
1

—xTM~'x. This leads to a port-Hamiltonian formulation with J(x), R(x) and g(x)

determined as

0 L()X3 0
J(x) = —L()X3 0 _q)qO s
0 ®p O 6.62)
Rg 00 10 0 :
Rx)=| 0 RsO |, g)={01 0 |,
000 00—L

with Rg the stator winding resistance, ® o a constant term due to interaction of the
permanent magnet and the magnetic material in the stator, and Ly := Lyn,/j. The

. T
three inputs are the stator voltages (vd, vq) and the (constant) load torque. Outputs
are iy, iy, and w. The system can also operate as a dynamo, converting mechanical
power into electrical power.

Example 6.3.4 (Synchronous machine) The standard eight-dimensional model for
the synchronous machine, as described, e.g., in [177], can be written in port-
Hamiltonian form as (see [98] for details)

. _ ek
(2 —R; 033 031 03 g‘H
Y| | 033 =R, 031 031 | | 3y, "
pl | O 053 —d-—1 o1
0 | 013 O3 1 0 | é
_ 20
013 231 831 V.
sz 0‘ f‘ vy (6.63)
03 0 0 |L7-
- o
_ 9,
I I3 033 031 031 | | 0H
a0,
If = 013 81T 0 0 (;H s
w 0303 1 0O op
- OH

90
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where Oy denotes the [ x k zero matrix, I3 denotes the 3 x 3 identity matrix, and
ey is the first basis vector of IR?. This defines a port-Hamiltonian input-state-output
system with Poisson structure matrix J(x) given by the constant matrix

Os6  Og2

J=1, 0-11, (6.64)

and resistive structure matrix R(x), which is also constant, having diagonal blocks

rs 00 00
Ri=(0r 0|, R=|0rg O, d, 0O, (6.65)
00 ry 0 0 ry

denoting, respectively, the stator resistances, rotor resistances, and mechanical fric-
tion. The state variables x of the synchronous machine comprise of

o 1, € R3, the stator fluxes,

e ¢, € R3, the rotor fluxes: the first one corresponding to the field winding and the
remaining two to the damper windings,

e p, the angular momentum of the rotor,

e 0, the angle of the rotor.

Moreover, V; € R3, I; € R are the three-phase stator terminal voltages and currents,
V¢, Iy are the rotor field winding voltage and current, and 7, w are the mechanical
torque and angular velocity.

The synchronous machine is designed depending on two possible modes of oper-
ation: synchronous generator or synchronous motor. In the first case, mechanical
power is converted to electrical power (supplied to an electrical transmission net-
work); see Fig. 6.4 for a schematic view. Conversely, in the synchronous motor case
electrical power is drawn from the power grid in order to deliver mechanical power.

The Hamiltonian H (total stored energy of the synchronous machine) is the sum
of the magnetic energy of the machine and the kinetic energy of the rotating rotor,
given as the sum of the two nonnegative terms

Fig. 6.4 The state and port Synchronous Generator
variables of the synchronous .
generator 0 | d;s V;
T p : d]”/' Is
V. | I
mechanical o electrical
power excltation power

system
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Hy brp.0) = 3 [07 071L70) | ¥ |+ 4p?
sy Wro P 2 s r ¢ 27, (666)
= magnetic energy H,, + kinetic energy H,

where J, is the rotational inertia of the rotor, and L(0) is an 6 x 6 inductance matrix.
In the round rotor case (no saliency; cf. [177, 192])

_ Lss Lsr(e)
L) = I:LST;’(O) L, i| (6.67)
where
Lys —Lay —Lay Lgg Laka O
Lss= —Liab Laa _Lab s er= Lakd kad 0 (668)
—Lab _Lab Laa 0 0 kaq
while
cos 0 cos 9 —sin 0
L, () = | cos(f — ) cos(f — 23 =) —sin(f — ) X
| cos(f + 27T) cos( + ) —sin(f + 27T)
(6.69)
[Lya 0 0
0 Lakd 0
L 0 0 Ly

A crucial feature of the magnetic energy term H,, in the Hamiltonian H is its depen-
dency on the mechanical rotor angle 6; see the formula (6.69) for Ly, (¢). This depen-
dence is responsible for the interaction between the mechanical domain of the gen-
erator (the mechanical motion of the rotor) and the electromagnetic domain (the
dynamics of the magnetic fields in the rotor and stator), and thus for the functioning
of the synchronous machine as an energy-conversion device, transforming mechan-
ical power into electrical power, or conversely (Fig. 6.4).

The synchronous machine is connected to its environment by three types of ports;
see Fig. 6.4. In the case of operation as a synchronous generator, the scalar mechani-
cal port with power variables 7, w is to be interconnected to a prime mover, such as a

Fig. 6.5 DC motor
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turbine. This port is also used for control purposes, e.g., via so-called droop control.
Second, there are three stator terminal ports, with vectors of power variables Vi, I;.
Third, there is the port with scalar power variables V;, I, which is responsible for
the magnetization of the rotor, and which is controlled by an excitation system.

Example 6.3.5 (DC motor) The system depicted in Fig.6.5 consists of five ideal
modeling subsystems: an inductor L with state ¢ (flux), arotational inertia J with state
p (angular momentum), a resistor R and friction b, and a gyrator K. The Hamiltonian
(corresponding to the linear inductor and inertia) reads as H (p, @) = ﬁ@z + %pz.
The linear resistive relations are Vg = —RI, 7; = —bw, withR, b > 0 and 7; a damp-
ing torque. The equations of the gyrator (converting magnetic power into mechanical,
and conversely) are

Vk = —Kw, 7=KI (6.70)

with K the gyrator constant. The subsystems are interconnected by the equations V; +
Vk + Vk + V = 0 (and equal currents), as well as 77 + 75 + 7 = 0 (with common
angular velocity), leading to the port-Hamiltonian input-state-output system

Ak

1=[10]

SIS NS

6.71)

SIS NS

Note that, as in the case of the synchronous machine, the system can operate in two
modes: either as a motor (converting electrical power into mechanical power) or as a
dynamo (converting rotational motion and mechanical power into electrical current
and power).

6.4 Properties of Port-Hamiltonian Systems

A crucial property of a port-Hamiltonian system is cyclo-passivity, and passivity if
the Hamiltonian satisfies H > 0. Apart from this, the port-Hamiltonian formulation
also reveals other structural properties. The first one is the existence of conserved
quantities, which are determined by the structure matrices J(x), R(x).

Definition 6.4.1 A Casimir function for an input-state-output port-Hamiltonian sys-
tem (6.1) or (6.3) is any function C : X — IR satisfying

arc

— W) —Rx)]=0, xe X (6.72)
Ox
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It follows that for u = 0

d orc
2=

J R OH =0 6.73
7 W(x)[ (x) — (X)]E(X)— , (6.73)

and thus a Casimir function is a conserved quantity of the system for u = 0, inde-
pendently of the Hamiltonian H. Note furthermore that if Cy, ..., C, are Casimirs,
then also the composed function ®(Cy, ..., C,) is a Casimir for any ¢ : R" — R.
Finally, the existence of Casimirs Cy, ..., C, entails the following invariance prop-
erty of the dynamics: any subset

x| Cix)=ci,...,C(x) =c) (6.74)
for arbitrary constants cy, . .., ¢, is an invariant subset of the dynamics.

Proposition 6.4.2 C : X — R is a Casimir function for (6.1) or (6.3) if and only if

T T
a—C()c).l()c) = 0and a—c(x)R(x) =0, xeX (6.75)
Ox Ox

Proof The “if” implication is obvious. For the converse we note that (6.72) implies

by skew-symmetry of J(x)

orc
Ox

orc

0=

ocC oC
) [J(x) — R(x)] a(x) = — (x)R(X)a(x), (6.76)

and therefore, in view of R(x) >0, a(;—xc(x)R(x) =0, and thus also 8(;—Xc(x)
J(x) =0. O

Hence, the vectors ‘?)—f (x) of partial derivatives of the Casimirs C are contained in the
intersection of the kernels of the matrices J (x) and R(x) for any x € X', implying that
the maximal number of independent number of Casimirs is always bounded from
above by dim (ker J(x) N ker R(x)). Equality, however, need not be true because of
lack of integrability of J(x) and/or R(x); see Example 6.4.4 below and the Notes at
the end of this chapter.

Example 6.4.3 (Example 6.2.1 continued) Consider Euler’s equations for the angu-
lar momenta of a rigid body, with J being given by (6.31) and R = 0. It follows that
C(p1. 2. p3) = p; + p; + p? (the squared total angular momentum) is a Casimir
function.

Example 6.4.4 (Example 6.2.3 continued) The pde’s (6.72) for the existence of a
Casimir function take the form

oc oc

p1 p>

SR
[
o

, , (6.77)
%—fcos¢+%—fsin¢+%—g =0



6.4 Properties of Port-Hamiltonian Systems 133

This can be seen not to possess a non-trivial solution C, due to the non-holonomicity
of the kinematic constraints.

The definition of Casimir C for (6.1) can be further strengthened by requiring that
%C = 0 for all input values u. This leads to the stronger condition

T T T
TC iw=0, L 0rw =0, L gm =0, xex (678
ox ox ox

A second property of the dynamics of port-Hamiltonian systems, which is closely
connected to the structure matrix J(x) and its integrability conditions (6.33) is
volume-preservation. Indeed, consider the case R(x) = 0, and let us assume that
(6.33) is satisfied with rank J (x) = dim X = n,implying the existence of local coor-

dinates (g, p) such that (see (6.35))
|1 0 I
= [_Ik 0 } (6.79)

with n = 2k. Define the divergence of any set of differential equations
)'c[:Xi(xl,...,x,l), i:l,...,n, (680)

in a set of local coordinates xi, ..., x, as

divX)@) = OX; x) (6.81)
i=1

> o

Denote the solution trajectories of (6.80) from x(0) = xo by x(#; xo) = X' (xp), ¢ > 0.
Then it is a standard fact that the maps X’ : R” — IR" are volume-preserving, that
is,

ox’
det |:—(x):| =1, forallx, 7z > 0, (6.82)
Ox
if and only if div(X)(x) = O for all x. Returning to the Hamiltonian dynamics
) OH
x=Jx)— ), (6.83)
Ox

with J given by (6.79) it is easily verified that the divergence in the (g, p)-coordinates
is everywhere zero, and hence the solutions of (6.83) preserve the standard volume
in (g, p)-space. In case rank J(x) < dim X" and there exist local coordinates (g, p, s)
as in (6.35), then the divergence is still zero, and it follows that the Hamiltonian
dynamics (6.83) preserves the standard volume in (g, p, s)-space, with the additional
property that on any (invariant) level set
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Fig. 6.6 LC-circuit
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the volume in (g, p)-coordinates is preserved.

Example 6.4.5 (LC-circuit) Consider the LC-circuit (see Fig. 6.6) consisting of two
inductors with magnetic energies H(¢1), H2(¢2) (¢ and ¢, being the magnetic
flux linkages), and a capacitor with electric energy H3(Q) (Q being the charge). If
the elements are linear then H, () = igﬁ, Hy(p)) = i@% and H3(Q) = 7:0°.
Furthermore, V = u denotes a voltage source. Using Kirchhoff’s current and voltage
laws one immediately arrives at the port-Hamiltonian system formulation

. OH
(0] 01-1 29 0
gi|=]-100 S+ 1 |u (6.85)
3 1 00 OH 0
[— 75
J
OH .
y (= current through first inductor)

~ 9

with H(Q, o1, o) := Hi(¢1) + H2(2) + H3(Q) the total energy. Clearly, the
matrix J is skew-symmetric, and since J is constant it trivially satisfies (6.33). The
quantity ¢ + > (total flux linkage) can be seen to be a Casimir function. The volume
in (Q, ¢1, 2)-space is preserved.

Finally, let us comment on the implications of the port-Hamiltonian structure
for the use of Brockett’s necessary condition for asymptotic stabilizability. Loosely
speaking, Brockett’s necessary condition [51] tells us that a necessary condition
for asymptotic stabilizability of a nonlinear system x = f(x, u), f(0, 0) = 0, using
continuous state feedback is that the image of the map (x, u) — f(x, u), for x and
u arbitrarily close to zero, should contain a neighborhood of the origin. Applica-
tion to input-state-output port-Hamiltonian systems leads to the following necessary
condition for asymptotic stabilizability.

Proposition 6.4.6 Consider the input-state-output port-Hamiltonian system (6.3)
with equilibrium x,. A necessary condition for asymptotic stabilizability around x
is that for every ¢ > 0
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Ui llx—xol <z} (im [J(x) — R(x)] +im [G(x) — P(x)]) = R" (6.86)

As an application of this result, we note that the port-Hamiltonian system (6.48)
arising from a mechanical system with kinematic constraints does never satisfy the
necessary condition (6.86). Indeed, by the specific forms of J, R = 0, and g, see
(6.48) and (6.49),

im[J(x) — R(x)] +im [G(x) — P(x)] C im [Si)q)} + im [I(ik] (6.87)

where rank S(q) = n — k, g € Q. After possibly reordering the rows of S(g) we may
without loss of generality assume that

| Si(g)
S(g) = [ Sz(q)] (6.88)

with the (n — k) x (n — k) matrix S,(g) of full rank n — k in a neighborhood of the
equilibrium position vector of interest, and therefore the rows of S} depending on the

rows of S;. It follows that vectors of the form with 0 the (n — k)-dimensional

*
o)
zero-vector, can not be in the image of S(¢g), and hence not in im [J(x) — R(x)] +
im [G(x) — P(x)]. Hence,

Corollary 6.4.7 Mechanical systems with kinematic constraints (6.48) are not
asymptotically stabilizable using continuous feedback.

For holonomic kinematic constraints this is not surprising, since in this case we should
first eliminate the conserved quantities g,—k+1- - - - , g, as in (6.39) from the system
(6.48). However, since for nonholonomic kinematic constraints such an elimination
is not possible, the above observation indeed entails an important obstruction for
asymptotic stabilization” of mechanical systems with nonholonomic constraints.

For a further discussion of the dynamical properties of port-Hamiltonian systems,
we refer to the extensive literature on this topic; see the references quoted in the
Notes at the end of this chapter. Still another use of the port-Hamiltonian structure
will be provided separately in the next section.

6.5 Shifted Passivity of Port-Hamiltonian Systems

In many cases of interest, the desired set-point of a port-Hamiltonian system is not
equal to the minimum of the Hamiltonian function H (an equilibrium of the system
for zero-input), but instead is a steady-state value corresponding to a nonzero constant

2However, asymptotic feedback stabilization using discontinuous or time-varying feedback may
still be possible.
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input. (We already encountered the same scenario in Chap. 4 in the context of passive
systems.) This motivates the following developments.

Proposition 6.5.1 Consider an input-state-output port-Hamiltonian system with
feedthrough terms (6.3), together with a constant input u with corresponding steady-
state x determined by

OH
0=[JX) —R®] 2y O HIG®) —PM]u (6.89)

Denote
y=[GX) + P(x)] —(x) + M) +Sx)]u (6.90)

Suppose we can find coordinates x in which the system matrices J(x), M (x),
R(x), P(x), S(x), G(x) are all constant. Then the system can be rewritten as

i=[J— R4 (x)+[G Pl (u—u)

Tax (6.91)
y=y=I[G+P]" FEx) +[M+S](u—u
with respect to the shifted Hamiltonian® defined as
— O'H _ _ _
H;(x) .= H(x) — X)(x—Xx)—H(X) (6.92)
X

If H is convex in the coordinates x, then ﬁ has a minimum at x = x (with value 0),
and the port-Hamiltonian system is passive with respect to the shifted supply rate
s(u,y) = (u— )" (y — y), with storage function H*

Proof Observe that

OH OH
=—w - — 6.93
Ee (x) Ee () (6.93)
Adopting the shorthand notation z = %—i’ (x)and z = %—ZI (x), we obtain

40 =~ 2" [U ~ Rz + (G — Pyl
=@—"[(J-R (-2 +(G—P)u—i)

~[c-2" w-n'] [ ] [(u ))] + -0y -3 (6:94)
< - (-

showing passivity with respect to the shifted supply rate (u — )T (y — ). Finally,
H;(x) = 0 and convexity of H is equivalent to

3Note that the function Hy admits the following geometric interpretation. Consider the surface in
R™*+! defined by H, and the tangent plane at the point (¥, H(x) € IR” to this surface. Then Hx (x) is
the vertical distance above the point x € R” from this tangent plane to the surface.
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O'H _ _ _ _
" xX)(x —x) + H(x), forall x, x, (6.95)

H(x) >

implying that H:(x) > 0, x € X. O

Recall from Chap. 4, cf. (4.159), that the property of being passive with respect to the
shifted supply rate (u — )7 (y — ¥) is referred to as shifted passivity. It follows from
Proposition 6.5.1 that with constant system matrices J, M, R, P, S, G and a convex
Hamiltonian H the input-state-output port-Hamiltonian system with feedthrough
term is shifted passive with respect to any constant u for which there exists a steady-
state x (and corresponding y).

Remark 6.5.2 The function I?I;(x), regarded as a function of x and X, is known in
convex analysis as the Bregman divergence or Bregman distance. It also appears
as the availability function in thermodynamics (dating back to the classical work
of Gibbs [113]), and was introduced in the present context in [146]. Note that the
definition of fl;c (as well as the notion of a convex function) depends on the choice
of coordinates x for the state space X.

Example 6.5.3 Consider the model of a power network formulated in Example 4.4.4;
see (4.87). Identifying the Hamiltonian with the storage function already defined* in
(4.88)

1
Hg,p) = 5p"1"'p — Zw cos g, (6.96)
j=1

the system takes the port-Hamiltonian form
AR CRAl AR
pl =D —A] | %g.p| " L (6.97)
= 9g. p)

The steady-state (g, p) corresponding to constant input « is determined by

0=D"%(,p)

0=D%G,p) +A%H G, p) + i (698)

Assuming the graph to be connected the first equation leads to %—H (g, p) = lw,, with
w, € R a common frequency deviation. Furthermore, by premultiplying the second
equation by the row-vector 17 of all ones,

N N
O=w, > Ai+ D i, p=Jlw, (6.99)
i=1 i=1

“4The matrix J in the Hamiltonian refers to the inertia of the generators; not to be confused with the
Poisson structure.


http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_4
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determining w,, and thus p, as a function of the total generated and consumed power
> u;. Finally, the steady-state vector g of phase angle differences is determined by

ZN
0 =DI'Sing — A1 =& ZiztMi g (6.100)

i:l i

(Note that by boundedness of the mapping Sin this does not have a solution for large
u.) Defining the shifted Hamiltonian as in (6.92) yields

Hj)(q.p) = 50 = P)TT7(p = p) — 21,7 cos g
M . - M _ (6.101)
= 2= 80 gi(g; — §j) + 2217 €08 ¢
It follows that the system is shifted passive with respect to the shifted supply rate
(u—u)" (y — y) and storage function H ), with y = %—1;(51,13) =J"1p = 1lw,.

If no coordinates exist in which the matrices J(x), M (x), R(x), P(x), S(x), G(x) are
all constant, the analysis for nonzero u becomes much harder. Define the combined
interconnection and resistive structure matrix

(6.102)

K(x) := —J(x) + R(x) —G(x) + P(x)
TUGT(x) +PT(x) M(x)+ S(x)

Proposition 6.5.4 Consider an input-state-output port-Hamiltonian system with
feedthrough terms (6.3), and a steady-state triple u, x, y. Then the system is shifted
passive with storage function Hy if’

15) 0.
[0 H(x) — ZH(3) " —aT] (K(x)[ H(x)] —K(fc)[ H(x)]) >0 (6.103)

for all x, u.
Proof By direct computation of < H;C, see [97]. ]

Furthermore, shifting with respect to constant inputs u can still be done if the input
matrix g(x) of the port-Hamiltonian system (6.1) satisfies the following integrability
condition with respect to the combined geometric structure J (x) — R(x). Assume that
for each j-th column g; (x) of the input matrix g(x) there exists a functionC; : X — R
such that

g () = —[J(x) — R(x)] ’(x) j=1,....m (6.104)

Then for any constant #, the dynamics of the port-Hamiltonian system (6.1) can be
rewritten as

3Since K (x) + KT (x) > 0 the condition (6.103) is automatically satisfied in case K does not depend
on x.
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) OH )
I =@ = R@T5-() + 90w — ), (6.105)

with ”
H(x) := H(x) — ZFj(x)ﬁj (6.106)

J=1

(In case of constant matrices J, R, g one verifies that H x) = f];, where x is the
steady-state corresponding to u.) However, in general this does not imply passivity
with respect to the shifted supply rate (u — ir)” (y — ¥), with ¥ the steady-state output
value. Nevertheless, the condition is useful especially in case part of the inputs can be
considered as constant “disturbances” u, with remaining other inputs v corresponding
to the dynamics

H
x=[J(x) —R(x)] %—x(x) + b(x)v + gx)u (6.107)

for some input matrix b(x). In this case, satisfaction of (6.104) allows one to rewrite
the system as

%= [J(x) — R()] %—Z(x) +b(x)v (6.108)

which is port-Hamiltonian with respect to the inputs v and corresponding outputs
=" % (x).

Finally, let us come back to the notion of the steady-state input—output relation as
defined in Chap. 4, cf. (4.31). In the port-Hamiltonian case, one obtains the following

result

Proposition 6.5.5 Consider an input-state-output port-Hamiltonian system with
feedthrough terms (6.3). Its steady-state input—output relation is given as

(@) ] IFst. 0= [J®) — ROIFE® +[GE) — P®)]a, (6.109)
y=[6GE + PO ) + [ME) + S()]i } '

In particular, if [J(X) — R(X)] is invertible, the steady-state input—output relation is

given as the graph of the mapping (from uto'y)

y=—-[G® +P®1I" J&) — R®) ' [GF) — P®)]i + [M&) + S
(6.110)
which is linear in case the matrices J, R, G, P, M, S are all constant.

Note that the matrix in (6.110) is equal to the Schur complement of the matrix K (x)
defined in (6.102) with respect to its left-upper block. Since the symmetric part of
K(x) is > 0, this Schur complement inherits the same positivity property.

Proposition 6.5.5 can be extended to input-state-output port-Hamiltonian systems
with nonlinear resistive structure as in Definition 6.1.4. For example, the steady-state
input—output relation corresponding to the port-Hamiltonian system
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. OH
i=-R@+u y=z z=—-% (6.111)
Ox
with the nonlinear resistive mapping R satisfying (6.7), is given by

{@,y) | u=RH»} (6.112)

provided for each u there exists a steady-state x such that u = R(%—i’ (x)).

6.6 Dirac Structures

In Chap. 3, the definition of dissipativity was extended to differential-algebraic equa-
tion (DAE) systems F'(x, x, w) = 0, with w denoting the vector of external variables
(inputs and outputs).

Similarly, in this and the next section we show how the definition of input-state-
output port-Hamiltonian systems can be extended to the DAE case. This extension
is crucial from a modeling point of view, since first principles modeling of physical
systems often leads to DAE systems. This stems from the fact that in many modeling
approaches the system under consideration is naturally regarded as obtained from
interconnecting simpler subsystems. These interconnections often give rise to alge-
braic constraints between the state space variables of the subsystems; thus leading
to DAE systems.

The key to define port-Hamiltonian DAE systems is the geometric notion of a
Dirac structure, formalizing the concept of a power-conserving interconnection, and
generalizing the notion of an (almost-)Poisson structure matrix J(x) as encountered
before.

Let us return to the basic setting of passivity (see Chap. 2), starting with a finite-
dimensional linear space and its dual, with the duality product defining power. Thus,
let F be an ¢-dimensional linear space, and denote its dual (the space of linear
functions on F) by £ := F*. We call F the space of flows f, and £ the space of
efforts e. On the product space F x &, power is defined by

<elf>, (f,e)eF xE, (6.113)

where < e | f > denotes the duality product, that is, the linear function e € £ = F*
actingonf € F.

Remark 6.6.1 Recall from Chap. 2 that if F is endowed with an inner-product struc-
ture <, >, then £ = F™* can be identified with F in such a way that < e | f >=
<e,f> feF, ecExF.

Example 6.6.2 Let F be the space of generalized velocities, and £ = F* the space of
generalized forces, then < e | f > is mechanical power. Similarly, let 7 be the space
of currents, and £ = F* be the space of voltages, then < e | f > is electrical power.
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In multi-body systems one considers the space of twists F = se(3) (the Lie algebra
of the matrix special Euclidian group SE(3)), with & = F* = se*(3) the space of
wrenches.

As already introduced in Sect. 2.4, there exists on F x & a canonically defined sym-
metric bilinear form

L (fi,e1), (fh.e) >=<e | o>+ <e|fi > (6.114)
forf; e F, e; € £,i = 1,2. Now consider a subspace
DCFxE (6.115)

and its orthogonal companion D+ with respect to the bilinear form <, > on F x &,
defined as

DL ={(f.e) e FxE|K (f,e), (f,&) »=0forall (f,&) e D}  (6.116)

Clearly, if D has dimension d, then the subspace DL has dimension 2dim F — d
(since <, >> is a non-degenerate form on F x &, and furthermore dim F x £ =
2dim F).

Definition 6.6.3 A subspace D C F x & is a (constant) Dirac structure if
D =7D" (6.117)

It immediately follows that the dimension of any Dirac structure D is equal to dim F.
Furthermore, let (f,e) € D = DAL Then by (6.114)

0=<(f,e),(f,e)>»=2<el|f>=0 (6.118)

Hence, a Dirac structure D defines a power-conserving relation between the variables
(f,e) € F x &. Conversely, we obtain

Proposition 6.6.4 Let F be a finite-dimensional linear space. Then D C F x € is
a Dirac structure if and only if < e | f >= 0 forall (f, e) € D, and D is a maximal
subspace with this property. In particular, for any subspace D C F x & satisfying
<el|f >=0forall (f,e) € D we have dim D < dim F, while D satisfying < e |
f>=0forall (f,e) € D is a Dirac structure if and only if dim D = dim F.

Proof First, consider any subspace D C F x & satisfying < e | f >= 0 for all
(f,e) € D. Let (f1, e1), (f2, e2) € D. Then also (f; + f>, e1 + e2) € D, and thus

O=<e+elfith>=
<el|lp>+<ealfi>+t<elfi>+<elh>= (6.119)
<e|lfhi>+<elfi>=<KL({i,e), (h,e) >
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Hence, D C D, In view of (6.118), we have thus proved that < ¢ | f >= 0 for
all (f,e) € D if and only if D C D*. Furthermore, D C D implies dim D <
dim D+ = 2dim F — dim D, and hence dim D < dim F. Conversely, if dimD =
dim F then D = D, and D is a Dirac structure. Hence, we have proved the second
claim, and the “only if”” direction of the first claim using (6.118). For the “if”’ direction
of the first claim we use again that < e | f >= 0 forall (f, e) € D implies D C D,
Now suppose that D C D, Then we can non-trivially extend D to a subspace D’
such that D’ ¢ DL, and thus D is not maximal. O

Remark 6.6.5 The condition dim D = dim F is intimately related to the statement
that a physical interconnection can not determine at the same time both the flow and
effort (e.g., current and voltage, or velocity and force).

Constant Dirac structures admit different matrix representations.

Proposition 6.6.6 Let D C F x &, with dim F = £, be a constant Dirac structure.
Take linear coordinates for F and dual coordinates for € = F*, resulting in F ~
R™ >~ &£. Then D can be represented in any of the following ways.

1. (Kernel and Image representation)
D=A{(f,e) e F x&E| Ff + Ee =0} (6.120)
for £ x £ matrices® F and E satisfying

(i) EFT +FET =0

. (6.121)
(ii) rank [F:E] = ¢
Equivalently in image representation,
D={(f.e)e FxE|INeR s.t.f =ETX, e=FT)\} (6.122)

Conversely, for any £ x £ matrices F and E satisfying (6.121), the subspaces
(6.120) and (6.122) are Dirac structures.
2. (Constrained input—output representation)

D={(f,e) e FxE|IMstf=Jet+G\ Gle=0) (6.123)

for an £ x € skew-symmetric matrix J, and a matrix G such that im G = {f |
(f, 0) € D}. Furthermore, kerJ = {e | (0, e) € D}. Conversely, for any G and
skew-symmetric J the subspace (6.123) is a Dirac structure.

3. (Hybrid input—output representation).
Let D be given as in (6.120). Suppose rank F = £' < £. Select £' independent

%We may also allow F and E to be I x [ matrices with / > [, and satisfying (6.121). This is called
a relaxed kernel representation.
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columns of F, and group them into a matrix F'. Write (possibly after permutations)

. . 1 1
F = [F':F?], and correspondingly E = [E":E?), f = |:§21| ,e= [22]. Then the

matrix [F! EEZ] can be shown to be invertible, and

R e

where J := —[FV:E2)"'[F2E"] is skew-symmetric. Conversely, for any skew-
symmetric J the subspace (6.124) is a Dirac structure.

4. (Canonical coordinate representation)
There exist linear coordinates (q, p, r, s) for F such that in these coordinates and
dual coordinates for £ = F*, (f, e) = (fy, fo, [r: [ss €4, €p, €1, €5) € D if and only
if

{;f _ 8””2’ — (6.125)

Proof (1) It is directly checked that (6.122) defines a Dirac structure. Since by
T .
(6.121) im [?T} = ker [F:E], also (6.120) defines the same Dirac structure. Con-
ET
versely, any ¢-dimensional subspace D can be written as D = im |: FT] for some

¢ x £ matrices F, E satisfying rank [F:E] = £. If D is a Dirac structure then 0 =
elf = (FTA)TETX = AXTFET M forall A € R®. Thisis equivalentto EFT + FET = 0.
(2) Consider D given by (6.123) withJ = —J7. Thene’f = e” (Je + G)\) = e Je +
"G\ = (GTe)TA = 0. Hence, D C DL. Let now (f,) be such that 0 =<
(f,e), (f,&) > forall (f,e) € D, ie.,f = Je + G\, GTe = 0. Then

0=ef+e'f=ef+2e" (Je+GN
for all A and e with G"e = 0. First take e = 0. Then 0 = &' G\ for all \, implying
that G'¢ = 0.Hence,0 = ¢’ + &' Je = ¢’ (f — J2) foralle with G" e = 0, implying
that f = Jé + G\, for some A. Thus D~ C D, and therefore D+ = D. On the other
hand, take any Dirac structure D C F x £. Define the following subspace of £
Ep={ee&|Ifst(f,e) e D} (6.126)
It can be checked that

Ep=1{f € F|(f.0) € D}, (6.127)

where * denotes orthogonality with respect to the duality product < | >. Furthermore,
select any subspace £p complementary to Ep C &, i.e.,
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E=Ep@ép

Define any matrix G such that £p = ker G. Define the linear map J : £ — F as
follows. Define J to be zero on Ep. In view of (6.127), there exists for any e € Ep a
uniquef € € suchthat (f, e) € D.DefineJe = f.Since (f, ¢) € Dwehavee’f =0,
implying skew-symmetry of J. It is readily checked that D is given as in (6.123).
(3) By skew-symmetry of J it directly follows that D defined by (6.124) is a Dirac
structure. With regard to all remaining statements, see [47].

(4) See [72]. ]

Remark 6.6.7 One may also convert any matrix representation into any other one.
For example, start from a Dirac structure D given in constrained input—output repre-
sentation (6.123). Define G as a matrix of maximal rank such that G*G = 0 and
with independent rows. Then D is equivalently given in kernel representation as

_ L 1
D={(f,e)|[ OG }f+[GGTJ}e:O} (6.128)

Example 6.6.8 The combination of Kirchhoff’s current and voltage laws for an
electrical circuit constitute an example of a constrained input—output representation
(6.123) of a Dirac structure. Let F be the space of currents / through the edges of
the circuit graph, and £ = F* the space of voltages V across the edges. Let D be the
N x M incidence matrix of the circuit graph (N nodes/vertices, M branches/edges).
Then Kirchhoff’s current and voltage laws define the Dirac structure

D:={U,V)e RY" xRM | DI = 0,3\ e RV s.t. V = DT \}, (6.129)

which is in constrained input—output representation (6.123), with / =0 and G =
DT, Defining a matrix E such that im DT = ker E one obtains the relaxed kernel
representation DI = 0, EV = 0.

Given a Dirac structure D C F x &, one can define the following subspaces of F,
respectively, &,

Go:={f€F|(f,0) €D}

G :={feF|Ieecfst (f,e) e D}

Po:={ec&]|(0,e) € D} (6.130)
Pri={ec& |3 € Fst.(f,e) € D}
It can be readily checked that
_cl._ —
Po=Gi:={ecl|<el|f>=0, Vf € Gy} 6.131)

Pr=Gy:={ecf|<elf>=0, Vf € Gy}
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With D expressed in kernel/image representation (6.120), (6.122) one obtains

G =%m E;, Po = ker E 6.132)
P =im F', Gy =kerF

The subspace G; expresses the set of admissible flows f, and P; the set of admissible

efforts e. The first subspace will turn out to be instrumental in the determination of

the Casimirs of a port-Hamiltonian DAE system in the next section, and the second

subspace in the characterization of its algebraic constraints.

Another key property of Dirac structures is the fact that the composition of Dirac
structures is again a Dirac structure. In the next section, this will lead to the fun-
damental property that any power-conserving interconnection of port-Hamiltonian
DAE systems defines another port-Hamiltonian DAE system. We will start by show-
ing that the composition of two Dirac structures is again a Dirac structure. This
readily implies that the power-conserving interconnection of any number of Dirac
structures is a Dirac structure.

Thus let us consider a Dirac structure Dy C F; X F> x & X &, and another
Dirac structure Dy C F> x F3 x & x &;. The space JF; is the space of shared flow
variables, and &, is the space of shared effort variables; see Fig.6.7.

Consider the interconnection equations (the minus sign included for a consistent
power flow convention)

fa=—feeF, ea=epc&h (6.133)

Then the composition Dy o Dp of the Dirac structures D4 and Dpg is defined as

DA ODBZZ{(f1,€],]%,€3) (S} .7:1 X 51 X .7:3 X (‘:3 | 3(fz,€2) (S Fz X 52

(6.134)
s.t. (fi, e1, fo, e2) € Dy and (—f2, e2,f3, €3) € DB}

The next theorem is proved in [63].

Theorem 6.6.9 Let Dy C Fi x&E X Fox&E and Dy CFr x E x Fz X &
be Dirac structures. Then Dy o Dy C F x £ X F3 x & is a Dirac structure.

(We refer to the next Sect.6.7, see in particular (6.165), how this extends to the
composition of multiple Dirac structures.) The following explicit expression can be
given for the composition of two Dirac structures in terms of their kernel/image
representation.

fi fa /B f3
Dy | . | D=

€1 €A €B €3

Fig. 6.7 The composition of D4 and Dp
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Proposition 6.6.10 Consider Dirac structures Dy C F1 x & X Fp x £, Dg C F> X
& x F3 x &, given in combined kernel representation

il
€]
Fi Ey Foy Eoy 00 f2 B

|:0 0 —Fyp Exp F3 E3] e =0 (6.135)

f

| €3

Then define _
Fox Enp

M= 6.136
|:_F2B Esp | ( )

and let Ly, Lg be matrices such
L:[LA LB], kerL =im M

Then a relaxed kernel representation of Dy o Dp is obtained by premultiplying
(6.135) by the matrix L, resulting in

LAF]fl +LAE1€1 —|—LBF3f3 +LBE3€3 = 0

In many cases of interest, the notion of a constant Dirac structure D C F x &, with
F and £ = F* linear spaces, is not sufficient for modeling purposes. We already
observed this for input-state-output port-Hamiltonian systems, where the matrices
J,R,P,S, M in (6.3) were allowed to be state-dependent. Furthermore, in many
examples the state space X is not a linear space, but instead a manifold. In particular,
this often occurs for 3-D mechanical systems. In such cases, the notion of a con-
stant Dirac structure given in Definition 6.6.3 needs to be extended to the following
definition of Dirac structures on manifolds.

Definition 6.6.11 Let X be a manifold. A Dirac structure D on X is a vector sub-
bundle of the Whitney sum’ 7X @ T*X such that

D(x) C T X x T*X

is for every x € X a constant Dirac structure as before.

Simply put, a Dirac structure on a manifold & is point-wise (for every x € X)) a
constant Dirac structure D(x) C T\ X x T} X.

Most of the preceding theory concerning constant Dirac structures can be extended
to Dirac structures on manifolds. In particular, the kernel and image, constrained

7The Whitney sum of two vector bundles with the same base space is defined as the vector bundle
whose fiber above each element of this common base space is the product of the fibers of each
individual vector bundle.
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input—output, and hybrid input—output representation of Proposition 6.6.6 carry over
to the case of a Dirac structure on a manifold; the difference being that the matrices
involved may be depending on x, and that the representations may exist only locally
on the state space manifold X

In particular, given a Dirac structure D on a manifold X and any point xp € X
there exists a coordinate neighborhood of x( such that for x within this coordinate
neighborhood

D(x) = {(f.e) € T.X x T*X | F&)f + E(x)e = 0} (6.137)

for £ x £ matrices F(x) and E(x) satisfying

EX)FT(x) + F)ET(x) =0, rank[F(x):E(x)] = ¢, (6.138)
or equivalently,
D) ={(f,e) e X XTX |f=E"(x)\, e=F ()N, A e R} (6.139)

Conversely, for any £ x £ matrices F'(x) and E(x) satisfying (6.138), the subspaces
(6.137) and (6.139) define locally a Dirac structure on X.
Furthermore, D may be locally represented as

Dx)={(f.e) e ,X X T X | I st.f=Jx)e+ Gx)A, GT(x)e = 0},
(6.140)

for an € x £ skew-symmetric matrix J(x), and a matrix G(x). Conversely, for any
G (x) and skew-symmetric J (x) (6.140) defines locally a Dirac structure.

Finally, starting from (6.137) we may locally split the flows f and e, and corre-
spondingly F(x), E(x), in such a way that

1 1 1 1
D) = {(f.e) € TLX x T*X = I[H , [22} | [];2} = J(x) [;2“ (6.141)

where J(x) := —[F(x)":E(x)2] ' [F(x)%:E(x)"] is skew-symmetric. Conversely, for
any skew-symmetric J(x) as above (6.141) defines locally a Dirac structure.

On the other hand, the canonical coordinate representation (6.125) is not always
possible for a Dirac structure D on a manifold &". In fact, analogously to the inte-
grability conditions (6.33) characterizing J(x) to be a Poisson structure for which
canonical coordinates as in (6.35) can be found, one can formulate integrability
conditions on D which (together with a constant rank assumption) are necessary
and sufficient for the local existence of canonical coordinates representing D as in
(6.125). We refer to the Notes at the end of this chapter for further information.
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The subspaces Gg, G, Py, P, defined for a constant Dirac structure in (6.130)
generalize for a Dirac structure D on X to the distributions, respectively,
co-distributions, on X

Go(x) :={f e T.X | (f,0) € D(x)}
Gix):={feT X |deeTXst(f,e) € D(x)}
Pox) :={e e TrX | (0,e) € D(x)}
Pix) ={eeT:X |3 e T\ X st (f,e) € D(x)}

(6.142)

The integrability of the distributions Gy, G| and co-distributions Py, P; on X is
implied by the integrability of the Dirac structure D; see again the Notes at the end
of this chapter.

Also, the theory regarding composition of constant Dirac structures can be
extended to Dirac structures on manifolds; we refer to the next section for the appro-
priate setting.

6.7 Port-Hamiltonian DAE Systems

From a network modeling perspective (see also the Notes at the end of this chapter),
lumped-parameter physical systems are naturally described by a set of ideal energy-
storing elements, a set of energy-dissipating or resistive elements, and a set of external
ports by which interaction with the environment can take place. All of them are
interconnected to each other by a power-conserving interconnection, see Fig. 6.8.
This power-conserving interconnection includes ideal power-conserving elements
such as (in the electrical domain) transformers, gyrators, or (in the mechanical
domain) transformers, kinematic pairs, and kinematic constraints. Power-conserving
elements do not store energy, nor dissipate energy, but instead route the energy flow.
Associated with the energy-storing elements are state variables xi, ..., x,, being
coordinates for some n-dimensional state space manifold X, and a total energy H :
X — . The power-conserving interconnection is formalized by a Dirac structure

Fig. 6.8 Port-Hamiltonian
DAE system

resistive

elements

power- ports

energy-
storing
elements

conserving environment

interconnection
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relating the flows and efforts of the energy-storing, energy-dissipating elements and
external ports

Dx) CT X XTIX x Frx Eg x FpxEp, x€X, (6.143)

where (fs, es) € T, X x T} X are the flows and efforts of the energy-storing elements,
(fr, er) € Fr x &g are the flows and efforts of the energy-dissipating elements, and
finally (fp, ep) € Fp x Ep are the flows and efforts of the external ports.

Remark 6.7.1 Geometrically, D is a Dirac structure on the manifold X x Fp x
Fp, which is invariant under translation along Fg, Fp directions, and therefore only
depending on x € X'. See also [41, 218].

In the case of a linear state space X and a constant Dirac structure D, the expression
(6.143) simplifies to

DC FgxE xFpxEpxFpxEp (6.144)

where Fg = X, &g = A*. The equally dimensioned vectors of flow variables and
effort variables of the energy-storing elements are given as

0 =%0, Maw), rer (6.145)
x(t) = — —(x(2)), , .

dt " Ox
which are equated with f, es by®

fs=—x
o (6.146)

Furthermore, fz, eg are related by a (static) energy-dissipating (resistive) relation,
which can be any subset R C Fr x &g, satisfying the property

epfr <0, forall (f,eg) € R (6.147)

This leads to the following.

Definition 6.7.2 A port-Hamiltonian DAE system is defined by a Dirac structure D
as in (6.143), a Hamiltonian H : X — IR, and an energy-dissipating relation R C
Fr x Eg satisfying (6.147). The dynamics is given by the requirement that for all
telR
(_Z_/:(t)a %_I;Cl(x(t))afR(t)v eR(t)sfP(t)» €P(t)) € D(x(t)) (6148)
(1), er(1) € R

It is directly verified that this definition includes the definitions of input-state-output
port-Hamiltonian systems as given before, cf. (6.1), (6.3), (6.6), (6.15), as special

8The minus sign is inserted in order to have a consistent power flow convention.
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cases (with inputs u and outputs y given by (fp, ep). However, in general Definition
6.7.2 entails algebraic constraints on the state variables x.

By the power-conservation property of a Dirac structure (6.118) and (6.147), any
port-Hamiltonian DAE system satisfies the energy-balance

B x(t) = < B x@) | 1(t) >=

= eTfp(t) + L (1)fp (1) < L (Ofp (D). (6.149)

as was the case for input-state-output port-Hamiltonian systems. Thus port-
Hamiltonian DAE systems are cyclo-passive with respect to the supply rate ehfp,
and passive if H is bounded from below.

The algebraic constraints that are present in a port-Hamiltonian DAE system
are determined by the distribution P, defined by D (cf. (6.142)), as well as by the
Hamiltonian H. In fact, the condition

OH
(g(x), eRr, eP) e Pix), xe X, (6.150)

may entail algebraic constraints on the state x.
On the other hand, the Casimir functions C : X — R of the port-Hamiltonian

DAE system (6.148) are determined by the distribution G1. Indeed, 9¢ = 2€ (x)i =

0if and only ‘%—XC (x)fs = Ofor all fs for which there exists fz, fp such that (fs, fz, fr) €
G (x). Furthermore, C is a Casimir for fp = 0 if and only if %(x)fg = 0 for all fs
for which there exists fg such that (fs, f, 0) € G (x).

Definition 6.7.2 is a geometric, coordinate-free, definition. Equational represen-
tations of port-Hamiltonian DAE systems are obtained by choosing a coordinate
representation of the Dirac structure D as in (6.143). In case the Dirac structure D
is given in kernel representation

D) = {(fs. fr. fp, es, er, ep) | Fs(x)fs + Es(x)es+

6.151
Fr(fi + Ex(x)ex + Fp()fp + Ep(x)ep = 0} (650
for matrices Fs(x), Es(x), Fr(x), Er(x), Fp(x), Ep(x) satisfying
(i) EsFI + FsEY + ERFY + FRE}Y + EpF} + FpEL =0
(6.152)

(i) rank [FSEFREFPEESEEREEP} =dimF

this leads to the following specification of algebraic constraints and Casimirs. With
respect to the algebraic constraints, we notice that

es € im F{ (x), (6.153)
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implying the algebraic constraints
OH ) T
—(x) € im F§ (x) (6.154)
Ox
With respect to the Casimirs we notice that
fs € im E{ (x), (6.155)

implying that C : X — IR is a Casimir function if and only if ‘fi—f(x(t)) = ag—xc(x(t))
x(t) = 0 for all x(¢) € im EST(x(t)). Hence, C is a Casimir of the port-Hamiltonian
DAE system (6.148) if and only if it satisfies the set of pde’s

E 2l =0, xex (6.156)
Ox

Finally, C is a Casimir function for fp = 0 if and only if %€ (x)Es(x)A = 0 for all A
such that EX (x)\ = 0. As a result, C is a Casimir function for fp = 0 if and only if
it satisfies the conditions

Es(x)g—f(x) €im Ep(x), xe X (6.157)

Example 6.7.3 Consider the LC-circuit of Example 6.4.5 without voltage source
(V = 0), and where the two inductors are replaced by two capacitors with charges
01, 0>, and dually the capacitor is replaced by an inductor with flux linkage . This
does not change the Dirac structure (determined by Kirchhoff’s current and voltage
laws). However, while the original LC-circuit has a Casimir ¢ + ¢, in the present
LC-circuit there is the algebraic constraint

OH OH
8—Q](Q1,Q2»¢)+ 8—Q2(Q17Q2,s0) =0 (6.158)

constraining the state variables Q;, Q>.

Example 6.7.4 The constrained Hamiltonian equations (6.42) can be viewed as a
port-Hamiltonian DAE system, with respect to the Dirac structure D given in con-
strained input—output representation (6.123) as

D = {(fs,fp, es, ep) | 0 = AT (q)es, ep = BT (g)es,

(6.159)
0 I, 0 0
—fs = |:_In O]es+ [A(q)}/\_'_ [B(q)]fp’ A e RY
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The kinematic constraints correspond to the following algebraic constraints on the
state variables (g, p)

OH
0= AT(Q)%(CI,p), (6.160)

while the Casimir functions C for u = 0 are determined by the equations

orc
6—(5])@ =0, forall g satisfying A” ()¢ =0 (6.161)
q

Hence, finding a Casimir function amounts to (partially) integrating the kinematic
constraints A7 (¢)¢g = 0. In particular, if the kinematic constraints are holonomic,
and thus can be expressed as in (6.38), then ¢,,_¢+1, . . . , g, generate all the Casimir
functions.

The results concerning composition of Dirac structures as treated in the previous
Sect. 6.6 imply that any power-conserving interconnection of port-Hamiltonian sys-
tems is again a port-Hamiltonian system. Indeed, let us consider k port-Hamiltonian
DAE systems specified by Dirac structures

Di(x) CToXi x TEX; x Fp x Eg x Fp x Ep, x; € X, i=1,....k (6.162)
together with Hamiltonians and energy-dissipating relations
H:X—>R, RiCFypxE i=1,...k (6.163)
Furthermore, define an interconnection Dirac structure
Dy CFpxEpx - x FhxEpxFoxEs (6.164)
with 7, & spaces of external flows and efforts. Dy specifies the way the flows and
efforts f3, e, of the composing systems are connected to each other and to the new
external flows and efforts f, e}, in a power-conserving manner. The composition
through the shared flows and efforts in F} x £ x -+ x .7-',’5 X 5;‘, defines a new
Dirac structure
(Dl(xl) X e X Dk(xk)) OD[ C TJ\X X T:X X -7:R X (C:R X .7:163 X gleg (6165)
(note that this amounts to the composition of two Dirac structures), where

XEX =X X XX, FrRi=Fh XX Fk, Epi=Ep x -+ x E& (6.166)

As a result, the interconnected system is again a port-Hamiltonian DAE system on
the product state space X with Hamiltonian H : X — R given as H(x) = H;(x;) +
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-+« 4+ Hp(xt), and with energy-dissipating relation R given as the direct product of
Ri, ..., Ry

Example 6.7.5 (PID control) Consider the standard Proportional-Integral-
Derivative (PID) controller

Ve = kpu. + ky / u.dt + kpii, (6.167)
for certain positive constants kp, k;, kp. Trivially rewriting (6.167) as

kpit, = —kpu, — k,/ucdt + Ve, (6.168)

and defining £ = f u.dt (or equivalently f = u.) and 1) = kpu,, the PID-controller
can be formulated as the linear input-state-output’ port-Hamiltonian system

=15 5]+ D)
[’7 —lke] 3 ! (6.169)

U, = [0 1] I:kkf

with Hamiltonian H.(&, n) = %klfz + ﬁr]z.

Considering any plant input-state-output port-Hamiltonian system as in (6.1)

i =[J@) — RO (x) + gou

1
v = gT )% (x) (6.170)

the closed-loop system arising from standard feedback u = —y,, u. = y with the
PID-controller is given by the port-Hamiltonian DAE system

i =[J(x) = R0 2L (x) + g(x)u

] [0 1 7[k&] [o

1 S N I Y (6.171)
: k&

0=g"@%w —[01] [%]

with total Hamiltonian H (x) + %klfz + ﬁnz. This port-Hamiltonian system is in
constrained input—output representation (6.123), with u acting as a vector of Lagrange
multipliers.

9Note that Y serves as an input to (6.169) and u, as an output, contrary to the intuitive use of a
PID-controller, where u, equals the output of the plant system and —y, is the input applied to the
plant system. This is of course caused by the fact that the D-action involves a differentiation.
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We close this section by indicating two direct extensions from the input-state-
output port-Hamiltonian case to the DAE case. The first concerns shifted passivity.
Consider a port-Hamiltonian DAE system for which we can find coordinates in
which the Dirac structure is constant. Furthermore, assume that the resistive structure
R is linear. A steady-state x, corresponding to steady-state values fR, er, fp, ep, 18
characterized by

OH _ - _ - _ =
(0, E(x)’fR,eR7fP’ep) (S D, (fR,eR) eR (6172)

Using now the linearity of D and R, we can subtract (6.172) from (6.148), so as to
obtain

. . OH OH _
(=x(0), 5 () — 2~ &)
X _ Ox -
Jr(1) = fr, er(t) — e, fp(1) — fp, ep(1) —ep) € D
(fr(t) — fr, er(t) —er) € R

(6.173)

Similar to Proposition 6.5.1, this defines a shifted port-Hamiltonian system with
respect to the same Dirac structure D and resistive structure R, and with Hamiltonian
given by the shifted Hamiltonian function H;, and shifted external port variables
fp —fp,ep —ep.

The second extension concerns the notion of steady-state input—output relation
(4.31). For a port-Hamiltonian DAE system, X this relation is given as

By = {(fp. @) | 3%, fr. g such that (6.174)
((), %—il()_c),fR, ER,fp, ép) € D(x), (fR’ er) € R} ‘

It directly follows that ehfp > 0 for all (fp, 2p) € S,

6.8 Port-Hamiltonian Network Dynamics

Section4.4 already presented a treatment of passive network systems. In this section
we will go one step further, by identifying large classes of network systems as port-
Hamiltonian systems, where the Dirac structure of the network system is determined
by the network interconnection structure.

Let us start with some basic notions regarding graphs, extending the background
already provided in Sect.4.4. Like in Sect.4.4 “graph” throughout means “directed
graph.” Given a graph, we define its vertex space A as the vector space of all
functions from V to some linear space R. In the examples, R will be mostly R = R
in which case Ag can be identified with RY. Furthermore, we define the edge space
A as the vector space of all functions from £ to R. Again, if R = R then A can be
identified with RM. The dual spaces of Ao and A will be denoted by A, respectively,
by A!. The duality pairing between f € Ag and e € A" is given as


http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_4

6.8 Port-Hamiltonian Network Dynamics 155

<fle>=> <f)|ew) >, (6.175)

veV

where < | > on the right-hand side denotes the duality pairing between R and R*.
A similar expression holds forf € A and e € A! (with summation over the edges).

The incidence matrix D of the graph induces a linear map D from the edge space
to the vertex space as follows. Define D: Ay — Ao as the linear map with matrix
representation D ® I, where [ : R — 'R is the identity map and ® denotes the Kro-
necker product. D will be called the incidence operator. For R = R the incidence
operator reduces to the linear map given by the matrix D itself, in which case we will
throughout use D both for the incidence matrix and for the incidence operator. The
adjoint map of D is denoted as

D*: A" - A",

and is called the coincidence operator. For R = R? the coincidence operator is given
by DT ® I3, while for R = R the coincidence operator is simply given by the trans-
posed matrix D', and we will throughout use D’ both for the co-incidence matrix
and for the coincidence operator.

In order to define open network systems we will identify a subset V, C V of
boundary vertices. The remaining subset V; := )V — V), are called the internal vertices
of the graph.

The splitting of the vertices into internal and boundary vertices induces a splitting
of the vertex space and its dual, given as

Ao = Ao ® Agy, A =AY @ AP, (6.176)

where Ag; is the vertex space corresponding to the internal vertices and Ag, the
vertex space corresponding to the boundary vertices. Consequently, the incidence
operator D : A1 — Ay splits as

D = D; ® Dy, (6.177)

with ﬁ,- Ay — Ag; and 5b 1 Ay — Agp. For R = R we will simply write

D;
D= [Db] (6.178)

Furthermore, we define the boundary space A, as the linear space of all functions
from the set of boundary vertices V), to the linear space R. Note that the boundary
space Ay is equal to the linear space Ay, and that the linear mapping D, can be also
regarded as a mapping Dy : Ay — Ap. The dual space of A, will be denoted as A®.
The elements f;, € A, are called the boundary flows and the elements e” € A’ the
boundary efforts.
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A paradigmatic example of a port-Hamiltonian network system is a mass—spring—
damper system. Let us start with mass—spring systems, as already considered in
Chap.4, Example 4.4.5, as an example of a passive network system. Any mass—
spring system is modeled by a graph G with N vertices corresponding to the masses
and M edges corresponding to the springs, specified by an incidence matrix D. For
ease of notation, consider first the situation that the mass—spring system is located
in one-dimensional space R = R, and the springs are scalar. A vector in the vertex
space A then corresponds to the vector p of the scalar momenta of all N masses,
i.e.,p € Ag = R". Furthermore, a vector in the dual edge space A' will correspond
to the total vector ¢ of extensions of all M springs, i.e., g € A = RM.

Next ingredient is the Hamiltonian H : Al x Ay — R, which is the sum of the
kinetic and potential energies of each mass and spring. In the absence of boundary
vertices the dynamics of the mass—spring system is described as

g o o' [%@.p)
N=1_p o ||on , (6.179)
p (@ P)
defined with respect to the constant Poisson structure on the linear state space A!' x
Ao given by the skew-symmetric matrix

J:= [_OD DOT} (6.180)

implicitly already encountered in Sect.4.4; see (4.83).

The inclusion of boundary vertices, and thereby of external interaction, can be
done in different ways. The first option is to associate boundary masses to the bound-
ary vertices. We are then led to the port-Hamiltonian input-state-output system

. OH
q= DTa—(q,P)
p
. OH
p= —Da—(q,P)-i-Efb (6.181)
q
OH
¢ = ETa—(CL p)
P

Here E is a matrix with as many columns as there are boundary vertices; each
column consists of zeros except for exactly one 1 in the row corresponding to the
associated boundary vertex. Furthermore f;, € A, are the external forces exerted (by
the environment) on the boundary masses, and e, € AP are the velocities of these
boundary masses.

A second possibility is to regard the boundary vertices as being massless. In this
case, we obtain the port-Hamiltonian input-state-output system (with p now denoting
the vector of momenta of the masses associated to the internal vertices)


http://dx.doi.org/10.1007/978-3-319-49992-5_4
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. OH
g= D?—p(q,m + Dl

) OH
p= —Dia—(%P) (6.182)
q

OH
fo= Dba—(q,P)
q

with e? € A? the velocities of the massless boundary vertices, and f;, € A the forces
at the boundary vertices as experienced by the environment. Note that in this second
case the external velocities ¢” of the boundary vertices can be considered to be inputs
to the system and the forces f}, to be outputs; in contrast to the previously considered
case (boundary vertices corresponding to boundary masses), where the forces f;, are
inputs and the velocities e” the outputs of the system.

For a mass—spring—damper system the edges will correspond partly to springs,
and partly to dampers. This corresponds to an incidence matrix

D = D, D,], (6.183)
where the columns of D; reflect the spring edges and the columns of D, the damper

edges. For the case without boundary vertices the dynamics of a mass—spring—damper
system with linear dampers takes the form

8H( )
gl_[ 0o D og " (6.184)
p| | —Ds —D4RD} | | OH :
a—(q,l))
4

with R the diagonal matrix of damping coefficients. In the presence of boundary
vertices, we may again distinguish between massless boundary vertices, with inputs
being the boundary velocities and outputs the boundary (reaction) forces, and bound-
ary masses, in which case the inputs are the external forces and the outputs the
velocities of the boundary masses.

The formulation of mass—spring—damper systems in R = R directly extends to
R = IR? using the incidence operator D = D ® I5 as defined before. Furthermore,
the set-up can be extended [298] to multi-body systems and spatial mechanisms
(networks of rigid bodies in R? related by joints) by considering the linear space
R :=se*(3), the dual of the Lie algebra of the Lie group SE(3) describing the
position of a rigid body in R3. Finally we note that other examples like hydraulic
networks are analogous to mass—spring—damper system; see e.g., [287].

Remark 6.8.1 The example of a power network given in Example 4.4.4 defines a
port-Hamiltonian system which is similar to a mass—spring—damper system, with
the difference that in this case the dampers (corresponding to A) are associated to
the vertices of the graph and the edges correspond to the transmission lines with
potential energies —;cosg;,j=1,..., M.
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Remark 6.8.2 Note the slight discrepancy of the role of the flows f and efforts
e with respect to the definition of a port-Hamiltonian DAE systems given in the
previous Sect.6.7. Indeed, in Sect.6.7 flows and efforts are used interchangeably,
with the exception of the flows and efforts fs, eg corresponding to the energy-storing
elements, which (cf. (6.146)) are given by fs = —x and es = %—;’(x). In the current
network setting, the flows f are elements of the spaces A, A, and the efforts e of
their dual spaces A% A'. In particular, the flows in A; correspond to the classical
[211] through variables, and the efforts in A! to the across variables.

The port-Hamiltonian formulation of the dynamics (6.184) leads to the following
stability analysis. Without loss of generality'®, we throughout assume that the graph
is connected, or equivalently, see Sect. 4.4, ker DT N ker DZ = span 1, where 1 is the
vector of all ones. We start with the following proposition regarding the equilibria.

Proposition 6.8.3 Consider the dynamics (6.184). Its set of equilibria £ is given as
| OH OH
E=A{(q.p) e A x Ao | 5-(q,p) € ker Dy, ——(q.p) € span 1}  (6.185)
9q op
Proof (g, p) is an equilibrium whenever

, OH OH  OH
Dy 8_p(q’ p) =0, Dsa—q(q,p) + D4RD, g(q,p) =0 (6.186)

Premultiplication of the second equation by the row-vector aT—H(q p), making use
of the first equation, yields 8{ g p)BdRBT 4o (g, p) =0, or equivalently DT 8H

(¢, p) = 0, which implies D, % (q p) = 0. Hence, 22 5 (@.p) € ker DT Nker Dg =
span 1. (]

In other words, for (g, p) to be an equilibrium, the elements of the vector of velocities
%—;’ (g, p) should be equal to each other, whereas %—Z (g, p) should be in the space ker Dy
of cycles of the subgraph of masses and springs (resulting in zero net spring forces
applied to the masses at the vertices).

Similarly, the Casimirs are computed as follows.

Proposition 6.8.4 The Casimir functions of (6.184) are functions C(q, p) satisfying

ocC ocC
—(q,p) € span 1, —(q, p) € ker D; (6.187)
Oop dq
Proof The function C(g, p) is a Casimir if
oc 0o DI
[ (g, p) (q p)} [—Ds _DdRDﬂ =0, (6.188)

or equivalently (see Proposition 6.4.2)

10Since otherwise the same analysis can be performed on each connected component of the graph.
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orc orc orc
——(q,p)D; =0, ——(q,p)D{ =0, ———(q, p)D4RDj; =0 (6.189)
dp 9q op

Post-multiplication of the third equation by g—i (g, p), making use of the first equation,
gives the result. 0

Therefore, all Casimir functions can be expressed as functions of the linear Casimir
functions
C(g.p) =1"p, C(g.p) =k"q, k € ker D; (6.190)

This implies that starting from an arbitrary initial position (go, po) € A! x Ag the
solution of the mass—spring—damper system (6.184) will be contained in the affine

space
| 490 0 im DT
A(qo,Po) = |:[7()i| + [ker]lT] + |: 0 (6.191)

i.e., for all 7 the difference ¢(r) — go remains in the space im D! of co-cycles of the
mass—spring graph, while 17p(r) = 17 p,.

Under generically fulfilled conditions on the Hamiltonian H(q, p), each affine
space A, p,) Will intersect the set of equilibria £ in a single point (¢, poo), Wwhich
qualifies as the point of asymptotic convergence starting from (go, po). For sim-
plicity, consider linear mass—spring—damper systems, corresponding to a quadratic
Hamiltonian function

H( —1T1< 1TG 6.192
q,p)—zq q+2p 2 (6.192)

where K is the positive diagonal matrix of spring constants, and G is the positive diag-
onal matrix of reciprocals of the masses. In this case, the set of equilibria is given as
E=1{(g.p) € A' x Ao | Kq € ker By, Gp € span 1}, while indeed it is easily seen
that for each (qo, po) there exists a unigue point (oo, Poc) € € N Agy,py)- In fact, goo
is given by the spring graph co-cycle/cycle decomposition

g0 =0+ g, Vo €im DT C A', Kqo, € ker Dy C A, (6.193)
Furthermore, po, is uniquely determined by
Gpso €span 1, 17p,, =1Tp, (6.194)

This leads to the following asymptotic stability theorem. First note that

T

B a0 22 (4 p)
ap q.pP)la dap q,p

= —p"GD4RD Gp < 0

d
‘g - _
a P (6.195)
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Theorem 6.8.5 Consider a linear mass—spring—damper system with H(q,p) =
%qTKq + %pTGp, where K and G are diagonal positive matrices. Then for every
(qo, po), there exists a unique equilibrium point (oo, Poc) € £ N Agq.po), determined
by (6.193), (6.194). Define the spring Laplacian matrix Ly := DsKD!. Then for every
(g0, po) the following holds: the trajectory starting from (qo, po) converges asymp-
totically to (4, Poo) if and only if the largest G Lg-invariant subspace contained in
ker DY is equal to span 1.

The condition that the largest G L;-invariant subspace contained in ker Dg is equal to
span 1 amounts to pervasive damping: the influence of the dampers spreads through
the whole system.

Another feature of the dynamics of the mass—spring—damper system (6.184) is
its robustness with regard to constant external (disturbance) forces. Indeed, con-
sider a mass—spring—damper system with boundary masses and general Hamiltonian
H(q, p), subject to constant forces f,

OH @.9)
/ 0 DT 0 q.p 0l-
[Z] N [—D5 —Dd;i’DT} a;]] + [E]fb, (6.196)
‘ 8—p(q, p)

where we assume!! the existence of a g such that
OH -
D;—(gq, 0) = Ef, (6.197)
9q

The shifted Hamiltonian 1/-7@0) (q,p) :==H(q,p) — (g — Z])T‘?)—Z(Z], 0) — H(g,0) as
defined before in (6.92) satisfies

T

H ;OH
(g, p)D4RD, a—p(q,p) <0 (6.198)

d ~
—Hgo(q,p) =— p

dt

Specializing to a quadratic Hamiltonian H(g, p) = %qTKq + %pTGp one obtains
Hio)(q,p) = %(q - 'K —q) + %pTGp, leading to the following analog of The-
orem 6.8.5.

Proposition 6.8.6 Consider a linear mass—spring—damper system (6.196) with con-
stant external disturbance f, and Hamiltonian H(q, p) = %qTKq + %pTGp, where
K and G are diagonal positive matrices. and with im E C im D;. The set of steady
states is given by € = {(q,p) € A' x Ao | DyKq = Efy,, Gp € span 1}. For every
(g0, po) there exists a unique equilibrium point (Gso, Poo) € EnN Ago.po)- Here pos is
determined by (6.194), while §oo = § + Goo, With § such that D;Kg = Ef;, and g
the unique solution of (6.193) with qq replaced by qy — q. Furthermore, for each

1f the mapping ¢ — %—ZI (¢, 0) is surjective, then there exists for every f, such a g if and only if
im E C im Dj.
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(g0, po) the trajectory starting from (qo, po) converges asymptotically t0 (goo, Poo)
if and only if the largest GL-invariant subspace contained in ker Dg is equal to
span 1.

Note that the above proposition has the classical interpretation in terms of robustness
of integral control with regard to constant disturbances: the springs act as integral
controllers which counteract the influence of the unknown external force f;, so that
the vector of velocities M ~'p will still converge to span 1.

An alternative to the above formulation of mass—spring—damper systems is to
consider instead of the spring extensions ¢ the configuration vector g, € A° =: Q.
describing the positions of the masses. For ordinary springs, the relation between
g € A% and g € A! describing the extensions of the springs is given as ¢ = D’ q...
Hence, the energy can be also expressed as the function H, of (q., p) defined as

H.(qc,p) = H(D"q.,p) (6.199)

It follows that the dynamics of the mass—spring—damper system is alternatively given
by the following Hamiltonian equations in the state variables g., p

. aHC( )
qC - ap qc‘s p
: OH, r OH.
P =———(4c,p) — DaRD;——(qc, p) + Efy (6.200)
0 c 8p
" =E" O, (4e.p)
op

What is the relation with the formulation given before? It turns out that this relation
is precisely given by the standard procedure of symmetry reduction of a Hamiltonian
system. Indeed, since 17D = 0 the Hamiltonian function H.(g., p) givenin (6.199) is
invariant under the action of the group IR acting on the phase space A° x Ay >~ R*Y
by the symplectic group action

(@ep) = (e +al,p), aeR (6.201)

From standard reduction theory of Hamiltonian dynamics with symmetries, see e.g.,
[179, 197], it thus follows that we may factor out the configuration space Q.. := A°
to the reduced configuration space

0:=A"R (6.202)

Using the identification Q := A°/R ~ DT A? C A! the reduced state space of the
mass—spring—damper system is given by im DT x A, with im DT C A!, and the
Hamiltonian equations (6.200) on A® x A reduce to the port-Hamiltonian equations
(6.184) onim DT x Ay € A! x Ag as before.
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The above example of a mass—spring—damper system on a graph can be general-
ized as follows. First note that a mass—spring—damper system with additive Hamil-
tonian H given by (6.192) can be also interpreted as the interconnection of port-

o . OH? . . .
Hamiltonian systems p; = u?, y? = %T{(pi) corresponding to the masses (index i

ranging over the vertices), port-Hamiltonian systems §; = u]l yj1 = %—Zfl(qj) cor-
responding to the springs (with j ranging over the spring edges), and static port-
Hamiltonian systems y,i = rju,l, ry > 0, corresponding to dampers (with index k
ranging over the damper edges), via the interconnection equations

u’ =—Dy’, ub = DTy (6.203)

Here the superscripts ?, ©, again refer to inputs and outputs of the port-Hamiltonian
systems associated to, respectively, the vertices and edges (branches). In the same
way we can therefore consider arbitrary port-Hamiltonian systems with scalar inputs
and outputs associated with the vertices and the edges, interconnected by (6.203).
Like in the general theory of interconnection of port-Hamiltonian systems this again
defines a port-Hamiltonian DAE system, with Dirac structure determined by the
Dirac structures of the port-Hamiltonian systems associated to the vertices and to the
edges, and by the interconnection (6.203).

Remark 6.8.7 Similar to the second scenario considered for passive systems in
Sect.9.94, we may also consider the interconnection of single-input single-output
port-Hamiltonian systems associated to the vertices of a graph by the interconnec-
tionu = —Ly + e, cf. (4.91), where L is a balanced Laplacian matrix. Decomposing
L into its symmetric and skew-symmetric part we then obtain an interconnected
port-Hamiltonian system with extra energy-dissipating terms corresponding to the
symmetric part of L.

Remark 6.8.8 Another paradigmatic example of port-Hamiltonian systems on graphs
are RLC-electrical circuits. In this case, all the energy-storing and energy-dissipating
elements are associated to the edges of the circuit graph. This leads to the consider-
ation of the Kirchhoff-Dirac structure defined as

Dk :={(f],el,fb,eb)eA1xAlethbl 6.204
Difi = 0, Dpfi = fy, 3" € AV s.t.e! = —DTe% — D] e?} (6.204)
capturing Kirchhoff’s current and voltage laws. The port-Hamiltonian formulation
of the electrical circuit is obtained by supplementing the Kirchhoff—Dirac structure
by energy-storage relations corresponding to either capacitors or inductors, and by
energy-dissipating relations corresponding to the resistors [297].
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6.9 Scattering of Port-Hamiltonian Systems

In Sects. 2.4 and 3.4, we already introduced the scattering transformation from flow
and effort vectors f, e to wave vectors v, z. Thus, let F be an £-dimensional linear
space of flows, and consider the canonically defined symmetric bilinear form, cf.
(6.114), on F x &, with £ = F*, given as

L (fi,e1), (hoe) >=<e o>+ <e |fi > (6.205)

for fi € F,e; € £*,i = 1,2. Furthermore, as in Sect.2.4, let V C F x £ be any
£-dimensional positive space of <, >, and Z C F x £ an £-dimensional nega-
tive space of <, >, which is orthogonal (in the sense of <, >>) to V. This means
that

FxE=VZ (6.206)

Now, consider a constant Dirac structure D C F x &, that is
D=p4 (6.207)

with L denoting orthogonal companion with respectto <, >>. Itfollows that <, >
is zero when restricted to D, and thus

DNV =0, DNZ=0 (6.208)

This implies that the Dirac structure D can be represented as the graph of an invertible
linear map O : V — Z, that is,

D={(f,e)=v+z|z=00v}, (6.209)
where v + z € V @ Z is the scattering representation of (f, e) € F x & with respect
to the scattering subspaces V, Z.

Furthermore, for any (f1, e1), (f2, e2) € D, with scattering representation vy + z;,
respectively, v, + z,, we obtain by (2.35) and (6.207)

O=<e|lp>+t<elfi>=<v,n>y—<27, >z, (6.210)

where <, >y and <, >z are the inner-products on V), respectively, Z, induced
from <, >; see Sect. 2.4, Eq. (2.35). This implies that

<721, >2z=< Ov,Ovy >z=< v, 1 >y (6.211)
for all vy, v, € V. Hence, the linear map O : V — Z is an inner-product preserving

map from V, with inner product <, >y, to Z withinner-product <, > z. Conversely,
let O : V — Z be an inner-product preserving map. If we now define D by (6.209),
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then by (6.210) and (6.211)
O=<v,m>—-<zn,n>z=<ealfi>+<elfi>,

and thus D C D*-. Furthermore, because dim D = ¢, we conclude D = D, imply-
ing that D is a Dirac structure. Hence constant Dirac structures D C F x £ are in
one-to-one correspondence with inner-product preserving linear maps O 1V — Z.
This leads to the following definition.

Definition 6.9.1 Let D C F x & be a Dirac structure, and let (1, Z) be a pair of
scattering subspaces. The map O : V — Z satisfying (6.209) is called the scattering
representation of D.

A matrix representation of the scattering representation O of a Dirac structure D is
obtained as follows. Consider a basis ay, ..., a, for 7 and dual basis a7, . .., aj for
&, together with the resulting scattering transformation as in (2.40). Furthermore,
corresponding to this basis let D be given in kernel representation as

D ={(f,e) | Ff + Ee = 0}, (6.212)

with F, E square £ x £ matrices satisfying

EFT + FET =0, rank[F:E]=1¢ (6.213)

Proposition 6.9.2 Let the Dirac structure D be given by (6.212). The matrix repre-
sentation of its scattering representation O : YV — Z is the orthonormal matrix

O=(F—-E " (F+E) (6.214)
Proof D is equivalently given in image representation as D = {(f, e)|f = ET\, e =

FT), A € R'}. The coordinate relation between (f, ¢) € F x £ and its scattering
representation v + z is given as (cf. (2.41))

v==(f+e)
2
. %(—f+e) (6.215)

Thus in scattering representation D is given as

1 1
D=}v+z v=—ET+FTA,z=——ET+FTA,AGIR‘] 6.216
| ﬁ( ) ﬁ( ) ( )

We claim that ET + FT is invertible. Indeed, suppose x € ker (ET + FT), that is,
ETx = —FTx. Since by (6.213) EFTx + FE"x = 0 for all x, this implies EETx =
—EFTx = FETx = —FFTx, and thus
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[EET + FFT]x = 0, (6.217)

which in view of rank [F:E] = ¢ implies x = 0. Hence, ET + FT and F + E are
invertible. Therefore

D={.2)|z=F —ENF" +E") v} (6.218)

Similarly, it follows that —E” + FT and thus F — E are invertible. Comparing with
(6.209) we conclude that O = (FT — ET)(FT 4 ET)~!. Finally, adding, respectively,
subtracting, EFT + FET = 0 to the expression FF” + EE" yields the equality

(F+EYFT+E"Y=(F —E)FT —ET) (6.219)
and thus O is also expressed as in (6.214). Furthermore, (6.219) implies

00" = (F — E)"'(F + E)(F" + ET)(FT — ET)"!
= (F =B '(F-EF" —ENHFE —EN™ =1,

showing that O is orthonormal. (]

Example 6.9.3 Let the Dirac structure D be given by a skew-symmetric matrix J,
thatis, D = {(f, e) | f = Je, J = —JT}. Then the scattering representation of D is
the orthonormal matrix

O=U+NH'a-n (6.220)

(known as the Cayley transform of J).

Remark 6.9.4 The same result holds for Dirac structures on a manifold X. In this
case, the Dirac structure is represented by an orthonormal matrix O(x) depending on
x € X (where also the scattering subspaces V and Z may depend on x). In particular,
the scattering representation of the Dirac structure defined as the graph of J(x) =
—JT ) is O@) = T +Jx) " (I —J(x).

A special type of Dirac structures (called 0- and 1-junctions) are defined as follows

Do={(f,e) eREX R |fi+--+fi =0, e =--=¢e}

DIZ{(fve)ERZXIR”Iel+-~-+€¢=0,f1=-~-=ﬁ} (6.221)

Using scattering representations they can be characterized as follows.

Proposition 6.9.5 Scattering representations Oy, Oy of Dy, D, are given by

2 2
Oy = Z]Ig -0, O = —Z]Ig + 1 (6.222)
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where Iy denotes the £ x € matrix filled with ones and I, is the € x £ identity matrix.
Moreover, Oy and Oy are the only orthonormal € x £ matrices that have equal
diagonal elements and equal off-diagonal elements.

Proof With respect to the last claim note that O = all, 4 b, is orthonormal if and
only £a + 2b = 0 and b* = 1.Thecaseb =1 gives 0| = —%]Ie + I,, while b = —1
yields Oy = %]ng — I;. The rest follows by direct computation. O

Similarly to Sect.3.4, let us finally apply scattering to a standard input-state-output
port-Hamiltonian form

i = [J(0) = R@)T G () + gOou -
y=g" % (x) (6.223)

Consider a scattering representation of (fp, ep) = (u, y) (but not of (fs, es)), defined
as

1
v="T(@+y
2 (6.224)
7= 72(—M +)
The inverse of this transformation is u = %(v —2),y= %(v + z), which by sub-
stitution in (6.223) yields
. _ _ T (")_H
i =[J(0) = R() = g()g" )] G (0 + V290w 6225)

2=v29" % x) —v

Note that, compared with (6.223), artificial energy dissipation has been inserted in
two ways: (i) by an extra resistive structure matrix g(x)g’ (x) > 0, (ii) by a negative
unity feedthrough from v to z.

Finally, composition of Dirac structures takes the following form in scattering
formulation. Consider two Dirac structures Dy, Dp as in Theorem 6.6.9, composed
by setting

fA = _fB eF, ea=epel (6.226)

Now consider scattering representations (fi, e4) = v4 + z4 and (fg, eg) = vp + 25
with respect to the same scattering subspaces V, Z C F x £. Then (6.226) becomes

A = Up (6.227)
IB = Uy

expressing that the outgoing wave vector for D4 equals the incoming wave vector
for Dg, and conversely. Hence, the composition of Dy, Dp is seen to correspond to
the configuration depicted in Fig. 6.9, known as the Redheffer star product [259] of
the orthonormal matrices O4 and Op. This is formulated in the next proposition.
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Fig. 6.9 Redheffer star
product of O4 and Op V1 —_— = “1
— Oa —=—
VA= 2Zp ZA=Vp
e o I
—_—— B —
Z3 V3

Proposition 6.9.6 Let the orthonormal mappings O4 and Opg be scattering rep-
resentations of Dy and Dg with respect to the same scattering subspaces. Then
the scattering representation of Dy o Dg is given by Oj x Op, with x denoting the
Redheffer star product.

Remark 6.9.7 Since Dy o Dp is a Dirac structure it directly follows that the
Redheffer star product of the orthonormal mappings O4 and Op is again an ortho-
normal mapping.

6.10 Notes for Chapter 6

1. Port-Hamiltonian systems were originally introduced (under the slightly differ-
ent name of port-controlled Hamiltonian systems) in Maschke & van der Schaft
[201, 202], Maschke, van der Schaft & Breedveld [203] and van der Schaft &
Maschke [294, 295].

2. A broad coverage of port-Hamiltonian systems and the background theory of
port-based modeling, including application areas, can be found in [93] and
the references quoted therein. The port-Hamiltonian formulation of bond-graph
models is described in Golo, van der Schaft, Breedveld, Maschke [115]. A
recent introductory survey of port-Hamiltonian systems theory, emphasizing
new developments, is [291].

3. For port-Hamiltonian systems (6.1) two geometric structures play a role: (i)
an (almost-)Poisson structure determined by the skew-symmetric matrix J(x),
(ii) the singular Riemannian metric determined by the symmetric positive semi-
definite matrix R(x). For some results and ideas on the interplay between these
two structures, and its consequences for the resulting dynamics we refer to Mor-
rison [223], and the references quoted therein. Similar structures have been used
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in the description of thermodynamical systems, see e.g., Ottinger [246] and the
references therein.

One can also define a bracket with respect to the combined structure F(x) :=
J(x) — R(x), called the Leibniz bracket; see e.g., Ortega & Planas-Bielsa [236].

The formulation of detailed-balanced mass action kinetics chemical reaction
networks as in Example 6.1.7 can be found in van der Schaft, Rao & Jayaward-
hana [299]; see also [258, 301] for the generalization to complex-balanced
reaction networks. The port-Hamiltonian formulation was emphasized in van
der Schaft, Rao & Jayawardhana [300].

A broader discussion about the obstruction to a port-Hamiltonian formulation
indicated in Example 6.1.9 can be found in [213].

The formulation of autonomous Hamiltonian dynamics with regard to a Poisson
structure which not necessarily has full rank, is standard in the literature on
geometric mechanics, see e.g., Marsden & Ratiu [197], Olver [235].

The dual to any Lie algebra is endowed with a canonical Poisson structure, see
e.g., Weinstein [347], Marsden & Ratiu [197]. For instance the Poisson structure
given in Example 6.2.2 for the Hamiltonian formulation of Euler’s equations is
the Lie—Poisson structure on so*(3).

For an in-depth treatment of mechanical systems with kinematic constraints,
including the constrained Euler—Lagrange equations, see e.g., Bloch [43], Bullo
& Lewis [53], and the older reference Neimark & Fufaev [230]. For a classical
survey on the kinematic model, regarding the admissible velocities as being
directly controlled, we refer to Kolmanovsky & McClamroch [167].

The introduction of the new “momentum” variables p in (6.45) is close to the
classical use of quasi-coordinates (see e.g., Steigenberger [326] for a survey).

The description in Sect. 6.2 of mechanical systems with kinematic constraints as
port-Hamiltonian systems defined with respect to the almost-Poisson structure
J. on the constrained state space X, given by (6.48) and (6.51) is taken from
van der Schaft & Maschke [293], where also the result can be found that J. is
a Poisson structure (i.e., satisfying the Jacobi-identity (6.33)) if and only if the
kinematic constraints are holonomic. See also van der Schaft & Maschke [295]
and Dalsmo & van der Schaft [78]. For a survey on almost-Poisson structures
in nonholonomic mechanics see Cantrijn, de Leon & de Diego [60].

The port-Hamiltonian formulation of the classical eight-dimensional model of
the synchronous generator, see e.g., Kundur [177], in Example 6.3.4 is taken
from Shaik Fiaz, Zonetti, Ortega, Scherpen & van der Schaft [98]; see also van
der Schaft & Stegink [303].

Hamiltonian functions involving two kinds of state variables in a non-separable
way not only show up in multi-physics systems, as illustrated in Sect. 6.3, but
also in “cyber-physical systems” such as variable impedance control. In its
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most simple form a variable impedance controller is defined by a (virtual) linear
spring with energy H(q) = %qu, where we regard, next to the extension g of
the spring, also the spring “constant” k as a state variable whose value may
change in time. This leads to the consideration of the port-Hamiltonian system
with inputs u;, u, and outputs y;, y, given as

q u i kq
1 = , = 6.228
i) Bl =L 6z
Here the port (#;, y;) corresponds to interaction with the environment (defining
an impedance k), while the port (u5, y,) defines a control port, regulating the
value of the impedance k based on the output y, = %qz, possibly modulated by

information about other variables in the total system. In robotics, this basic idea
is referred to as variable stiffness control; see e.g., [354] for a survey.

An extensive treatment of Casimir functions for autonomous Hamiltonian
dynamics as discussed in Sect. 6.4 can be found e.g., in Marsden & Ratiu [197]
and Olver [235]. For the Energy-Casimir method see e.g., Marsden & Ratiu
[197] and the references quoted in there. Here also the close connection with
symmetries can be found. Solving the pde’s (9.92) involves integrability condi-
tions on the structure matrices J(x) and R(x). In particular, if J(x) is a Poisson
structure (i.e., satisfying the Jacobi-identity), then there always exist r indepen-
dent solutions C1y, ..., C, of the pde’s aT—C(x)J (x) = 0, with r = dim ker J (x).

Ox

System theoretic properties of the closely related class of input—output Hamil-
tonian systems introduced in Brockett [50] are investigated e.g., in van der
Schaft [269], Crouch & van der Schaft [73], Nijmeijer & van der Schaft [233]
(Chap. 12).

A subclass of port-Hamiltonian systems, called reciprocal port-Hamiltonian
systems can be converted into a gradient system [71] formulation (with respect
to an indefinite Hessian Riemannian metric); cf. van der Schaft [284] and van
der Schaft & Jeltsema [291].

A systematic treatment of port-Hamiltonian systems with switching structure
matrices (with applications to switching electrical circuits or mechanical sys-
tems) can be found e.g., in Escobar, van der Schaft & Ortega [95], van der Schaft
& Camlibel [290], Valentin, Magos & Maschke [340]; see also van der Schaft
& Jeltsema [291].

The property that a system is shifted passive with respect to any constant u and
corresponding steady-state X, cf. Sect. 6.5 and Proposition 6.5.1, was coined as
equilibrium independent passivity in Arcak, Meissen & Packard [11].

Proposition 6.5.4 is due to Ferguson, Middleton & Donaire [97].

Example 6.5.3 is taken from Biirger & De Persis [54]; see also Arcak [10], van
der Schaft & Stegink [303].
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The construction of the modified Hamiltonian H in (6.106) can be found in
[199].

The definition of Dirac structure was originally intended as a generalization of
both Poisson and symplectic structures; cf. Courant [72], Dorfman [85]. The
name apparently originates from the concept of the Dirac bracket as appearing
for Hamiltonian systems with constraints in Dirac [81, 82]. The kernel, image
and constrained input—output representations of Dirac structures can be found in
Dalsmo & van der Schaft [78], see also Courant [72]. The hybrid input—output
representation is due to Bloch & Crouch [47]. See also van der Schaft [282] for
a survey.

The proof of Theorem 6.6.9, as well as of Proposition 6.6.10, can be found in
Cervera, van der Schaft & Banos [63] using ideas from Narajanan [228]; see
also van der Schaft [281].

The definition of port-Hamiltonian systems with respect to Dirac structures was
first given in van der Schaft & Maschke [294], and further developed in van
der Schaft & Maschke [189, 292]; see also Bloch & Crouch [47] for the use
of Dirac structures in the modeling of general LC circuits. For a treatment of
constrained mechanical systems in this context, see Maschke & van der Schaft
[206].

Integrability of Dirac structures (generalizing the Jacobi-identity for Poisson
structures) is treated in Courant [72], Dorfman [85]. See also Merker [218]
and the references quoted therein for further developments. For applications
of the integrability of Dirac structures to properties of port-Hamiltonian DAE
systems, including the connection to integrability of kinematic constraints, we
refer to Dalsmo & van der Schaft [78]; see also van der Schaft & Jeltsema [291]
and the references quoted therein. Necessary and sufficient conditions for the
integrability of composed Dirac structures are obtained in Blankenstein & van
der Schaft [40].

A further treatment of port-Hamiltonian DAE systems and their equational rep-
resentations can be found in van der Schaft [286].

Section 6.8 is largely based on [298]. The port-Hamiltonian modeling of gen-
eral LC circuits can be found in Maschke, van der Schaft & Breedveld [205],
Maschke & van der Schaft [207]. See also Blankenstein [39]. The formulation
of RLC-circuits alluded to in Remark 6.8.8 can be found in van der Schaft &
Maschke [297]; with the notion of Kirchhoff-Dirac structure in (6.204) given
in van der Schaft & Maschke [298].

The scattering representation of Dirac structures as dealt with in Sect. 6.9 can be
found in Cervera, van der Schaft & Banos [63]. The proof of Proposition 6.9.2
is based on ideas from Courant [72].

Proposition 6.9.5 is originally due to Hogan & Fasse [128].
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32.

Many of the definitions and results in this chapter can be extended to distributed-
parameter port-Hamiltonian systems; see e.g., van der Schaft [296], Duindam,
Macchelli, Stramigioli & Bruyninckx [93], van der Schaft & Jeltsema [291],
and the references quoted therein.

For a theory of symmetries of port-Hamiltonian systems, and the resulting reduc-
tion and existence of Casimirs, see e.g., van der Schaft [280], Blankenstein &
van der Schaft [41], Merker [218].

An extension of the port-Hamiltonian formalism to thermodynamical systems
can be found in Eberard, Maschke & van der Schaft [94].



Chapter 7
Control of Port-Hamiltonian Systems

In this chapter we will exploit the port-Hamiltonian structure for control, going
beyond passivity. We will mainly concentrate on the problem of set-point stabiliza-
tion. Section7.1 focusses on control by interconnection, by attaching a controller
port-Hamiltonian system to the plant port-Hamiltonian system. Section7.2 takes
a different perspective by emphasizing direct shaping of the Hamiltonian and the
structure matrices by state feedback. Other control opportunities will be indicated in
Sect.7.3; see also the Notes at the end of this chapter.

7.1 Stabilization by Interconnection

Consider an input-state-output port-Hamiltonian systems (6.1), for ease of exposition
without feedthrough terms,

Lk =[J@) - RWOIE @) +g)u, xeX, ueR" .
Ty =g" WG, yeR" '
The simplest situation in stabilization is when the set-point x* € X is a strict min-
imum' of the Hamiltonian H. In this case, the port-Hamiltonian system (6.1) is
passive, and thus we may directly apply the asymptotic stabilization theory of pas-
sive systems provided in Chap. 4, Sect. 4.2, by employing output feedback u = — Dy,
with D = DT a positive definite matrix, and using the Hamiltonian H as Lyapunov
function. In particular we can directly apply Corollary 4.2.2 as illustrated by the next
examples.

Example 7.1.1 Consider a fully actuated mechanical system (6.23), with H given by
(6.24). Assume that the potential energy P is such that P(q¢*) = 0 for the set-point
configuration ¢*, while P(q) > 0, g # ¢*and %—g(q) # 0, g # g*. Then (6.23) with
output y = g is zero-state detectable with respect to (¢*, p* = 0). Thus, the feedback

“Local” or “global”; we leave this open for flexibility of exposition.
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u=—Dy, D= DT > 0, asymptotically stabilizes the equilibrium (¢*, p = 0) . In
the case of an underactuated system (6.26) asymptotic stability results whenever the
system is zero-state detectable with respect to the output y = B7 (¢)q.

Example 7.1.2 (Example 6.4.5 continued) H has a global minimumat Q =0, ¢; =
» = 0, and the system is zero-state detectable. Therefore, the insertion of a resistor
u = —Ry, R > 0, at the place of the voltage source will asymptotically stabilize this
equilibrium.

Example 7.1.3 (Example 6.2.1 continued) The kinetic energy H has a global min-
imum at p, = p, = p, = 0. Consider the feedback u = —dy, d > 0, resulting in
j—tH = —dy”. The largest invariant set within y = 0 is determined as follows. First
of all, consider the plane

b, b, b
P:={(ps.py.p:) | y=0}= [(px, Py p:) | TP I—}py + I—sz = 0]
x y z

Second, we have the cone

C:= {(px, Py pz) |y = 0} = {(va Py pz) |
bx(ly - Iz)pypz + by(lz - Ix)psz + bz(lx - Iy)pxpy = O}

Furthermore, the trajectories of (6.31) for u = 0 remain on an energy level given by
the ellipsoid E. = {(px. py. p:) |H (px. py. p-) = c} for a constant c. The inter-
section P N C N E, consists only of isolated points, which thus have to be equilibria
of (6.31) for u = 0. The set of equilibria of (6.31) for u = 0 is given by the union of
the p,, p, and p; axis. Since these isolated points also have to be in P it follows that
the largest invariant set within y = 0 equals the origin if and only if b # 0, b, # 0
and b, # 0. Hence, it follows from LaSalle’s Invariance principle that the feedback
u = —dy, d > 0,is asymptotically stabilizing to zero if and only if b, # 0, b, # 0,
b, # 0.
Up to now we only exploited the passivity of the port-Hamiltonian system. The
situation becomes different when the set-point x* is not a strict minimum of the
Hamiltonian H. A new twist as compared to the stabilization theory of Sect.4.2
based on passivity is then provided by the possible existence of Casimir functions;
cf. Sect. 6.4. Indeed, assume one can find a Casimir function C such that the modified
Hamiltonian

Hioa(x) := ®(H (x), C(x)) (71.2)

for some map @ : R? — IR has a strict minimum at the set-point x*. Then the system
can be rewritten as the modified input-state-output port-Hamiltonian system

i = [J(x) — R(x)] %ot (x) + g(x)u

7.3
Ymod = g7 (x) Lt (), 7:3)


http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_6
http://dx.doi.org/10.1007/978-3-319-49992-5_4
http://dx.doi.org/10.1007/978-3-319-49992-5_6

7.1 Stabilization by Interconnection 175

which is passive with respect to the modified output yn,q4. Hence, as above, asymptotic
stabilization of x* may be achieved by feedback u = —Dyyoq, D > 0, employing
Hioq as Lyapunov function, provided a detectability condition is satisfied.

Example 7.1.4 Consider the LC-circuit of Example 6.4.5. We may consider as mod-
ified Hamiltonian any quadratic function

1 1
Hinoa(x) = 2—Llsof + 2—L290§ +7(p1 +¢2), veR (7.4)

serving as candidate Lyapunov function for non-zero set-points (0, p*, ©*). This
leads to the modified output ype = Lll‘pl + 7. We note that this can be naturally
extended to arbitrary nonlinear inductors.

The stability analysis method of finding Casimirs Cy, ..., C, such that a suitable
function ®(H, Cy, ..., C,) of the energy H and the Casimirs has a strict minimum
at the equilibrium under consideration is called the Energy-Casimir method. We will
use the same terminology for the corresponding asymptotic stabilization method.

Remark 7.1.5 Note that the Energy-Casimir method can be extended to the asymp-
totic stabilization of steady states x corresponding to a non-zero input u; at least
in the case that the matrices J, R, g are all constant. Indeed, in this case the input-
state-output port-Hamiltonian system may be rewritten as a shifted port-Hamiltonian
system with shifted external variables u — i, y — y and shifted Hamiltonian H; see
Sect. 6.5. Candidate Lyapunov functions will now be sought as combinations of H
and the Casimirs.

Next, suppose that H does not have a strict minimum at x*, and that no useful
Casimirs C can be found for direct application of the Energy-Casimir method. In
this case, we will take recourse to dynamical controller systems that are also in
port-Hamiltonian form, in order to generate Casimirs for the closed-loop system.
As known from Sect. 6.7 any power-conserving interconnection of port-Hamiltonian
systems is again port-Hamiltonian. In particular, the interconnection of the plant port-
Hamiltonian system X given by (7.1) with a controller port-Hamiltonian system

 E=1Ue©) = ReO1FE () + 9e(©u, € € Xy ue € R™

e T (e OH, m (7.5)
Ye = 9o () F¢ (£, ye € R

with J,. (&) = —JT(€), R.(§) = RT(£) > 0, via the standard negative feedback inter-

connection
U=-—=yc +v
7.6
Ue =y + v (7.6

where v, v, are external input signals, results in the closed-loop system
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m_ [ J(x) —g(x)gf(f)]_[m) 0} @)
El T Loe©g" ) J(© 0 R.(6) 38—1‘?(5)
Jer (x,8) Rei(x,6)
+[g(x) 0 Hv} (1.7)
0 g.(©)|]ve

[y}:[gT(x) 0 } ()
Ye 0 ¢/©)| %)

This is again an input-state-output port-Hamiltonian system (7.1), with state space
X x X,, Hamiltonian H (x) + H.(§), interconnection structure matrix J.(x, £),
resistive structure matrix R (x, &), inputs (v, v.) and outputs (y, y.).

Now let us investigate the Casimir functions of this closed-loop system, especially
those relating the state variables & of the controller port-Hamiltonian system to the
state variables x of the plant port-Hamiltonian system. Indeed, if we can find Casimir
functions C;(x, £),i = 1, ..., r,relating £ to x, then by the Energy-Casimir method
the Hamiltonian H (x) + H.(£) of the closed-loop system may be replaced by a
candidate Lyapunov function ®(H + H,, Cy, ..., C,) forany choice of & : Rt —
R and H,, thus creating the possibility of shaping the dependence on x in a suitable
way.

The following basic example illustrates the main idea.

Example 7.1.6 Consider as plant system X an actuated mass m, written in port-

Hamiltonian form as
. 01 OH 0
q| _ Oq
HEEY [—BH] # i)
op

Jap

(7.8)

with ¢ the position and p the momentum of the mass, with plant Hamiltonian
H(g,p) = ﬁ p? (kinetic energy). Suppose we want to asymptotically stabilize the
mass to a set-point (¢*, p* = 0). Clearly H does not have a strict minimum at
(¢*, p* = 0), while there are no nontrivial Casimirs. Now interconnect as in Fig. 7.1

kC

Ob—
d

Fig. 7.1 Controlled mass
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X given by (7.8) viafeedback u = —y. + v, u, = y to a port-Hamiltonian controller
system X, consisting of another mass m, and two springs k., k, given by

o,
Ge 0 107 % 0
e |=|-1—dl]|| 4% 0 | uc
S| A ope |0 (7.9)
q 0 —-10 OH, 1
0H, =
Ye = 8TA:]

where ¢, is the extension of the spring k., Ag the extension of the spring &, p. the
momentum of the mass m., d > 0 is a damping constant, and v is an external force.
In particular, the controller Hamiltonian is

1 P? 1 ), 1 2
H.(qc, pe, Aq) = =— + zk(Aq)” + zkeq; (7.10)
2m. 2 2

The closed-loop system with v = 0 is seen to possess the Casimir functions
Clg,Aqe. M) =q —Ag—qc—0 (7.11)

for constant §. Hence we may consider for the closed-loop system a candidate
Lyapunov function

V(g Mg, qe, p, pe) = %pz T+ 2 4 k(AP + theg? + (g — Ag —qo — 67 (T.12)
m 2m, 2 2

with the positive constants k, k., m., as well as §, y yet to be designed. It is clear
that for any set-point ¢g* we may select these constants in such a way that V has
a minimum at p = 0, ¢ = g™, for some accompanying values (Agq)*, g¥, p’ of the
controller states. By a direct application of LaSalle’s Invariance principle it follows
that this equilibrium of the closed-loop system is asymptotically stable whenever
d > 0.Furthermore, the procedure can be extended to a plant Hamiltonian H (¢, p) =

L »2 4+ P(q) for any plant potential energy function P(g). In this case the constants

2m
need to be chosen such that

P( lkA 2 lk 2 —Aq —q.—0)? 7.13
q)+2(q)+2cqc+v(q q—qc—0) (7.13)

has a strict minimum at (¢*, ¢, (Ag)*) for some value s g}, (Ag)*.

Remark 7.1.7 In the above example, the dimension of the controller
port-Hamiltonian system is larger than the dimension of the plant port-Hamiltonian
system. This is mainly due to the fact that we chose to insert the damping into
the controller system, instead of directly adding damping to the plant system by a
feedback —dy. Following this latter strategy, one could have replaced the controller
port-Hamiltonian system by a one-dimensional system corresponding to a single
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spring k with extension Ag. On the other hand, the control strategy described above
has the advantage of being relatively insensitive to the presence of noise in the mea-
surement of the velocity y. Furthermore, the availability of extra degrees of freedom
makes it easier to control the transient behavior, and to attenuate disturbances.

The general theory proceeds as follows. Consider a plant port-Hamiltonian system X
given by (7.1) in feedback interconnection to a port-Hamiltonian controller system
% given by (7.5). However, for the moment we will not assume that R.(§) > 0 (thus
allowing for internal energy creation in the controller).
Without much loss of generality> we consider Casimir functions for the closed-
loop of the form
& — Fi(x), i=1,...,r <dimn, (7.14)

This means, see (6.72), that we are looking for solutions of the pde’s (with ¢; denoting
the i-th basis vector)

[ " F; THJ@)—R(x) —g(x)g! (€) }:O
~ox W | @) 1© R |

or written out

P (x) [J(x) — R(X)] — gi()g" (x) =0

. A ' (7.15)
SS9 gl © + T — Ri©) =0

with % denoting as before the gradient vector (g—g, R %), and g, J!, R
denoting the i-th row of g., J., respectively, R.. Defining F := (Fy, ..., F,)T, we

write (7.15) fori =1, ..., r in compact form as

ZE () [J(x) — RO — §e(©)gT (x) =0
(7.16)

PE (x)g(x)gT (€) + T (€) — R.(&) =0

with g. denoting the submatrix of g. composed of the first » rows, and Jo, R, the
submatrix of J., respectively, R., composed of its first 7 rows.

By post-multiplication of the first equation of (7.16) by g—f(x), and using the
second equation, one obtains

O'F
ox

oF - -
() [J(x) = R(x)] 8_x(x) = Je(§) + R:(©) (7.17)

%Indeed, suppose we have r Casimirs C;(x,€),i = 1, ..., r, where the partial Jacobian matrix
‘é—g (x, &) ofthemap C : X x X, — R’ with components C; has full rank r. Then by an application

of the Implicit Function theorem the level sets C(x,&) =cy, ..., Cy(x, &) = ¢, for constants
ci, ..., cr, can be equivalently described by level sets of functions of the form (7.14).
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with J_L.(f), R, (&) the r x r left-upper submatrices of J., respectively, R.. Collecting
on both sides of (7.17) the skew-symmetric and the symmetric parts we conclude
that (7.17) is equivalent to

r J oF =J 7.18
o (x) (x)a—x(x)— () (7.18)
OTF OF _
- (R (x) ——(x) = R.(§) (7.19)
X Ox

From the second equation, it follows that if R.(€) > 0 (which is the case if the
controller system is a true port-Hamiltonian system), then necessarily

O'F OF _
3 (R (x) —x) =0, R() =0 (7.20)
X Ox

Furthermore since R(x) > 0 Eq.(7.20) implies
OF
Rx)—x) =0 (7.21)
ox

Proposition 7.1.8 Consider the plant port-Hamiltonian system ¥ given by (7.1)
in negative feedback interconnection u = —y. + v, u, = y + v, with the controller
port-Hamiltonian system %. given by (7.1). The functions & — F;(x), i =1, ...,
r < n., satisfy (7.15), and thus are Casimirs of the closed-loop system (7.7) for
v=0,v.=0, ifandonly if F = (F}, ..., F,)T satisfies

PLWT @)L @) =T ()

f”(x)f(x) = 359" (x)
Rx)Z2E(x) =0
R.(&) =0

(7.22)

Furthermore, if ® : R" ' 5 R and H.(§) can be found such that the candidate
Lyapunov function

V(x,8) = ®(Hx) + He(§). & — Fi(x), ..., & — Fr.(x)) (7.23)

has a strict minimum at (x*, £*) for a certain choice of £*, then (x*, £*) is a stable
equilibrium. Moreover, the additional control action

oV
=—D9Wﬂggua@,t%— La<©520:@ (7.24)

for certain matrices D = DT >0,D, = DCT > 0, results in
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d oTv ov
VO =- (x,©g(x)Dg" (x) =—(x, &)
t Ox Ox (7.25)
TV % '
—8—5()6, £)g.(§)D.g. (5)8—5()6, 3]

and asymptotic stability of (x*, £*) can be investigated by application of LaSalle’s
Invariance principle.

Proof Only the second equality of (7.22) remains to be shown. This follows directly
from the first line of (7.16) together with (7.21). O

Remark 7.1.9 As can be seen from (7.1) (and in accordance with Proposition 6.4.2),
the presence of energy dissipation imposes constraints on the availability of Casimir
functions, which can be only mitigated by allowing for energy creation (R.(&) z 0)
in the controller system. This is referred to as the dissipation obstacle.

In the special case r = n,. the Eqs.(7.22) for F = (Fy, ..., F,,)" amount to

TE () (2) 2L (x) = J, (€)
L) (x) = g (€) g7 (x) (7.26)
R()GE(x) = 0= Re(&)

Example 7.1.10 A mechanical system with damping and actuated by external forces
u is described by the port-Hamiltonian system (see (6.26) for the undamped case)

OH
(3= (1810 o]) [ ) o)
pl ==k 0] [0D@]) | %, p| " [B@ (7.27)
y=B"@)% 4, p)

with g € R¥ the vector of generalized position coordinates, p € R¥ the vector of
generalized momenta, and D(q) = D' (q) > 0 the damping matrix. The outputs y €
IR™ are the generalized velocities corresponding to the generalized external forces
ueR™.

Now consider a port-Hamiltonian controller system (7.5) with n. = m. Then
(7.26) with F = (Fi(q, p), ..., Fu(q, p))T reduces to

OF oOF
Je=0,  —-(q.p)= 9" ©B(@), —=(q.p)=0 (7.28)
q dp

Hence with g.(§) equal to the m x m identity matrix, there exists a solution F to
(7.28) if and only if the columns of the input force matrix B(g) satisfy the integrability
conditions

0B il OB jl
(@) =+
9q; 0qi

(@, i j=1,...k, I=1,...m (7.29)
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plant
port-Hamiltonian
system

¢ ontroller +
port-Hamiltonian
system

Fig. 7.2 Modulated control by interconnection

A useful relaxation of the conditions (7.26) for set-point stabilization is to allow the
port-Hamiltonian controller system X, given by (7.5) to be modulated by the plant
state variables x. This means that the matrices J., R. and g, are allowed to depend
on x; see Fig.7.2.

In this case the closed-loop system (7.7) continues to be a port-Hamiltonian sys-
tem, while the conditions (7.26) take the more amenable form

L (x)J () 2L (x) = J.(€, x)
TET @) = g€ 09" (x) (7.30)
R)GE() =0=Re(£, %)
In particular, the integrability conditions (7.29) on the input force matrix B(g) may
be avoided by taking g7 (¢, x) = B~'(g) (assuming B to be invertible).

Remark 7.1.11 Allowing only g, to depend on x may equivalently be formulated as
modifying the feedback u = —y,, u, = y to the state modulated feedback

u=—PB)ye, uo=p"(x)y (7.31)
for some matrix J(x), which can be considered as an “integrating factor” for the
pde’s (7.26).

In many cases of interest, including the above Example 7.1.10, the conditions (7.26)
for r = n, simplify to
LI =0=J (&)

ZL@) I (x) = g () g7 (x) (7.32)
R)E(x)=0=R.(9)
If additionally g.(£) equals the m x m identity matrix, then the action of the controller

port-Hamiltonian system amounts to (nonlinear) integral action on the output y of
the plant port-Hamiltonian system, i.e., the controller system is given as
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L E=y+u (1.33)

f

Example 7.1.12 Consider the mathematical pendulum with angle g, having Hamil-
tonian (with all parameters set equal to 1)

1
H(q.p) = 5p* + (1 = cosq) (7.34)

and actuated by a torque u with output y = p (angular velocity). Suppose we wish
to stabilize the pendulum at a non-zero angle ¢* and p* = 0. Apply the nonlinear
integral control

, =Y+ (7.35)

u —= —

35

The Casimirs C(gq, p, &) of the closed-loop system for v = 0, v, = 0 are found by
solving
010
oC 9C oC
[W % W] —10-1|=0 (7.36)
010

leading to solutions C(q, p, §) = K(q — &) for arbitrary K : R — R. Consider a
candidate Lyapunov function

1
Vig,p.&) = —p + (I —cosq) + He(§) + K(g — &) (7.37)

In order to let V have a local minimum at (¢*, p* = 0, £*) for some £*, determine
K, H., and £* such that

e Equilibrium assignment

Sinq + dK(q —& =0

7.38
4K (g — ) + () = 0 7:3%)
e Minimum condition
cosg* + LK@ —e) 0 —LK@gr ¢
0 1 0 >0 (7.39)
_d_K é‘* Odl((q _é-*)+ d§2 (5*
This has many solutions K, H., £*. Additional damping feedback v = —d2%
(. p, &) = —dp, ve = —d: G (q, p. &) + de (g — &) withd, d. > 0 will asymp-

totically stabilize this equilibrium.
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The integral action perspective also motivates the following extension of the
method. First note that given the plant port-Hamiltonian system (7.1) we could con-
sider instead of the given output y = g7 (x) %—f (x) any other output

OH
yai=[Gx)+ P(X)]TE(X) +[M(x) + S(x)Ju (7.40)

for G, P, M, S satisfying

90 =G~ P, Mo =m0 =0 aan

Indeed, by (6.5) any such output satisfies

d

—H(x) <u"ya (7.42)
dt

We call an output y, satisfying (7.42) an alternate passive output.

A special choice of alternate passive output is obtained by rewriting the dynamics
x=[J(x)— R(x)]%—’;(x) + g(x)u as (assuming J(x) — R(x) to be invertible)

T —1; .7 OH T -1
X' [J(x) — R(x)] ' x=x E(x) +x"[J(x) — R(x)]” g(x)u (7.43)

Since ' [J(x) — R(x)]"'% < 0 and )'CT%—ZI()C) = %H(x) this leads to (7.42) with
respect to the alternate passive output defined as

ya = g0+ RETI (6) = REOIGE) + (744

g I (x) + R g(o)u '
called the “swapping the damping” alternate passive output. If R = 0 this particular
alternate passive output is just the original output with the addition of the feedthrough
term g7 (x)J (x) "' g(x)u, while in the special case J = 0 it equals

OH
ya = —gT<x>a—x<x> + " (R g(x)u, (7.45)

corresponding to’ G(x) =0, P(x) = —g(x), S(x) = g (x)R(x) "L g(x).

Now in order to generate novel Casimirs based upon integral action of alternate
passive outputs we consider the following alternate passive outputs. Assuming that
im g(x) Cim[J(x) — R(x)], x € X, there exists an n x m matrix ['(x) (unique if
[J(x) — R(x)] has full rank) such that

R(x) P(x)
PT(x) S(x)
extension of R(x), since its rank is equal to the rank of R(x) (= n).

3Note that in this case the extended resistive structure matrix [ ] is a minimal rank
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[J(x) = RO (x) = g(x) (7.46)
Then define the alternate output

ya = [J@T@) + RO @] 92 (x)

(7.47)
H[=TT)J )T (x) + T RE)T (x)]u
It is directly checked that this is an alternate passive output satisfying (7.41). Inte-
gral action & = y, for arbitrary H, leads to the following closed-loop system for
v = 0, v, = 0 (leaving out arguments x)

. OH
i [ J-R —JT+Rr ][ &™) (7.48)
¢ [-TTJ+TTRTTIT —TTRL | | 9He gy ’
o€
(Recall that g(x) = J(x)I"(x) — R(x)I"(x).) It is immediately verified that at any
xeX
J—R —JI' + R r
[—FTJ +T"RTTJT — FTRF] [Im] =0, (7.49)
where I,, is the m x m identity matrix. Hence if there exist* functions Fi, ..., F,,
such that the columns of I'(x) satisfy
OF; .
FHix)=——), j=1,...,m, (7.50)
Ox
then the functions §; — F;(x), j =1, ..., m, are Casimirs of the closed-loop sys-
tem, yielding new possibilities for the construction of a suitable Lyapunov function
V(x.€). Finally, by Poincaré’s lemma local existence of solutions Fi, ..., F, to

(7.50) is equivalent to I"(x) satisfying the integrability conditions

(")Fji _ aij
8)6/( (X) - 8)6,'

x), i,jk=1,....n (7.51)

Remark 7.1.13 Obviously, also partially integrable situations (corresponding to
some of the columns of I'(x) being integrable) may be considered, leading to a
smaller number of Casimirs for the closed-loop system.

Example 7.1.14 Consider an RLC-circuit with voltage source u, where the capacitor
is in parallel with the resistor. The dynamics is given as

“In view of (7.46) this means that the input vector fields ¢ ; are “Leibniz vector field” with respect
to the Leibniz structure J(x) — R(x) and potential functions — F;. Note that the same assumption
was made in (6.106) in the context of generating Lyapunov functions for port-Hamiltonian systems
driven by constant inputs.
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0 11741 o
—| "R
|:¢ =1 _10lle + K (7.52)
L
with R, L, C, respectively, the resistance, inductance, and capacitance. Suppose we
want to stabilize the system at some feasible non-zero set-point value (Q*, ¢*) =
(Cit, Lit) for it # 0. Integral action of the natural passive output y = % (the current

through the voltage source) does not help in creating Casimirs. Instead consideration
of (7.46) yields the solution ' = [1 %], and the resulting alternate passive output

- % + lu (7.53)

y=g
A C R

2
R

Integral action of this alternate passive output yields the Casimir Q + %qﬁ — ¢ for
the closed-loop system, resulting in a candidate Lyapunov function V(Q, ¢, &) =
%Qz + ﬁ(ﬁz + H. (&) + P(0 + %qb — &). It can be verified that H, and & can be
found such that V has a minimum at (Q*, ¢*, £*) for some £*.

Note that in alternative case of a series RLC-circuit integral action of the natural
output suffices, resulting in a controller system that emulates an extra capacitor,
thereby shifting the zero equilibrium to any feasible equilibrium (Q*, ¢*) = (Cu, 0).
From a physical point of view a main difference between these two cases is that in
the parallel RLC-circuit there is energy dissipation at equilibrium whenever u # 0,
in contrast with the series RLC-circuit.

7.2 Passivity-Based Control

Suppose there exists a solution F to the Casimir equation (7.26) with r = n,, in
which case all controller states £ are related to the plant states x. It follows that for
any choice of the vector of constants A = (A, ..., \,,) the multi-level set

Ly={x, O & =F@+ A, i=1,....,nc} (7.54)

is an invariant manifold of the closed-loop system for v = 0, v, = 0. Furthermore,
the dynamics restricted to L is given as

OH OH,
X =[J(x) = R()] r e g(X)g. (F(x) +A) ¢ (F(x)+X) (7.55)

Using the second and third equality of (7.26) and the chain-rule for differentiation

— = a(x) o (F(x)+ ) (7.56)

Equation (7.55) can be rewritten as
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) O0H;
x=[J(x) — R(x)] 3 (x) (7.57)
X
with
H(x) := H(x) + H\(x), H)(x):= H.(F(x)+ \) (7.58)

This constitutes a port-Hamiltonian system with the same interconnection structure
matrix J (x) and resistive structure matrix R(x) as the original plant port-Hamiltonian
system, but with shaped Hamiltonian H;.

An energy-balancing interpretation of the extra term H) in H; is the following.
Since by (7.26) R.(£) = 0, the controller Hamiltonian H, satisfies

dH, T T

YT U, Yo =—U"Y (7.59)

inview of u = —y, and u, = y. Therefore on any multi-level set L », up to a constant,
t

Hy(x()) = — / ul (r)y(r)dr, (7.60)
0

which is minus the energy supplied to the plant system (7.1) by the controller system
(7.5).

Alternatively, the dynamics (7.57) could have been obtained directly by applying
to the plant port-Hamiltonian system (7.1) a state feedback u = ) (x) such that

0H
gx)an(x) = [J(x) = R(x)] a—;(X) (7.61)

In fact, by (7.55) such an ) (x) is given as

O0H,
a¢ (F(x)+ ) (7.62)

ax(x) = —g! (F(x) + )
The state feedback u = «)(x) is customarily called a passivity-based state feedback,
since it is based on the passivity properties of the original plant system (7.1), and
transforms (7.1) into another passive system with shaped storage function; in this
case H;.

Seen from this perspective the passivity-based state feedback u = «) (x) satisfy-
ing (7.61) can be derived from the feedback interconnection of the port-Hamiltonian
plant system (7.1) with a controller port-Hamiltonian system (7.5), and thus inherits
its robustness properties.

Finally, we note that since the Casimirs are anyway defined up to a constant we
can also leave out the dependence on A and simply consider the passivity-based state

feedbacks
OH (F(x)) (7.63)
o0& ’

a(x) == —gl (F(x))
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for any solution F to (7.26).

Example 7.2.1 (Example 7.1.10 continued) Assuming g. to be the m x m identity
matrix and B(q) to satisfy (7.29) there exist Casimirs &; — F;(g),i = 1,...,m. The
resulting passivity-based state feedback is given by

OH,
alg) = _a_g(Fl @, -, Fn(q) (7.64)

with shaped Hamiltonian H(q, p) = H(q, p) + H.(Fi(q), ..., F,,(g)). In partic-
ular, if H is in the common “kinetic plus potential energy” form % p"M~Y(q)p +
P(q), then this corresponds to shaping of the potential energy P (g) into

P(q) + H.(Fi(q), - ... Fu(q)) (7.65)

A comparison of the actual implementation of the passivity-based state feedback law
(7.63) with respect to the implementation of the port-Hamiltonian controller system
(7.5) depends on the application. For example, in a robotics context the measurements
of the generalized velocities y = B” (¢)§ are more noisy than the measurements of
the generalized positions ¢, since typically the first are obtained by differentiation
of the latter.

Example 7.2.2 (Example 7.1.12 continued) Consider, as a special case of Example
7.2.1, the equations of a normalized pendulum as in Example 7.1.12. The solution
of (7.28) for g.(§) = 1 is F(q) = q. Let g* be the set-point angle of the pendulum,
and let us try to shape the potential energy P(g) = 1 — cosgq in such a way that it
has a minimum at ¢ = ¢g*. The simplest choice for the controller Hamiltonian H. ()
in order to achieve this is to take

1
He(&) = cos{ + 5(6 = q*)? (7.66)

The shaped potential energy (cf. (7.65)) is then given as

1
(1 —cosq) + cos(qg + ) + E(q + X —g%)? (7.67)

which has a minimum at ¢ = ¢* for A\ = 0. Hence, the resulting passivity-based state
feedback is simply

_ O 3 * 7.68
ozo(x)——a—g(q)—smq—(q—q) (7.68)

which is the well-known “proportional plus gravity compensation control.”

In the rest of this section we develop a general theory of passivity-based state
feedbacks u = «a(x) for the asymptotic stabilization of a set-point x* of the plant port-
Hamiltonian system (7.1). This proceeds in two steps: (I) shape by state feedback the
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Hamiltonian H in such a way that it has a strict minimum at x = x*, implying that x*
is a (marginally) stable equilibrium of the controlled system, (II) add damping to the
system such that x* becomes an asymptotically stable equilibrium of the controlled
system. Note that Step II has been treated before, see in particular Sects. 7.1 and 4.2,
so that we may concentrate on Step L.

Proposition 7.2.3 Consider the port-Hamiltonian system (7.1). Assume we can find
a feedback u = a(x) and a vector function h(x) satisfying
[J(x) = R(x)]h(x) = g(x)au(x) (7.69)
such that o
(l) ()C) 8)6[/()6)’ i,j=1,...,n
(i) h(x*) = — 2 (x) (7.70)

Gii) 2 (x*) > —FH (x)

with 5 dh Z¢ (x) the n X n matrix with i-th column given by G (x), and %XH (x*) denoting

the Hessmn matrix of H at x*. Then x* is a stable equilibrium of the closed-loop
system

. O0Hy
x=[J(x) = R(x)] a—(x) (7.71)
X

where Hy(x) := H(x) + H,(x), with H, defined locally around x* by

h(x) =

(7.72)

Proof From (7.70)(i) it follows by Poincaré’s lemma that locally around x* there
exists H, satisfying (7.72). Then by (7.69) the closed-loop system equals (7.71).
Furthermore by (7.70)(ii) x* is an equilibrium of (7.71), which is stable by (iii) since
885" (x*) > 0, implying that H; has a strict minimum at x* O

Example 7.2.4 Consider a mechanical system (7.27), with Hamiltonian H (g, p) =
1" M~ (q)p + P(q). Equation (7.69) reduces to

h(q, p) = |:h2(c(])’ p)] ., h*(q, p) = B(q)a(q, p) (7.73)

Furthermore, from (7.70)(i) it follows that 42 (and thus o) only depends on ¢, while

. Oh;
—’(q)=7(q) i,j=1,...k (7.74)

Finally, (7.70)(ii) and (iii) reduce to, respectively,
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oP
20,,%) — __ *
h*(q*) = —6q(q)

8112( 9 82P( Y
— > —_——
g a 0q*? a

(7.75)

This implies that the shaped potential energy P,(g) = P(q) + P.(g), with P,
such that h%(g) = %—?(q), has a strict minimum at ¢ = ¢*, and thus H;(q, p) =

1p" M~ (q)p + Pu(g) has a strict minimum at (¢*, p = 0).

Example 7.2.5 (Example 6.2.3 continued) The Hamiltonian H of the rolling coin
does not have a strict minimum at the desired equilibrium x =y =6 = ¢ =0,
p1 = p2 = 0, since the potential energy is zero. Equations (7.69) and (7.70) reduce to

9Py
Ox
0Py

0 0 0 —1 Dy _ 01 o
|:—cos¢—sin<;§—1 0:| % _[10}[0‘2} (7.76)
P,
99

with P, and o, o functions of x,y, 6, ¢. Taking P,(x, y, 0, ¢) = 1 (x> + y*> +
6% + ¢?) leads to the state feedback

Uy = —xcos¢g — ysing — 0 + v;
7.77
U =—¢+uv 7.77)
By adding damping vi = —y; = —p», v = —p1, the trajectories of the closed-loop
system will converge to the set of equilibria
{((x,9,0,0) | pr=p2=0, ¢=0, x+6=0} (7.78)

The use of different potential functions P, leads to different sets of equilibria which,
however, always contain an infinite number of points, in accordance with the fact that
mechanical systems with nonholonomic kinematic constraints cannot be asymptot-
ically stabilized using continuous state feedback; see Corollary 6.4.7.

Remark 7.2.6 The conditions (7.70) (i), (iii) can be stated in a more explicit way if
there exist functions Fj, ..., F,, such that

OF; .
[J(x)—R(x)]a—x(x) =—g;jx), j=1,...,m (7.79)

(Note that these are exactly the conditions involved in the generation of Casimirs for
the closed-loop system resulting from integral action on alternate passive outputs;
cf. (7.46) and (7.50).) In this case, any feedback of the form

oG
u=alx) = _8_§(Fl x),..., F,(x)) (7.80)
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for some G : R"™ — IR, satisfies (7.69), and (7.70)(1) with h(x) = %(x), and
H,(x) = G(F;(x), ..., F,(x)). Furthermore, there exists a feedback (7.80) such
that additionally (7.70)(iii) is satisfied if and only if the Hessian %ZTI;I(X*) is positive
definite when restricted to the subspace ker F (x*), where F (x*) is the m x n matrix

of gradient row vectors of Fy, ..., F, [143, 270].

The conditions for existence of solutions /(x) and a(x) to (7.69) can be simplified
as follows.

Proposition 7.2.7 Consider the plant port-Hamiltonian system (7.1), where it is
assumed that g(x) has full column rank for every x € X. Denote by g*(x) a matrix
of maximal rank such that g*(x)g(x) = 0. Let h(x), a(x) be a solution to (7.69).
Then h(x) is a solution to

gL (x) = R(0)Jh(x) =0 (7.81)

Conversely, if h(x) is a solution to (7.81) then there exists ca(x) such that h(x), a(x)
is a solution to (7.69). In fact, a(x) is uniquely given as

a(x) = (g7 (0)g() ' g" () [J(x) = RG] A(x) (7.82)

Proof The first claim is immediate. The expression (7.82) follows by noting that
(9" ) g(x))_1 g” (x) is the Moore—Penrose pseudoinverse of g(x). O

The Eq.(7.81) is called the energy shaping matching equation, and character-
izes the possible vectors h(x), and therefore H,, which may be used in order to
shape H to H; = H + H,. Note that this matching equation is closely related to the
Eq.(7.46) for constructing alternate passive outputs for Casimir generation. Indeed,
by allowing for modulated feedback (7.31) as in Remark 7.1.11 the alternate passive
output Eq.(7.46) generalizes to [J(x) — R(x)]I"(x) = g(x)fB(x) for some matrix
(B(x), which is equivalent to

g )L (x) = R()IT (x) =0 (7.83)

Hence, the set of solutions /(x) to (7.81) is contained in im I"(x), and in this sense
energy shaping by state feedback is equivalent to finding alternate passive outputs
for Casimir generation.

An important extension to the above method for energy shaping, which consid-
erably enlarges the set of possible H, and therefore of Hy, is to additionally allow
for shaping of the structure matrices J (x) and R(x) in (7.1). Thus, the interconnec-
tion and damping assignment passivity-based control (IDA-PBC) design objective
is to obtain by state feedback u = a(x) a closed-loop system of the shaped port-
Hamiltonian form

) OH,
= [Ja(x) = Ry(x)] W(x)’ (7.84)
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where J;(x) = —JJ (x) and R,;(x) = R (x) > 0 are desired interconnection and
resistive structure matrices, and, as before, H; is a desired (shaped) Hamiltonian
having a minimum at x*. Transforming (7.1) into (7.84) by application of state
feedback u = a/(x) amounts to the equation

OH OH,
[J(x) — R(x)] O x) + g()ax) = [Jy(x) — Ry(x)] ——(x) (7.85)
X Ox

Proposition 7.2.8 Consider the port-Hamiltonian system (7.1) and a desired equi-
librium x* to be stabilized. Assume that we can find a(x) and Hy(x) = H(x) +
H,(x), and matrices J;(x) and R, (x) satisfying (7.85) and such that the following
conditions are met:

e Equilibrium assignment: at x* the gradient of H,(x) satisfies

0H,
Ox

OH

N+ —xH=0 (7.86)
Ox

e Minimum condition: the Hessian of H,(x) at x* satisfies

OH, . OH
o2 (x*) + w(x ) >0 (7.87)

Then, x* is a stable equilibrium of the closed-loop system (7.84). It will be asymptot-
ically stable if, in addition, the largest invariant set under the closed-loop dynamics
contained in

9" Hy OHy .
o (x)Rd(x)a—x(x)—O]

[xeX‘

equals {x*}.

As before, see (7.81) in Proposition 7.2.7, the dependence of (7.85) on the unknown
a(x) can be eliminated. Indeed, assume that g(x) has maximal column rank for all
x € X. Denoting by g*(x) a maximal rank annihilator of g(x), premultiplication of
both sides of (7.85) by g*(x) results in

OH OH,
g () [J(x) — R(x)] T = g0 [Ta(x) = Ry(x)] —2(x) (7.88)
X Ox

This is called the IDA-PBC matching equation. Interconnection and damping assign-
ment passivity-based control is thus concerned with finding J,;, R; and H; satisfying
(7.88) such that H; has its minimum at the desired equilibrium x*. Once (7.88) has
been solved, the required state feedback u = «(x) follows, and is uniquely given as

a() = (9" @)g) " g" ()

OHy, OH (7.89)
X ([Jd(x) — Rq(x)] ax (x) = [J(x) — R(x)] —(X))
X Ox
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Solving the IDA-PBC matching Eq. (7.88) can be a tedious process; basically because
there are many degrees of freedom J;, R, in order to construct H,; having its mini-
mum at x*.

Example 7.2.9 (Example 6.3.2 continued) Suppose that we first try to stabilize the
levitated ball at a desired height ¢* by only shaping the Hamiltonian without altering
the interconnection and resistive structure matrices J (x), R(x) givenin (6.5.9). Then
(7.69) for h(x) = %(x) amounts to

8Ha_0 0H,
dqg Op

OH,
=0, —R =a) (7.90)
dp

The first two equalities mean that H, can only depend on ¢, while the third defines
the state feedback a(x). Thus, the closed-loop Hamiltonian H; = H + H,, with H
the original Hamiltonian given by (6.60), takes the form

2

p
Hi(q, p,p) =mgq + — +

-2
o 2Lg)” + Ha (o) (7.91)

Even though, with a suitable selection of H,, we can satisfy the equilibrium assign-
ment condition, H; will never be positive definite at this equilibrium. This is due
to the lack of effective coupling between the electrical and mechanical subsystems.
Indeed, the interconnection matrix J only couples position with momentum. To over-
come this problem, a coupling between the flux-linkage ¢ and the momentum p is
enforced by modifying J to

0 10
Jy=|-101 (7.92)
0 —10

Furthermore, we take R; = R. Then H; = H + H, solves (7.85) if

0H, H, H,
— =0, 9 + 0 + =0
dp dq dp  L(q)

(7.93)

The first equation implies that H, only depends on ¢, ¢. For L(g) given by L(q) =
ﬁ the second equation has the following set of solutions

3
1
Hu(q, ¢) = *g—k — 5 (1= D¢+ ®lg + ). (7.94)

with & : R? — IR arbitrary. This results in the class of shaped Hamiltonians

2 3

p
Hi(q.p.p) =mgg + 2=+ Z 4 o(g + ) (7.95)
2m 6k
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By a suitable choice of @ the shaped Hamiltonian H,; indeed has a minimum at

x*=1(q", 0, V2kmg).

An interesting case of IDA-PBC matching equations is obtained for mechanical
systems, as treated in Sect.6.2; see also Example 7.1.10. Consider the mechanical

system
OH
- (g, p) 0
T ‘{}:[0 ’"Hf’q }r[ ]u (7.96)

where g € R" are the generalized position coordinates, p € R" are the momenta,
given as p = Mg with M the inertia matrix, and the Hamiltonian is given by

1
H(q,p) = EpTM”(q)p +V(g) (7.97)

We assume that G(g) has constant rank m < n. Hence a matrix G(g) of rank
n — m exists such that G+(¢)G(g) = 0. Mechanical IDA-PBC is to design a state
feedback u = a(q, p) + v that transforms X into a closed-loop system, which is
again a mechanical system

ve [ e m - ratg | @7 T 0 7%

with H;(q, p) = %pTMd_l (@) p + Va(q) the desired total energy, where M; > 0 is
the desired inertia matrix and V,;(g) the desired potential energy function. The upper-
half of the IDA-PBC matching equations immediately implies that J; is restricted to

the form 1
_ 0 M= (q)Ma(q)
Ja= [—Md(q)M-l(q) h(q. p) } (7.99)

for some J,(q, p) = —J, (g, p). The resulting lower-half of the IDA-PBC matching
equations is given as

GHOMa @M (@ 5 (50" Mz (@) p) = GH (@) )a(q, M (@)p
+GH@Ma( @M (@) 57 Va(@) (7.100)
=G 9 (37 M (@p) + GHDE V(@)
These equations split into an p-dependent and p-independent part, given by

GHOMiDM (@ 4 (37 My (@)p) = GH@) (g, M (9)p =
G @)z 3p" M @p) (7.101)
GHPOMADM () 5 Va(@) = GH(@) £ V(@)
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It follows that J,(g, p) is necessarily linear in p. The aim is to find a shaped potential
energy function V; that has a minimum at the set-point ¢*. In case M; = M (energy
shaping passivity-based control) the second equation confines shaping of the potential
energy to take place in the actuated degrees of freedom corresponding to im G(q)
(as we have seen before). By allowing shaping of M to M, (and thereby of J to J,,
with J, an additional degree of freedom), the options for shaping of V into V, are
considerably enlarged.

7.3 Control by Energy-Routing

In the previous sections, we addressed the problem of asymptotic set-point stabiliza-
tion of port-Hamiltonian systems. The main idea was to shape the Hamiltonian into
a suitable Lyapunov function, either by interconnection with a dynamical controller
system in port-Hamiltonian form or by direct state feedback, and then to add damp-
ing to the system by feeding back the resulting passive outputs. In this final section,
we indicate other uses of the port-Hamiltonian structure for control. In particular, we
explore the option of controlling the Poisson or Dirac structure in order to regulate
the power flow through the system.

As a first example of this, we consider the problem of energy transfer. Consider
two port-Hamiltonian systems X; (without internal dissipation) in input-state-output
form

. aI{l m
X = Ji(xi)?(xi) +gi(xpu;, u;eR
I i i=1,2, (7.102)

OH; "
Vi =gf(xi>8—<xi>, yi € R

Xi

both satisfying the power-balance Hi (x;) = yl-Tui. Suppose now that we want to
transfer the energy from system X; to system X, while keeping the total energy
H, + H, constant. This can be done by using the following output feedback

u 0 —ylsz} |:)’1:|
= , 7.103
[Mz} [yzle 0 » ( )

which, due to its skew-symmetry property, is power preserving. Hence, the closed-
loop system composed of ¥, and ¥, is energy preserving, that is H; + H, = 0.
However, if we consider the individual energies then we notice that

Hi(x) = —y! yiy3 y2 = =0l PlIyl* <0, (7.104)

implying that H; is decreasing as long as ||y;|| and ||y;|| are different from O.
Conversely, as expected since the total energy is constant,
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Hy(x) = y3 yayivi = [yl PlIyi |1 = 0, (7.105)

implying that H, is increasing at the same rate. In particular, if H; has a minimum at
the zero equilibrium, and X is zero-state detectable, then all the energy H, of ¥ will
be transferred to X,, as long as || y»|| is not zero. If there is internal energy dissipation
in ¥ and/or X,, then this energy transfer mechanism still works. However, the fact
that H, grows or not will depend on the balance between the energy delivered by
%1 to X, and the internal loss of energy in ¥, due to dissipation. We conclude that
this particular scheme of power-conserving energy transfer is accomplished by a
skew-symmetric output feedback, which is modulated by the values of the output
vectors of both systems. Note that this implies that the interconnection matrix of the
closed-loop system is, strictly speaking, not an (almost-)Poisson structure, since it
is modulated by the co-tangent vectors %—Z‘ and %—i’f instead of by the state variables
X1, X2.

A related scenario for energy-routing is the case where the interconnection matrix
J (or, more generally, the Dirac structure) is depending on the control u. Such a
case, for example, occurs in the control of power converters, where different switch
positions lead to different circuit topologies (and thus to different J matrices), and
where the duty ratio’s may be taken as control variables, leading to J(u), see, e.g.,
[95, 200]. Especially in case external sources and sinks are present, this allows for
a control of the power flow through the system in such a manner that certain crucial
variables are kept close to their desired values. In a robotics context continuously
variable transmission components, corresponding to a modulated Dirac structure,
may be designed for energy-efficient control [89]. Finally, control dependence may
also appear in the energy storage and energy dissipation. For the first case, we refer
to Note 13 in Sect. 6.10 (variable stiffness control).

7.4 Notes for Chapter 7

1. Example 7.1.3 is based on Aeyels & Szafranski [3].

2. The idea of stabilizing mechanical systems by shaping the potential energy via
feedback and by adding damping can be traced back at least to Takegaki &
Arimoto [334], and is one of the starting points of passivity-based control; see
Ortega & Spong [243]), as well as Ortega, Loria, Nicklasson & Sira-Ramirez
[239]. For the closely related topic of stabilization of Hamiltonian input-output
systems, see van der Schaft [270], Nijmeijer & van der Schaft [233].

3. Instead of controlling the system to the minimal level of its energy by damping
injection as in Sect. 7.1, one may also use similar strategies to bring the system to
any desired level of energy H by controlling (H — H)? to zero. Furthermore, this
can be extended to stabilizing the system to any (multi-)level set of its Casimir
functions. This idea is explored in Fradkov, Makarov, Shiriaev & Tomchina [102]
and the references quoted therein.
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10.

11.

12.
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The Energy-Casimir method for investigating stability of Hamiltonian dynamics
can be found in e.g., Marsden & Ratiu [197] and the references quoted therein.
A classical example is the stability analysis of non-zero equilibria of Euler’s
equations 6.31 for the dynamics of the angular momenta of a rigid body. See
Aeyels [2] for the stabilization application. The method of generating Casimirs
for the closed-loop system resulting from interconnection with a controller port-
Hamiltonian systems is initiated in Stramigioli, Maschke & van der Schaft [330],
and further developed in Ortega, van der Schaft, Mareels & Maschke [241] and
Ortega, van der Schaft, Maschke & Escobar [242].

. Example 7.1.6 is taken from Stramigioli, Maschke & van der Schaft [330]; see

also Stramigioli [328].

Closed-loop Casimir generation with controller systems not satisfying R.(§) > 0
is addressed in [168].

. The “swapping the damping” alternate passive output in (7.44) is introduced in

Jeltsema, Ortega & Scherpen [147].

. The construction to generate Casimirs based on integral action of alternate pas-

sive outputs and as described at the end of Sect.7.1, see (7.46), is initiated (in
a different context and form) in Maschke, Ortega & van der Schaft [198, 199].
For a general approach to alternate passive outputs for port-Hamiltonian DAE
systems see Venkatraman & van der Schaft [342].

. Section 7.2 is largely based on Ortega, van der Schaft, Mareels & Maschke [241]

and Ortega, van der Schaft, Maschke & Escobar [242]. A survey on IDA-PBC is
Ortega & Garcia—Canseco [238]. See Ortega, van der Schaft, Castanos & Astolfi
[240] and Castanos, Ortega, van der Schaft & Astolfi [62] for further develop-
ments, in particular about the close relations between “control by interconnec-
tion” and IDA-PBC. Example 7.2.9 is from Ortega, van der Schaft, Mareels &
Maschke [241]. Example 7.2.5 is based on Maschke & van der Schaft [204].

IDA-PBC control of linear port-Hamiltonian systems is investigated in Prajna,
van der Schaft & Meinsma [256].

The IDA-PBC matching equations for mechanical systems (7.100) and (7.101)
are due to Ortega, Spong, Gomez—Estern & Blankenstein [244]; see also
Blankenstein, Ortega & van der Schaft [42]. The extension to matching equa-
tions for mechanical systems with damping is treated in Gomez-Estern & van
der Schaft [116]. In parallel to IDA-PBC of mechanical systems the theory of
controlled Lagrangians is developed in Bloch, Leonard & Marsden [44, 45],
Bloch, Chang, Leonard & Marsden [46], Chang, Bloch, Leonard, Marsden &
Woolsey [64]), with eventually equivalent results; see also Auckly, Kapitanski
& White [17] and Hamberg [118].

Relatively little attention has been paid to the extension of the control theory of
this chapter to port-Hamiltonian DAE systems; see however Macchelli [191].
The characterization of achievable Dirac structures and achievable Casimirs
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13.

14.

through control by interconnection is addressed in Pasumarthy & van der
Schaft [251].

The energy transfer scheme (7.103) is taken from Duindam & Stramigioli [91];
see also Duindam, Blankenstein & Stramigioli [90], Duindam, Stramigioli &
Scherpen [92], where it is used for asymptotic path-following of mechanical
systems (converting kinetic energy orthogonal to the tangent of the desired path
into kinetic energy along it). The fact that the interconnection matrix of the
closed-loop system is not a (almost-)Poisson structure matrix anymore (since
it is depending on the gradient vector of the Hamiltonian) is similar to the sit-
uation encountered in thermodynamical systems, see Eberard, Maschke & van
derSchaft [94].

Related to the ideas exposed in Sect.7.3 is the theory of impedance control as
formulated in Hogan [127]. See furthermore Stramigioli [329], and the references
quoted in there, for various ideas on “energy-aware control” in robotics.



Chapter 8
L>-Gain and the Small-Gain Theorem

In this chapter, we elaborate on the characterization of finite L,-gain for state space
systems, continuing on the general theory of dissipative systems in Chap. 3. Within
this framework we revisit the Small-gain theorem and its implications for robustness
(Sect. 8.2), and extend the small-gain condition to network systems (Sect. 8.3). Fur-
thermore, we provide an alternative characterization of L,-gain in terms of response
to periodic input functions (Sect. 8.4), and in Sect. 8.5 we end by sketching the close
relationships to the theory of (integral-)input-to-state stability.

8.1 L,-Gain of State Space Systems

Recall from Chap. 3 the following basic definitions regarding L,-gain of a general
state space system X

X = f(x,u),xe X, ueR"
x y=h(x,u), yeR? @.1)

with n-dimensional state space manifold X.

Definition 8.1.1 A state space system X given by (8.1) has L;-gain < -~y if it is
dissipative with respect to the supply rate s(u, y) = %72 [|ul|?> — %| |y||?; that is, there
exists a storage function S : X — R such that

1o
SCr(n) = SC(w) < 5 / Pllu®)* = lly@|*)dt (8.2)

along all input functions u(-) and resulting state trajectories x (-) and output functions
y(-), for all ty < t;. Equivalently, if S is C!
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l 2 2 l 2
S,(x)fx,u) < 27 [u]]| 2||h(x,u)|| , Vx,u (8.3)

The L,-gain of X is defined as v(X) = inf{y | £ has L,-gain < ~}. ¥ is said to
have L,-gain < + if there exists 7 < + such that ¥ has L,-gain < 4. Finally, ¥ is
called inner if it is conservative with respect to s(u, y) = %||u||2 - %||y||2.

A more explicit form of the differential dissipation inequality (8.3) can be obtained

for systems that are affine in the input 4 and without feedthrough term

s A =@+ gu

"y = hix), (8.4)

with g(x) an n x m matrix. In this case, the differential dissipation inequality (8.3)
for X, amounts to

1 1
Sx<x>[f(x)+g(x>u]—572||u||2+5||h<x)||2 <0, Vuxu (8.5)

This can be simplified by computing the maximizing u* (as a function of x) for the
left-hand side, i.e.,

1
wt = —g" (OS] (), (8.6)
~y
and substituting (8.6) into (8.5) to obtain the Hamilton—Jacobi inequality
11 T T 1,
S (x) f(x) + E?Sx(X)g(X)g (x)S; (x) + Eh (x)h(x) = 0, VxeX (8.7)

Thus, ¥, has L,-gain < v with a C! storage function if and only if there exists a C!
solution S > 0 to (8.7). Furthermore, it follows from the theory of dynamic program-
ming that if the available storage S, and required supply S, (assuming existence) are
C!, they are actually solutions of the Hamilton—-Jacobi (-Bellman) equality

11 1
Se(x) f(x) + EﬁSx(X)g(X)yT(x)SXT(X) + EhT(X)h(x) =0 (8.8)
More information on the structure of the solution set of the Hamilton—Jacobi inequal-

ity (8.7) and equality (8.8) will be provided in Chap. 1 1.

An alternative view on L,-gain, directly relating to Proposition 1.2.9 in Chap. 1,
is provided by the following definition and proposition.

Definition 8.1.2 Given the state space system X given by (8.1) define the associated
Hamiltonian input—output system L7 as
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: OH
X = a—p(x, p,u)

2 p =, pu (8.9)

Yo =% (x, p.u)

with state (x, p), inputs u and outputs y,, where the Hamiltonian H (x, p, u) is
defined as

H(x, p,u):=p’ f(x,u)+ %hT(x, wh(x, u) (8.10)

Here p € T X >~ IR" denotes the co-state vector.

Remark 8.1.3 Geometrically, the state space of %% is given by the cotangent bundle
T*X,with p € T X. See [24, 73] for further information. In case of a linear system,
X = Ax + Bu,y = Cx + Du with transfer matrix K(s) = C(sI — A)™'B + D,
the transfer matrix of the associated input—output Hamiltonian system is given as
KT(—s)K(s).

Proposition 8.1.4 Consider ¥ satisfying f(0,0) = 0,h(0,0) = 0, with input—
output map Gy : Ly.,(R™) — L,,(RP), which is assumed to be L,-stable. Then
the input—output map G{(’)’O) of T for initial state (x, p) = (0, 0) is equal to the
composed map

G{o,0)() = (DGo(u))* o Go(u) (8.11)

with DG (u) the Fréchet derivative of the map G. In particular, it follows that the
input—output map Gy is inner if and only if G{(I)’O) is the identity-map.

Proof Follows directly from the definition of the Fréchet derivative DG (u) of Gy
at u. The last statement follows from Proposition 1.2.9 in Chap. 1. (]

8.2 The Small-Gain Theorem Revisited

In this section, we provide a state space interpretation of the Small-gain Theorem
2.1.1 for input—output maps in Chap. 2.

Let us consider, as in Chap.4, the standard feedback configuration X || s X, of
two input-state-output systems

X = filgu), € X up €Uy L
i : yi = hi(xi, u;), yi €Y; i=12 (8.12)
with Uy = Y,, U, = Y, cf. Fig.4.1. Suppose ¥ and ¥, in (8.12) have L,-gain
< 71, respectively < 7,. Denote the storage functions of X;, ¥, by §;, $,, with
corresponding dissipation inequalities
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Si(x1(h)) = S1(x1(t0) < 3 [ R Hlur 1 = Iy ()] P)dt

$>(02(t) — $20010)) < 1 [ OR®I — 1y2 0 P)de ®19
Consider now the feedback interconnection with e; = e, = 0
up=—y2, uy=yi, (8.14)
and assume 7y; - 7> < 1. Then we can find an « such that
7 < o< i (8.15)

2

Substitute (8.14) into (8.13), multiply the second inequality of (8.13) by o, and add
both resulting inequalities, to obtain

S(xl(ltl)yxz(tl)) — S(x1(to), x2(20)) =< (8.16)
i o [(@®73 = DIIyiI* + (0f — ) |ly2(0)1*1dt '
where S(x1, x) := 81 (x1)+a28>(x). Since « satisfies (8.15) it immediately follows

that

Sx1(n1), x2(t1)) = S(x1(t0), x2(t0)) = —8/ I OIP + ly20)12de - (8.17)

fo

for a certain ¢ > 0. Thus § is a candidate Lyapunov function for the closed-
loop system. In fact, we may immediately apply the reasoning of Lemma 3.2.16,
resulting in

Theorem 8.2.1 (Small-gain theorem; state space version) Suppose | and ¥, have
Ly-gain < 1 and < v, with v, - v» < 1. Suppose Sy, Sy > 0 satisfying (8.13) are
C' and have strict local minima at x} = 0, x5 = 0, and £, and Z, are zero-state
detectable. Then x* = (x{, x3) is an asymptotically stable equilibrium of the closed-
loop system X1 X5 with ey = ex = 0, which is globally asymptotically stable if
additionally Sy, Sy have global minima at x{, x5 and are proper.

We leave the refinement of Theorem 8.2.1 to positive semidefinite S; and S, based
on Theorem 3.2.19 to the reader (see also [312]). Instead we formulate the following
version based on Proposition 3.2.22. For simplicity, assume that 3;, i = 1,2, are
affine systems
X = fi(xi) + gi (xpu;

Eai .
yi = hi(x;)

(8.18)

Proposition 8.2.2 Suppose the affine systems X1 and X, asin (8.18) have L,-gain
< v and < v, with 1 - v» < 1. Suppose S1, S, > 0 satisfying (4.52) are C' and
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S1(x}) = S2(x3) = O (that is, S| and S, are positive semidefinite at x{, respectively,
x5 ). Furthermore, assume that x} is an asymptotically stable equilibrium of X; =
fi(xi), i = 1,2. Then (x{, x}) is an asymptotically stable equilibrium of the closed-
loop system || f X withe; =0, e; = 0.

Proof The closed-loop system X || r X5 with e; = 0, e; = 0 can be written as
x = f(x) + gx)k(x)

with x = (x, x»), and
A |91 O | —h
r=[p] o= o a) =] o

Se(x1, x2) Lf () + k()] < —el k@), (8.20)

By (8.17)

while by assumption (x}, x3) is an asymptotically stable equilibrium of x = f(x).
The statement now follows from Proposition 3.2.22. (]

Remark 8.2.3 Contrary to the Small-gain Theorem 2.1.1 for input—output maps in
Chap. 2 we can relax the small-gain condition v, - v, < 1to 7y -2 < 1, in the sense
that for v, -y, = 1 the inequalities (8.17) and (8.20) remain to hold with e = 0. Hence
under appropriate conditions on Sy, S, stability continues to hold if y; - v, = 1.

Remark 8.2.4 Note that the small-gain theorem is equally valid for the positive
feedback interconnection u; = y,, up = y;.

Theorem 8.2.1 and Proposition 8.2.2 have immediate applications to robustness
analysis. A simple corollary of Theorem 8.2.1 is the following.

Corollary 8.2.5 Consider a nominal set of differential equations x = f(x),
f(0) = 0, with perturbation model

= f(x)+ gx)Ah(x), (8.21)

where §(x) is a known n x m matrix, h : X — R?, h(0) = 0, is a known mapping,
and A is an unknown m X p matrix representing the uncertainty. Suppose the system

X=fx)+gx)u, ucR"
Y5 = hx), e R (8.22)
has L,-gain < ~y (from it to ¥ ), with C' storage function having a strict local minimum
at 0, or having a local minimum at 0 while 0 is an asymptotically stable equilibrium
of x = f(x). Then 0 is an asymptotically stable equilibrium of the perturbed system
(8.21) for all perturbations A having largest singular value less than %
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Proof Take in Propositions 8.2.1 or 8.2.2 ¥; = 3, and ¥, equal to the static system
corresponding to multiplication by A. The L,-gain of X, is the largest singular value
of A. (]

Another direct consequence of the preceding theory concerns robustness of finite
L,-gain.

Corollary 8.2.6 Consider the perturbed state space system

x=[fx) +§(x)Afl(x)] +9gu, x e X, ueR",

Py ), e R (8.23)

where §, h, and A are as in Corollary 8.2.5, with A = 0 representing the nomi-
nal state space system. Suppose there exists a solution S > 0 to the parametrized
Hamilton—Jacobi inequality

Sy () f(x) + %#SX(X)Q(X)QT(JC)S;(X) + 3hT ()h(x) +
111 —N=T T 1 27T N\ (8.24)
3725 ()g(x)g (NS, (x) + 387h" ()h(x) < 0

(with € a fixed but arbitrary scaling parameter), meaning that the extended system

X = fx)+gu+ g
vy =h(x) (8.25)
y

has Ly-gain < vy from (u, ) to (y, y). Then the perturbed system %, has Ly-gain

<~ for all perturbations A having largest singular value < “17

Proof For all A with largest singular value < %

= 7 111 = \=T T L orro 7
Sx(x)g(x)Ah(x) = Eing(X)g(X)g ()8, (x) + € h* (x)h(x)
and thus the expression
= P 11 T T L7
Sc()Lf (x) + g(x)Ah(xX)] + EQSX (x)g(x)g" (x)S, (x) + Eh (x)h(x)

is bounded from above by the left-hand side of (8.24), implying that X, has
L,-gain < 7. O

This last corollary can be extended to dynamic perturbations A in the following
way.

Proposition 8.2.7 Consider the extended system (8.25), and assume that there exists
a solution S > 0 to (8.24) (implying that (8.25) has L,-gain < v from (u, u) to
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(v, ¥)). Consider another dynamical system A with state £, inputs y and outputs u,
and having L,-gain < 1 with C' storage function Sx(€) > 0. Then the closed-loop

system has L-gain <  from u to y, with storage function S(x) + v>Sa ().

Proof By (8.24)

. 1 1 1 1
S < = 2 2 - 2 20002 2 826
=57 [[uel] 2||y|| +37 fluel] 2||y|| (8.26)

Furthermore, since A has L,-gain < 71 with storage function Sa, i.e.,

Gy < 1 I1y11* 1||'||2 (8.27)
A=l '

Premultiplying (8.27) by 42, and adding to (8.26) yields

. . 1 1
S++78,5 < Evznuuz — Enyu2 (8.28)
O

Similar to the developments in Chap.4, cf. Definition 4.7.1, we can formulate
the following state space version of incremental L,-gain, as already defined for
input—output maps in Definition 2.1.5.

Definition 8.2.8 Consider a system (8.1). The system X has incremental L,-gain
< ~ if there exists a function, called the incremental storage function,

S: XA xX—>R" (8.29)

such that
Sx1(T), x2(T)) < S(x1(0), x2(0))

T (8.30)
+3 Jo Pl (@) —uwa 1P + Iy (1) — ()| dt

for all T > 0, and for all pairs of input functions uy, u, : [0, T] — R™ and all pairs
of initial conditions x; (0), x,(0), with resulting pairs of state and output trajectories
X1, x2: [0, T] = X, v,y : [0, T] = RP.

As before in the context of incremental passivity, cf. Remark 4.7.2, it can be assumed
without loss of generality that the storage function S(x|, x;) satisfies the symmetry
property S(x, x3) = S(x2, x1).
The differential version of the incremental dissipation inequality (8.29) takes the
form
S, (1, x2) f (xr, wr) + Sy, (x1, x2) f (X2, u2)

8.31
< 12y — ) + Liys — yal? (8.31)
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for all xy, x2, uy, uz, y1 = h(xy,u1), y2 = h(xz, uz), where Sy, (x1, x2) and S,
(x1, x2) denote row vectors of partial derivatives with respect to x, respectively x,.

Let us, as above, specialize to systems (8.4), in which case the incremental dissi-
pation inequality (8.31) becomes

Sy, (x1, x2) f(x1) + Sy, (1, x2)g(x)uy +
ey (x1, X2) f (X2) + Sy, (x1, X2)g(x2)12 (8.32)
< IY?Nuy — us|? + h(x1) — h(x)]?

In general, this inequality is hard to solve for the unknown incremental storage
function S(x1, x7). Assuming1 that g(x) is independent of x and restricting attention
to incremental storage functions of the form S(x;, x2) = S(x; — x,), implying that
Sy, (X1, X2) = =S, (x1, x2) = S’x(xl — X7), the inequality (8.32) reduces to

Se (1 — x2)[f (x1) — f(x2)] + Se(x1 — x2)glus — us] 833)
< IV Nuy — un|* + h(xy) — h(x)]? '

By “completion of the squares” in the difference u; — u,, this can be seen to
further reduce to the Hamilton—Jacobi inequality

S (1 — x) [ f(x1) —lf(xz)] + %S’x(xz] —x2)g997 ST (x1 — x2) (8.34)
+3llh(x1) —h(x)|* <0

for all xq, x>.

Remark 8.2.9 A trivial example is provided by a linear system having L,-gain < -y
with quadratic storage function %x T Ox.Inthiscase, S(x1, x2) := % x1=x2)TQ(x1—
X;) defines an incremental storage function, and hence the system also has incremen-
tal L,-gain < 7.

8.3 Network Version of the Small-Gain Theorem

The small-gain theorem concerns the stability of the interconnection of two systems
in negative or positive feedback interconnection. A network version of this can be
formulated as follows.

Consider a multiagent system, corresponding to a directed graph G with N ver-
tices and input-state-output systems %;,i = 1, ..., N, associated to these vertices.
Furthermore, assume that the edges of the graph are specified by an N x N adjacency

1Or assuming the existence of coordinates in which g(x) is constant, which is, under the assumption
that rankg(x) = m, equivalent to the Lie brackets of the vector fields g1, ..., g, defined by the
columns of g(x) to be zero [233].
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matrix [48, 114] A with elements 0, 1, corresponding to interconnections?
up=y; (8.35)

if and only if the (i, j)-th element of A is equal to 1.
Now assume that the systems ¥; have L,-gain < ~;, i = 1, ..., N. This means
that there exist storage functions S; : X; — R such that?

. 1 1 .
S < Evflluillz - Euy,-nz, i=1,....,N (8.36)

Then define the following N x N matrix with nonnegative elements
I = diag(y?, ..., 73)A (8.37)

The Perron—Frobenius theorem yields the following lemma.

Lemma 8.3.1 ([79]) Denote by z > 0 a (column or row) vector z with all elements
positive, and by z > 0 a vector with nonnegative elements. Furthermore, let Iy
denote the N x N identity matrix.
Consider an N x N matrix I with all nonnegative elements. Then there exists a
vector [, > O such that
p' (T —1y) <0 (8.38)

if and only if
r(l' <1, (8.39)

where r(I") denotes the spectral radius of T.

Proof (If). If r(I') < 1 then by the Perron-Frobenius theorem there exists u > 0
such that 4T < 7, or equivalently 7 (I' — Iy) < 0.

(Only if). Conversely, if »(I') > 1 then there exists v > 0, v # 0, such that
(T' — Iy)v > 0, whence for any > 0 we have u? (I' — Iy)v > 0, contradicting
ul (T —Iy) < 0. O

Based on this lemma we obtain the following theorem.

Theorem 8.3.2 (Small-gain network theorem) Consider a directed graph G with
systems X; associated to its vertices, which have La-gains < ~y; with C' storage
functions S;, i = 1,..., N, and which are interconnected through the adjacency
matrix A defined by (8.35). Consider the matrix T given by (8.37). If the spectral

2The typical situation being that each row in the .4 matrix contains only one 1. Multiple occurrence
of ones in a row is allowed but will imply an equality constraint on the corresponding outputs,
leading to algebraic constraints between the state variables.

3The subsequent argumentation directly extends to the case of non-differentiable storage functions,
replacing the differential dissipation inequalities by their integral counterparts.
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radius r(T') < 1, then there exists ;1 > 0 such that u7 (' — Iy) < 0 and the
nonnegative function

N
S(rrs . xn) = D i Si(x) (8.40)

i=1

satisfies along trajectories of the interconnected system

¢ 2 2 2

S < —glnll” —elly2ll”-- - —enllynll (8.41)
for certain positive constants €y, ..., ey. Hence, if S; has a strict minimum at x},
i=1,...,N, thenx* = (x{, ..., x}) is a stable equilibrium of the interconnected

system, which is asymptotically stable provided the interconnected system is zero-
state detectable.

Proof Denote the vector with components ||y;||?, i = 1,..., N, by y. Then

=30 midi0n) = 3 XL w7 Iwill? = i) = 31" T =107 (g 4o
< —eilnl® —elyll*-- —enlynl?

for certain positive constants €1, ..., ex. |

Example 8.3.3 In case of the feedback interconnection u; = y,, up = y; of two
systems X, X, with L,-gain < -, respectively, < ~,, application of Theorem 8.3.2
leads to the consideration of the matrix

2
r— [% ﬂ , (8.43)

which has spectral radius < 1 if and only if y; -y» < 1; thus recovering the small-gain
condition of Theorem 8.2.1.

8.4 L,-Gain as Response to Periodic Input Functions

An interesting interpretation of the L,-gain of a nonlinear state space system ¥ given

by (8.1) in terms of the response to periodic input functions was obtained in [140].

Assume that £ (0, 0) = 0, and that the matrix A := g—f(O, 0) has all its eigenvalues

in the open left half plane. Let ¥ have L,-gain < v, and consider a periodic input

function u,(-) (of period T > 0), which is generated by a dynamical system (“exo-
system’”)

Y.t u=s), s(0)=0, (8.44)

whose linearization has all its eigenvalues on the imaginary axis. Then it follows
from center manifold theory (see, e.g., [61]) that the series interconnection of the
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exo-system X, with X, given as

X = f(x,u)
i = su) (8.45)
and having augmented state (x, u), has a center manifold, which is the graph C =
{(x,u) | x = c(u)} of amapping x = c(u). Furthermore, for initial conditions close
enough to C the solutions of the composed system (8.45) tend exponentially to C,
and thus, since u ,(-) is periodic of period T, the solution x(-) converges to a steady
state solution x,(-), with x,(t) = c(u,(t)), also having period T (see [141]).

It follows that y, (t) = h(x,(t), u,(t)) has period T as well, and furthermore by
the L,-gain dissipation inequality (8.2)

to+T to+T
/ ly,(OPdt < ~* / llu, ()|*dt (8.46)

fo fo

(since x, (tp + T) = x,(t)), for all 7.
Defining the rms values of any periodic signal z with period T as

1 ot 2 1/2
zllrms = 7(/ lz@)1%dt)'?, (8.47)
to

the property that ¥ has L,-gain < ~ therefore implies that

Nypllrms < llupllims (8.48)

for all periodic input functions u, which are generated by the exo-system
i = s(u), s(0) = 0, and all initial conditions close enough to C.

8.5 Relationships with IIS- and ilIS-Stability

An alternative approach to extending Lyapunov stability theory of autonomous sys-
tems X = f(x) to systems with inputs x = f(x, u) is offered by the theory of
(integral-)Input-to-State Stability ((i)ISS). In this section, we will briefly indicate
the close relationships of (i)ISS with dissipative systems theory and (a generalized)
version of L,-gain. We will do so by not giving the original definitions of IIS and
ilIS, but instead by providing their equivalent characterizations in terms of dissipative
systems theory.

By itself the close relation between dissipative systems theory on the one hand
and stability theory based on the IIS or ilIS property on the other is not surprising.
Indeed, we have already seen in Chap. 3 how dissipativity implies Lyapunov stability
properties of the system for u = 0. Furthermore, for u # 0 the dissipation inequality
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may be used for deriving properties of the relationships between input, state and
output functions.

Recall that a function o : RT™ — R™ is of class K, denoted o € Koo, if it is
continuous, strictly increasing, unbounded, and satisfies a(0) = 0.

Turning the characterization of input-to-state stability (IIS) as given in [323] into
a definition we formulate

Definition 8.5.1 ([323]) A system
x=f(x,u), f0,00=0, xeR' ueR" (8.49)

is ISS if there exist functions «, 3 € K4 such that the input-state-output system
X = f(x,u),y = x, is dissipative with respect to the supply rate

s, y) = BAlul) — oyl (8.50)

with a C! and radially unbounded storage function S satisfying S(x) > 0,x #
0,S(0) =0.

Note the conceptual difference with dissipative systems theory (apart from minor
technical differences like the a priori assumption of strict positivity and radial
unboundedness of §). In dissipative systems theory, one starts with a given sup-
ply rate on the space of inputs and outputs, and derives properties of the system
based on this. On the other hand, ISS theory aims at providing stability results for
systems with inputs X = f(x,u), f(0,0) = 0, and seeks criteria, which can be
translated into the existence of a supply rate (8.50), where the functions «, § may
not be easy to determine explicitly.

We remark that the supply rate (8.50) can be regarded as a generalization of the L,-
gain supply rate. In fact, by taking o and 3 to be the quadratic functions a(r) = %rz
and 8(r) = %72r2 for some constant  one recovers the L,-gain < ~ case for y = x.
Conversely, by allowing for arbitrary nonlinear coordinate transformations on the
space U/ = R of inputs and X = R" of states, the dissipation inequality for L,-
gain (from u to y = x) can be seen to transform into (8.50) for certain «, 5 € K. See
also the discussion in Note 2 in Sect. 2.5 on the related notion of nonlinear L;-gain.

With regard to integral input-to-state stability (illS) case we have the following
characterization in terms of dissipative systems theory.

Definition 8.5.2 ([9]) A system (8.49) is ilISS if there exists a function 7 € K
and a function o : Rt — R™T with a(0) = 0, a(r) > 0,7 # 0, such that the
input-state-output system x = f(x,u),y = x, is dissipative with respect to the
supply rate (8.50) with a C! and radially unbounded storage function S satisfying
S(x)>0,x #0,50) =0.

From the above characterization, it is clear that IIS implies ilIS, while the converse
does not hold. That is, there are systems which are ilIS but not IIS. An example is
provided by the system
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X =—X+ux (8.51)

See, e.g., [9, 319] for a further discussion regarding the differences between ISS and
iISS.

Another version of the relationship between ilIS and dissipative systems theory
is provided in the following proposition.

Proposition 8.5.3 ([9]) A system 8.49 is illS if and only if there exists a contin-
uous output function y = h(x) with h(0) = 0 for which the resulting system
X = f(x,u),y = h(x) is zero-detectable and there exists § € Ko and a func-
tion o : R™ — RY with a(0) = 0,a(r) > 0,7 # 0, such that the system is
dissipative with respect to the supply rate (8.50) with a C' and radially unbounded
storage function S satisfying S(x) > 0,x # 0, S(0) =0.

Note that the “if”” part of the last proposition with a/(r) = %rz and 8(r) = %,erz

implies that a zero-detectable input-state-output system with finite L,-gain having a
C'! and radially unbounded storage function S satisfying S(x) > 0, x # 0, S(0) =0,
is ilIS.

8.6 Notes for Chapter 8

1. Corollary 8.2.6 is a nonlinear generalization of a result given for linear systems
in Xie & De Souza [358], and may be found in Shen & Tamura [313].

2. See Angeli [8] for further information regarding incremental L,-gain as discussed
in Sect. 8.2.

3. Applications of incremental L,-gain to model reduction of nonlinear systems can
be found in Besselink, van de Wouw & Nijmeijer [38].

4. Section 8.3, in particular Lemma 8.3.1, is largely based on Dashkovskiy, Ito &
Wirth [79]. There is a wealth of literature on other network versions of the small-
gain theorem; see, e.g., Jiang & Wang [150], Liu, Hill & Jiang [182], Riiffer
[261].

5. See Pavlov, van de Wouw & Nijmeijer [254] and the references quoted therein
for theory related to Sect. 8.4.

6. The notions of (integral-)Input-to-State Stability were introduced and explored
by Sontag and co-workers, see, e.g., Sontag & Wang [323], Sontag [318, 319,
324], Angeli, Sontag & Wang [9] and the references quoted in there. See also
the survey Sontag [321], and the account of the relation with dissipative systems
theory provided in Isidori [139].

7. The characterization of the set of pairs of functions (3, ) such that the system
is dissipative with respect to the supply rate (8.50) is addressed in Sontag &
Teel [322].



Chapter 9
Factorizations of Nonlinear Systems

In this chapter, we apply the L,-gain concepts and techniques from Chaps. 3 and 8 to
obtain some useful types of representations of nonlinear systems, different from the
standard input-state-output representation. In Sect.9.1 we will derive stable kernel
and stable image representations of nonlinear systems, and we will use them in order
to formulate nonlinear perturbation models (with L,-gain bounded uncertainties)
in Sect.9.2. In Sect.9.3 we will employ stable kernel representations in order to
derive a parametrization of stabilizing controllers, analogous to the Youla—Kucera
parametrization in the linear case. Section 9.4 deals with the factorization of nonlinear
systems into a series interconnection of a minimum phase system and a system which
preserves the Ly-norm. This allows us to control the system based on its minimum
phase factor system, using a nonlinear version of the Smith predictor.

9.1 Stable Kernel and Image Representations

A cornerstone of linear robust control theory is the theory of stable factorizations
of transfer matrices. Let G(s) be a p x m rational proper transfer matrix. A stable
left, respectively right, factorization of G(s) is G(s) = D~ '(s)N(s), respectively,
G(s) = N (s)D (s), where D(s), N(s), D(s) and N (s) are all stable proper rational
matrices. These two factorizations can be alternatively interpreted as follows. The
relation y = D~ (s) N (s)u for a stable left factorization (with # and y denoting the
inputs and outputs in the frequency domain) can be equivalently rewritten as

0=z=[D(s): —N(s)][ﬂ, (9.1)
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and thus can be considered as a stable kernel representation of the system corre-

sponding to G (s). Indeed, [D(s) : — N(s)] is a stable transfer matrix with “inputs” y
and u, and “outputs” z, while the input—output behavior of the system corresponding

to G(s) are all pairs (y, u) which are mzlpped~by [D(s) - N(s)] onto z = 0.
On the other hand, the relation y = N (s)D~!(s)u for a stable right factorization

can be rewritten as .
y|_ | NG
[u] - [13<s>]l’ 02

where/ is an arbitrary m-vector of auxiliary variables. Thus the input—output behavior
of the system corresponding to G (s) are all pairs (y, #) (in the frequency domain)
which are in the image of the stable transfer matrix [ggs; ] Hence a stable right
s

factorization can be regarded as a stable image representation.

Let us generalize this to nonlinear input-state-output systems. For simplicity of
exposition we only consider affine systems X,, which throughout Sects.9.1 and 9.2
of this chapter will be simply denoted as

Xx=fx)+9gx)u, xeX, ueR”
DI v =hx), yeR? (9.3)
In analogy with Chap. 1 we will say that the state space system X is L,-stable if all
its input—output maps Gy,, xo € X, are L,-stable. Recall from Chap. I that if ¥ has
L,-gain <  for some ~y then it is L,-stable. Since we will only consider L -stability
for ¢ = 2 the terminology “L,-stable” will be sometimes abbreviated to “stable”.

Definition 9.1.1 A kernel representation of ¥ given by (6.8) is any system

xX=Fx,u,y), xeXx, ueR", yeR?
Ks : 9.4)
z=Gx,u,y), zeR?

such that for every initial condition x(0) = xo € X and every function u(-) there
exists a unique solution y(-) to (9.4) with z = 0, which equals the output of X
for the same initial condition and same input u(-). Ky is called a L,-stable kernel
representation of X if moreover Ky is L,-stable (from (u, y) to z).

An image representation of X is any system

x =Fx,0), xeX, leRt

Is : (9.5)
> [ﬂ =G, 1)

such that for every initial condition x (0) = x¢ € X and every input function u(-) and
resulting output function y(-) of ¥ there exists a function /(-) such that the pair (u, y)
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produced by Iy, for the same initial condition x, coincides with the input—output pair
(u,y) of X. Ix is an L,-stable image representation if Is is L,-stable from [ to

(u, ).

In case ¥ is already itself an L,-stable input-state-output system, a stable kernel
representation of ¥ is simply

X = f(x)+gxu

Ky : .6
Flz=y—hW ©0)
while a stable image representation of X is given by
x = fx)+ gl
Is © y=h(x) 9.7

u=1

If X is not L,-stable then we may proceed as follows. Consider the following two
versions of the same Hamilton—Jacobi equation

1 T T 1 T
V() f(x) = SVe()g()g” () Ve () + k- ()h(x) =0 9.8)

1 T T 1 T
Wi () f(x) + S We(0)g(x)g ()W, (x) — Sh* (0)h(x) =0 9.9)

Suppose there exists a C'! solution W > 0 to (9.9). Additionally, assume there exists
an n x p matrix k(x) satisfying

W, ()k(x) = h' (x) (9.10)
Then the system with “inputs” u and y and “outputs” z given by

X =[f(x) —k(x)h()] + g(x)u + k(x)y

R )

©.11)

is a stable kernel representation of ¥. Indeed, by setting z = 0 in (9.11) we recover
the original system X. Second, from (9.9), (9.10) it follows that

W, (O (Lf (x) — k()R] + geou + k(x)y)
1 1 1 1
—5llu — g W ()| - 5||z||2 + 5||u||2 + 5||y||2 <

A

e+ S+ Siyie ©.12)
511z 5l 51y )

showing that Ks, has L,-gain < 1 from (u, y) to z. Moreover, from z = y — h(x)
it is easily seen that there does not exist v < 1 such that the L,-gain of Ky is
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< ~. Therefore, the L,-gain of Ky is actually equal to 1. We summarize this in the
following proposition.

Proposition 9.1.2 Assume there exist solutions W > 0 to (9.9) and k(x) to (9.10),
then Ky, given by (9.11) is a stable kernel representation of ¥ which has L-gain
equal to 1.

Remark 9.1.3 Equation (9.9) is the Hamilton—Jacobi—Bellman equation correspond-
ing to the “optimal control problem in reversed time” or the “optimal filtering
problem”

0
muin/ WP+ yOIPdr . x(=00) =0, xO) =x  (©.13)

and W is the corresponding value function. Conditions for local solvability of (9.9)
will be derived in Chap. 11 (see Remark 11.2.4).

Remark 9.1.4 Suppose W has a minimum (or, more generally, a stationary point) at
some xo with i(xg) = 0. For simplicity set xo = 0. Then W, (0) = 0 and ~(0) = 0.
It follows by standard arguments (see, e.g., [136, 233]) that we may write, locally
about 0,

W) =xTMx) , hx)=Cx)x 9.14)

for certain matrices M (x), C(x), with entries smoothly depending on x. If M (x) is
invertible then the unique solution k(x) to (9.10) is given as

k(x) =M~ 'x)CT (x) 9.13)

In Chap. 11, Remark 11.2.4, it will be shown that under minimality assumptions on
the system linearized at x = 0, the matrix M (0), and thus M (x) for x near 0, is
always invertible.

Remark 9.1.5 Substitution of u = 0, y = 0in (9.12) yields
1
Wi (O)Lf (x) — k(x)h(x)] < —EhT(X)h(X) (9.16)

Assume that x¢ is an equilibrium, i.e., f(x9) = 0 and h(xp) = 0, and that W has
a strict local minimum at x,. It follows that the zero-output constrained dynamics
of X (see Sect.5.1) is at least stable around x(. This property can be regarded as
a weak form of zero-state detectability (see Definition 3.2.15). Conversely, if X is
zero-state detectable then (cf. Lemma 3.2.16) it follows that xj is an asymptotically
stable equilibrium of x = f(x) — k(x)h(x).

Remark 9.1.6 For alinear system X, Ky, equals the normalized left coprime factor-
ization, see, e.g., [212].
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Let us now move to image representations. In this case, we consider the
Hamilton—Jacobi equation (9.8), and the basic proposition is as follows.

Proposition 9.1.7 Assume there exists a C Usolution V> 0to (9.8), then the system
X =[f(x) — gx)g" )V ()] + g(x)s

Iz @ y=h(x) 9.17)
u=s—g" VI x)

with auxiliary variables s is a stable image representation of ¥, which has L,-gain
(from s to (y, u)) equal to 1.

Proof Clearly I is an image representation. (Eliminate from the last equations the
auxiliary variables as s = u + g7 (x) VI (x).) In view of (9.8)

Vi) (f(x) = g(x)g" )V () + Ve (x)g(x)s
1 1
—va(x)gu)gT(x)VJ(x) - th(x)hm + Ve (x)g(x)s =

1 1 1
—5lls =g @V @I+ ZlIsIP = SIyIP = 9.18)
Lo 1 2 1 2
S Is1 = Sl = Syl
implying that Iy has L,-gain = 1. |

Remark 9.1.8 In fact Iy is conservative (see Definition 3.1.2) with regard to the
supply rate 5 Is||* — 3 lull> — 3l1yII*.

Remark 9.1.9 (Compare with Remark 9.1.3 and (3.64)) Equation (9.8) is the
Hamilton—Jacobi—Bellman equation for the optimal control problem

min ) (O + [ly®lPdt, x(©0) =x, x(c0)=0, 9.19)
o Jc

and conditions for local solvability of (9.8) will be derived in Chap. 10, Sect. 10.2.
Clearly, the existence of a solution V requires some kind of stabilizability of X.

Remark 9.1.10 For a linear system X, I, equals the normalized right coprime fac-
torization (cf. [212]).

Finally assume that C Usolutions V > 0, W > 0 and k to, respectively, (9.8)—(9.10)
all exist, and thus that both K5 and I given by (9.11) and (9.17) are well-defined.
In this case, we note that a right inverse to Ky is given by

p=rp)—gp)g"(pV,) (p) +k(p)¢
Ks'u=—g"(pV,(p) (9.20)
y =&+ h(p)
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Indeed, if p(0) = x(0), then the input—output map (from & to z) of Kz o K5, 1is the
identity map. Furthermore, a left inverse to I is given by

] p=Lf(p) —k(p)h(p)]+ g(pu+k(p)y
J S 9.21)
E=u+g"(PV/](p)

since the input—output map of Iy o Iy (from s to &) for p(0) = x(0) is again the
identity map.

Remark 9.1.11 Note that I5;" is itself a kernel representation, and Ky is itself an
image representation of the same system

s p=f(p)—a9Pg" (V) (p) +k(p)ly — h(p)]

: (9.22)

u=—g"(p)V, (p)
The system Yisa “certainty equivalence” controller: in the optimal state feedback
u=—g’ (x)VxT (x) corresponding to the optimal control problem (9.19) the actual
state x is replaced by its estimate p, with the dynamics of p being driven by the
observation error y — h(p). In fact, if ¥ is a linear system then % is exactly the
optimal LQG controller (interpreted in a deterministic manner).

As a direct application of the preceding developments, let us consider the control
figuration depicted in Fig. 9.1 (customarily called an observer—controller configura-
tion), with X the plant system, having a stable image representation 5. with inverse
Is ! given by (9.21). Furthermore, let M denote an input-state-output system with
state variables z, defining input-output maps M., for every initial state z.

Taking p(0) = x(0) = x( we obtain the input—output relations

u=v—M,(I5' (I5(s)) = v — M., (s) (9.23)

Fig. 9.1 Observer—
controller
configuration +




9.1 Stable Kernel and Image Representations 219

Furthermore, since /5 is an image representation of X, the input signal u is generated
by (cf. (9.17))

¥ =[fx) —g)g" VI @®)]+g()s, x(0) =xo
u=s-— gT(x)VXT(x)

(9.24)

Denoting the input—output map (from s to u) of (9.24) by D,,, we obtain from (9.23)
Dy (s) =v— M,(s) (9.25)

Hence, whenever M., is such that the relation R, defined by (9.25) is L,-stable, we
conclude that for v € L, also s will be in L;, and thus also u, y € L,. Thus we have
obtained a parametrization of the stabilizing controllers C in observer—controller
configuration. More explicitly, all systems M with the property that D,, + M, has
a L,-stable inverse define a stabilizing controller C.

9.2 L,-Gain Perturbation Models

As in the linear case [212], the stable kernel representation Ky, and the stable image
representation Iy both give rise to nonparametric perturbation models of X.

Recall that given a stable left factorization G(s) = D~'(s)N(s) a perturbed
transfer matrix is G (s) := [D(s) + Ap ()] [N(s) + An(s)], with Ap, Ay stable
transfer matrices. This corresponds to a perturbed stable kernel representation

0= [D(s) +Ap(s) : = N(s) = Ax(s)] m
(9.26)

=[D(s): = NI m +[Ap(s): = An(s)] m

Analogously, based on the stable kernel representation Ky, of ¥ given by (9.11) we
consider the perturbed stable kernel representation

&= (f() — k()hX) + [g(x)  k(x)] m

KZ,A . (927)

e, =et+w=y—hx)+w,

where w is the output of a nonlinear system A with input [y ] given as
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§=a(u.y)

A (9.28)
w =B u,y)

having finite L>-gain. Setting e, = 0 in (9.27) yields the perturbed system

X = f(x)+gx)u —k(x)w

XA ) —w

(9.29)

with w being the output of (9.28). Note that the size of the perturbation A is measured
via its L,-gain.

Alternatively, recall that given a stable right factorization G (s) = N (s) D! (s) the
perturbed transfer matrix G ; (s) can be defined as G 3 (s) = [N (s)+ Az ()] [D(s)+
Ap (17", with A 7> A stable transfer matrices. This corresponds to a perturbed
stable image representation

Y] _ [N+ Ags) N(s) Ay (s)
= = = [+ [ 9.30
[u] [D<s>+AD<s) D)) [ Ape) 030
Analogously, based on the stable image representation /5, given in (9.17) we consider
the perturbed stable image representation

X =f@x)—gx)g" V] (x) + gx)s
Is a1y =h(x)+w (9.31)
w=s—g" (V] x)+wn,

where w = (w), w») is the output of a nonlinear system A with input s given by

o §=a )
A owi=5Es) 9.32)
wy = (£, )

and having finite L,-gain (from s to w). Elimination of the auxiliary variables s in
(9.31) leads to the perturbed system

X = fx)+g@)u —gx)ws,

DIF 9.33
ATy =h(x)+ w ©.33)

with w = (wy, w») the output of the system A, with its input s replaced by
s=u+g" VI I(x)—w; (9.34)

Note that again the size of the perturbation A is measured by its L,-gain (from
s to w).
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Example 9.2.1 Consider a port-Hamiltonian system (6.1) without dissipation
(R(x) = 0), given as

X =J) 2 (x) + gu
x , Jx)=—-JT(), (9.35)
y=g (x) L (x)

with internal energy H > 0. Nonnegative solutions of the Hamilton—Jacobi—Bellman
equations (9.8) and (9.9) are both given by V = H and W = H. Note furthermore
that the solution k(x) to (9.10) is simply k(x) = g(x). Thus based on the stable
kernel representation we obtain the perturbed system

_ OH _
.. X =J@)%x) + gxu — g)w (9.36)
y=g (x) (.X) —w

with w the output of A given by (9.28). On the other hand, the perturbed system
based on the stable image representation is given as

i =T %) + g(ou — gLows
55 (9.37)
y=g" %) -

with (wy, wy) the output of Ain (9.32) driven by the signal s = u+g" (x) (x) ws.

9.3 Stable Kernel Representations and Parametrization
of Stabilizing Controllers

Given a nonlinear plant system together with a stabilizing controller system, we
shall derive in this section a parametrization of all stabilizing controllers. This para-
metrization generalizes the well-known Youla—Kucera parametrization in the linear
case. Key element is the stable kernel representation of the plant and controller sys-
tem. On the other hand, we need a strengthened notion of closed-loop stability, which
in the nonlinear case may be different from the classical one given in Chap. 1 and
also different from internal state space (Lyapunov) stability.
Consider a pair of nonlinear state space systems

L= i) HgiOu . xi € X, up € R™
By = ). weRP, i=12 ©-3%)
Assume both systems admit stable kernel representations and suppose for simplicity
of exposition that these stable kernel representations are of the affine form as in
9.11), i.e.,
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Fig. 9.2 Closed-loop system Uy Y1
{21, o) =

3y
Y2 Uz

X =) — ki ephi ()] 4 gi e 4 ki () yi

Kz, - zZi=yi—hi(x), zzeRP,i=1,2

(9.39)

However, k; need not necessarily be constructed as in (9.10), and thus K5, need not
necessarily have L,-gain equal to one, but are only required to be L,-stable. In fact,
the approach works equally well for general stable kernel representations as defined
in Definition 9.1.1.

Letm := m; = p, and p := p; = m,, and consider the feedback interconnec-
tion of ¥; and ¥,. Different from the previous chapters we throughout consider (for
simplicity of notation and without loss of generality), the positive feedback intercon-
nection. Furthermore, we will not consider external inputs e, e,. Hence we consider
throughout the interconnection equations

U:=uy =y, y: =y =1 (9.40)

The resulting (autonomous) closed system as given in Fig.9.2 will be denoted by
{21, Z2}. We will sometimes compare { X, X,} with the closed-loop system X1 || r X,
with external inputs ej, e as defined before (with the difference that we consider the
positive feedback interconnection u; = y,, up = yp).

A stable kernel representation of the closed-loop system {X¥;, ¥,} (with outputs
y and u, and without inputs) is obtained by substituting u :=u; = y,, y := y; = up
into (9.39) :

X1 = [fila) —ki(eD)h (x)] 4+ g1(x)u + ki (x1)y

Xy = [fa(x2) — ka(x2)h2(x2)] + g2 (x2)y + ko (x2)u
K[EI,)32] . (941)
z1=y—hi(xp)

22 =u —hy(xy)

Indeed, by setting z; = 0, zo = 0 one recovers the closed-loop system {X;, X} of
Fig.9.2. On the other hand we may invert in (9.41) the map from y, u to z;, z» by
solving yand u as y = z; + hi(x), u = zo + ha(x,) to obtain the inverse system of
(9.41), denoted as {Kx,, Kx,}, given by
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X1 = filx)) + g1(x)ha(x2) + g1(x1)z2 + k1 (x1)z1

X2 = f2(x2) + g2(x2)h1(x1) + g2(x2)21 + ka(x2)22
{Ks,, Kz,} : (9.42)
y=2z1+hi(x)

u =2z +ha(x2)

Note that this inverse system can also be regarded as some kind of closed-loop
system of X and X,, with external signals z; and z,. Indeed, if k; = 0 and k, = 0
then (9.42) is exactly the closed-loop system X[ r X, of Fig.4.1 (for the positive
feedback interconnection) with e; = z,, e; = z;. However if k; #% 0 or ky # 0O then
{Ks,, Kx,} will be in general different from 2| p .

Just as the definition of X || ¥ leads to a notion of closed-loop stability (cf.
Definition 1.2.11), the definition of {Ky,, K,} leads to another notion of closed-
loop stability:

Definition 9.3.1 The closed-loop system {Ky,, Kx,} of £}, ¥, with stable kernel
representations Ky, and Ky, given by (9.42), is called strongly (L,-) stable if for
every pair of initial conditions x; (0) = x;o € &;,i = 1, 2, and every pair of functions
z1(-) € Lo(R?), z2(-) € L,(IR™), the solutions u(-) and y(-) to (9.42) are in L,(R™),
respectively, L%. (That is, the system (9.42) with inputs z;, z, and outputs y, u is
L,-stable.) If the above property holds for initial conditions x;q in a subset X; of
&;,i = 1,2, then {Ky,, Ky,} is called strongly stable over X, x Xs.

Remark 9.3.2 It should be stressed that if k1 = 0,k = 0 in (9.42), then
{Ks,, Ks,} = X1l s X, and strong L,-stability equals L-stability of X ||  X5. For
instance, see (6.16), if ¥ and X, are themselves L,-stable, then k; and k, in (9.42)
may be taken equal to zero.

A special case arises if one of the systems is the zero-system given by the zero
input—output map

O :ur—>y=0 (9.43)
with empty state space X' = ). A stable kernel representation K¢ of O is simply

Ko : ,u)r—>z=Yy (9.44)

Proposition 9.3.3 Consider a state space system X with stable kernel representation

X =[f(x) = k)h()]+ glx)u 4+ k(x)y

Ky : s =y —h) (9.45)
Then {Kyx, Ko} is strongly L,-stable if and only if the system
§ = [0+ 902+ k@) ©.46)

w = h(x)

is Ly-stable from (z1, 22) to w.
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Proof Consider (9.42) with ¥; = ¥ and ¥, = O. Then (9.42) reduces to

X = f(x)+gx)zo +k(x)z4
y =21+ hx) ©47)
u =2

which is strongly L,-stable if and only if (9.46) is L,-stable, as follows
immediately. (]

Corollary 9.3.4 Ifk = 0in Kx, then {Kx, Ko} is strongly L,-stable if and only if
Y is Lo-stable.

Now we interpret X as the plant and X, as the controller. We will say that ¥, is
strongly stabilizing for X, if {Kyx,, Kx,} is strongly stable.

Based on a strongly stabilizing ¥, we wish to parametrize all the strongly stabi-
lizing controllers. The key idea is to consider the external signals z; and z, in (9.39)
as input and output signals for another state space system

C € =0+ YOz
0 : o = 606 , £e Xy, (9.48)

which we assume to be L,-stable, and thus having a stable kernel representation

€= 0@ +v©n
Ko : = () (9.49)

with external signal w. Substituting for z; and z, the expressions from the stable
kernel representations Ky, in (9.39) (with u = u; = y, and y = y; = uy) one

obtains .
§ = &) —Y(©hi(x) + )y
Ko : )2:1 = fl(xl) _kl(.x1)h1(x1)+gl(X1)M+k1(X1)y (9 50)
T Xy = fHrlxn) — ko (x2)ha(x2) 4+ g2(x2)y + ka(x2)u )
w =u—hy(x2) —0(&)

By setting w = 0, and solving for u, it follows that (9.50) is a stable kernel repre-
sentation of the following input-state-output system (with input y and output u):

§ = &) —Y(©hi(x1) + &)y
X1 = fi(x1) — ki(xphi(xy)
50 . +g1(xDha(x2) + g1 (x)OE) + ki (x1)y ©.51)
2 = frln) — ka(x)ha(x)
+ho(x2) 2 (x2) + ko (x2)0(E) + g2 (x2)y
u =008 + ha(xz)

Note that the stable kernel representation Ky, o corresponds to Fig.9.3.
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Fig. 9.3 Stable kernel %
representation of ZZQ Ky,
%
-
— 1
U
w
[ K po K, Q >
22
K 9
Fig. 9.4 Closed-loop system 2
for EzQ Ky,
Y
M K P
u
¢ 9
Z w
[ K P K, Q —
E»)

We interpret EZQ as a perturbation of the controller system X,. Note that the

state space of the perturbed controller system 2, defined by X; and Q, equals
X] X Xz X XQ.

Theorem 9.3.5 Suppose {Ks,, Kx,} is strongly L,-stable. Then for every L-stable
system Q the closed-loop system {Ks, , KEZQ }, with state space X x (X; x Xy x Xp),
is strongly L,-stable over diag(X; x X)) x Xy x Xp.

Proof Consider Ky, (with u; = u,y; = y) and K):ZQ. By Definition 9.3.1 strong
L,-stability follows if for all initial conditions in diag(X; x &) x &> x X, and all
Z1,w € L; the signals y and u are in L. Thus let z;, w € L, and consider initial
conditions in diag(X; x X)) x &, x Xp. Since Q is L,-stable we obtain by Corollary
9.3.4 that z;, zp are in L. Since {Kx,, Kx,} is assumed to be strongly L;-stable, this
implies that y and u are in L,. (Note that the state of the closed-loop system remains
in diag(X) x &7) x X, x Xp, and that Z; = z; in Fig.9.4.) U

Loosely speaking, we may conclude that if X, is a strongly stabilizing controller
of X, then also 22Q will be a strongly stabilizing controller of X, for every stable
system Q. Moreover, we obtain in this way all the strongly stabilizing controllers,
in the following sense.
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Theorem 9.3.6 Suppose {Ks,, Kx,} is strongly L-stable. Consider a controller ¥*
different from X,

X = ")+ g (xN)y

X u = h*(x*)

x* e x* (9.52)

with stable kernel representation

ko E= E g @y + R
DL z* :u_h*(x*)

(9.53)
Suppose also {Ks,, K-} is strongly L,-stable. Then define K p- by composing K-«
with {Kyx,, Kx,} given by (9.42), i.e.,

X = f (") 4+ g ()2 + hi(x) + B (x) (22 + ha(x2))
. X1 = filx) + gi1(x)ha(x2) + g1 (x1)z2 + ki (x1)z)
O = f) + g)hi(x1) + g2(x2)z1 + ka(x2)22
7* =20+ ha(x2) — h*(x¥)

(9.54)

This is a stable kernel representation (set z* = 0 and solve for z,) of the following
system with input 7, and output 7,:

X = ")+ g (") (2 + hi(x) + k()R (xT))
X1 = filx)) + g1(x)h*(x™) + ki (x1)z
0" 1 X2 = folx2) + g2(x2)h1(x1) + g2(x2)z1 (9.55)
+ho (02) (B (x*) — ha(x2))
22 = h*(x*) — ha(x2)

Note that the state space of Q" is Xy« = X; x Xy x X*. Consider as in (9.51) the
system E2Q* with state space X x X x Xp« = X x X x X x X x X*. Then the
input—output map of EZQ* forinitial condition (x19, X20, X10, X20, X3) equals the input—
output map of ¥* for initial condition x;, and this holds for all (x\9, x20) € X1 X &>
and all xj € X*.

Proof The input-output map of the kernel representation K yo+ for initial condition
2
(x10, X20, X10, X20, X(;) is given by
* —1 *
X, (X10,X20) (x10,X20)  __ X
K5 o [K{E';{ m ] o Ko — k3 (9.56)
with the superscripts denoting the initial conditions for the respective input—output
maps. (]

Remark 9.3.7 In the linear case one recovers the Youla—Kucera parametrization of
all stabilizing controllers as follows. Take all initial conditions to be equal to zero. Let
% be given by the transfer matrix P(s) = D7 (s)N(s), and let =, be a stabilizing
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controller given by C(s) = X~ !'(s)Y(s), where D(s), N(s), X(s), and Y (s) are
stable rational matrices. Equivalently, the systems X; and X, are associated with the

kernels of [D(s) : — N (s)], respectively, [Y (s) :— X (s)]. Let Q(s) be a stable rational
matrix, corresponding to a stable input—output map z, = Q(s)z1, or, equivalently, to

the kernel of [1 : — Q(s)]. It follows that the set of all linear stabilizing controllers
is given by the kernels of

: D(s) —N(s)

(D(s) + Q)Y (5) 1 — N(s) — Q()X(s))

(9.57)

or, equivalently, by the transfer matrices (D (s) + Q(s)Y (s)) ' (N (s) + Q(s) X (s)).

Finally, let us consider as a special case of Theorem 9.3.5 the situation that X is itself
already L,-stable. Then, as noted before in (6.16), a stable kernel representation K5,
of X is given as
. X1 = filx)) + g1 (xp)u;
"z =y —hi(xy)

Furthermore, in this case the zero-controller X, = 0 with stable kernel representation
K given by (9.44) yields a closed-loop system {Ky, Ko} which is by Corollary
9.3.4 strongly L,-stable.

Now, consider any L,-stable system Q, given by (9.48) with stable kernel rep-
resentation K as in (9.49). It follows that the stabilizing controller EZQ is given as
(ctf. (9.51)) )

§ =)+ — hi(x1))
22 u=060 (9.58)
X1 = filx)) + g1 (x)u

Hence every stabilizing controller 22Q contains a model (or copy) of the plant, which

can be regarded as a generalization of the concept of Internal Model Control (see,
e.g., [222]) to the nonlinear setting.

9.4 All-Pass Factorizations

Throughout this section, we consider state space systems % satisfying

CX=fuw, f(0,00=0,uecR", xeX 9.59)
" y=h(x,u), h(0,00) =0, y e R? ’
Recall, cf. Definitions 3.1.6 and 8.1.1, that a system X is inner if it is conservative
with respect to the L,-gain supply rate s(u, y) = %||u||2 — %||y||2, that is, there
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Fig. 9.5 All-pass B u y
factorization ¥ = ® o X p) -
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exists S : X — IR" such that along every trajectory of (9.59)

e
S (1) = S(x(t) = 5 / (u@®I* = lly®*)dt (9.60)

The topic of this section is to factorize the nonlinear system X as a series intercon-
nection ® o X of an inner system ® preceded by another nonlinear system X, in the
sense that for every initial condition of X there should exist initial conditions of ®
and ¥ such that the corresponding input—output map of ¥ equals the composition
of the respective input—output maps of X and © (see Fig.9.5).

We will call this factorization an all-pass factorization.! An important motivation
for this type of factorization is that in view of (9.60) the asymptotic properties of X
and X are similar, while = may be simpler to control than X. In such a case, the
control of ¥ may be based on the control of ¥, as we will see at the end of this
section.

The all-pass factorizations of X are based on the following reversed dissipation
inequality for &

e
Vx () = Vi(x(w) + 5/ R0, u(@)|[Pdt = 0 9.61)

fo

in the unknown V > 0, or its differential version (V assumed to be C!)
1 2
Vx(x)f(x,u)+§||h(x,u)|| >0, forallx,u (9.62)
Suppose there exists? V > 0 satisfying (9.62). Then consider the positive function

1
Ky (6, u) = Vi) f (e, u) + S 1A (x, W) (9.63)

ICalled “all-pass” since a single-input single-output linear system is inner if and only if its transfer
function has amplitude 1 for all frequencies.

ZMany of the subsequent developments continue to hold for any C! function V satisfying (9.62)
(not necessarily > 0). However, in this case the factor system ® will not be inner anymore; but only
cyclo-conservative with respect to the supply rate %ll ynz - %ll y 2.
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Assumption 9.4.1 There exists a C! map 7 : X x R” — R” such that
L 2
Ky(x,u) = S[lh(x, )]l (9.64)

Sufficient conditions for the local existence of a smooth 7 satisfying (9.64) are
provided by the next lemma which follows from an application of Morse’s lemma;
see the Notes at the end of this chapter for a sketch of the proof.

Lemma 9.4.2 Suppose that Ky is C?, and that its Hessian matrix, i.e.,

O°Ky v
[M (x, )Sx,? (x, u)} 965
duaw (X ) T (X, u)

has constant rank p on a neighborhood of (x, u) = (0, 0). Then locally near (0, 0)
there exists a C' mapping h : X x R™ — RP such that (9.64) holds.

Then define the factor system

5 f(x,u), x e X, ueR"
' X,

h(x,u), y € R? (9-66)

< =i
I

Obviously (0, 0) = 0, and thus X is also within the class (8.1).
Furthermore, define the system ® with inputs ¥ and outputs y given in image
representation (cf. Definition 9.1.1) as

3
lo © v =h(& u) (9.67)
y=h

It immediately follows from (9.63) and (9.64) that ® has the property

1o
V(&) = V(&) = E/ (VDI = [lyIP)dr (9.68)

along every solution £(-). Furthermore, if in (9.59) (9.66) (9.67), x(ty) = x(ty) =
&(1), then it immediately follows that x(r) = x(¢) = &(t),t > ty, so that indeed
Y =0o0%x.

Now, if the equation y = E({“ , u) can be solved for u as u = «(&,y), then the
image representation (9.67) can be reduced to a standard input-state-output system

L £ =fE o)
Oy =k a€ ) O

defining an inner system.
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We obtain the following asymptotic relation between X and X.

Definition 9.4.3 Define for every (x., u.) such that f(x., u.) = 0, the steady-state
output amplitude® as ||h(x., u.)||.

Proposition 9.4.4 Consider ¥ and a factor system . The set of steady-state output
amplitudes of ¥ and ¥ are equal.

Proof Consider (9.63) and (9.64), and substitute f (x., u.) = 0. U

All-pass factorizations of ¥ have an immediate interpretation in terms of the Hamil-
tonian input—output system X7 associated to ¥ (Definition 8.1.2) given by
i = G (x, pou)
=1 p ==, pu (9.70)

Yo = % (x, p,u),

where |
H(x,p,u) = p’ f(x,u)+ 5hT(x, wh(x, u) 9.71)

Recall from Proposition 8.1.4 that the input—output map G{(I),O) of 2 for initial state
(x, p) = (0, 0) isequal to G(’é,o)(u) = (DGy(u))* o Go(u), where (DGo(u))* is the
adjoint of the Fréchet derivative of the input—output map G of X.

Now consider an all-pass factorization ¥ = ® o X as above, with ® inner.
Denote the input—output map for zero initial condition of ¥ by G, of £ by G, and
the input—output map of ® for zero initial condition by A. It follows that

(DGo()* 0 Go(u) = (D(Ag 0 Go)w))" o (Ag 0 Go)w)
= (DGo)” (PAy(Go))" 0 Ago Gow)  (9.72)
= (DGo(u)) o Go(u)

The last equality holds since Ay is inner, and thus, in view of (1.24) in Proposition
1.2.9,
(DAN(Go(w))” o Ag(Go(u)) = Go(u) 9.73)

Hence the input—output map G{(I),O) of the Hamiltonian input-output system X
. . . —H S
associated to X is equal to the input-output map G, of the Hamiltonian input—

output system = associated to T.

This motivates the following state space level interpretation. Consider any C'!
solution V to the dissipation inequality (9.62), with corresponding factor system X.
Define the following change of coordinates for %/7:

3If (xe, ue) is an asymptotically stable steady state then ||h(x,, u.)|| is the steady-state value of the
norm of the output y for a step input with magnitude u,.
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=x, p=p—V/ () (9.74)

=1

In the new coordinates for 7* X" the Hamiltonian H transforms into

HE, pou) = (p+ V@) fx,u) + 3h" (, u)h(x, u)

=pl f(x,u)+ %FT(x, u)h(x, u) ®-75)

Therefore, the Hamiltonian input—output system X ¥ given by (9.70) transforms into

¥ =G pow

Yo = 2 (%, p.u)

which is exactly the associated Hamiltonian input—output system T, Thus the
Hamiltonian input—output systems associated to ¥ and X are equal, in accordance
with the equality of their input—output maps discussed above. This is summarized in
the following proposition.

Proposition 9.4.5 Consider a system X as in (9.59) and a solution V to the
reversed dissipation inequality (9.62), together with a resulting all-pass factorization

Y =00 X asinFig.9.5. Then ©¥ = s

Remark 9.4.6 In case of a linear system ¥ : X = Ax + Bu,y = Cx + Du the
transformation of X to X corresponds to a spectral factorization of the “spectral
density” matrix (D" + BT (—1s — AT)"'CT) (C(Is — A)"'B + D). In the same
spirit, the transformation from a nonlinear system X to X can be interpreted as a

“nonlinear spectral factorization” of the associated input—output Hamiltonian system
DL

The reversed dissipation inequality (9.62) is intimately related to the optimal control
problem of minimizing for every initial condition xy of X the cost-functional

umww54|wmwm 9.77)

along the trajectories of X starting at ¢+ = 0 at x¢. Define for every xo € & the value
function (see Sect. 11.2 for further information)

V*(x0) = inf(J (xo, u) | u admissible, lim x(r) = 0}, (9.78)
u — 00

where u : Rt — R is called admissible if the right-hand side of (9.77) is well-
defined.

Assumption 9.4.7 V*(x,) exists for every xo € X (i.e., the system is stabilizable),
and V*is a C! function on X.
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Proposition 9.4.8 (i) V* satisfies the reversed dissipation inequality (9.62), and
V*(0) = 0.
(ii) Let 'V satisfy (9.62) and V (0) = 0, then V (x) < V*(x) for every x € X.

Proof (i) Follows directly from the definition of V*.
(ii) Consider (9.61) with ty = Oand #; = T, and letu be such thatlim7_, o, x(T) =
0. Then it follows from (9.61) for T — oo that

1 o0
5/ lly(O)|1*dt = V (x(0)),
0

and thus by definition of V* we obtain V*(x(0)) > V(x(0)). O

Let us denote the factor system X obtained by considering V* as T, that is

X = f(x,u), £(0,0) =0

T
C oyt =R (x, u), h*(0,0) =0

(9.79)
with 2* satisfying

1 1
VI f e w) + Sk, w||* = CLKNES w)|? (9.80)

The factor system T has special properties among the set of all factor systems X.
First, it is characterized by the following appealing property. Denote the inner system
corresponding to " by ®*, given by the image representation (see (9.67))

§
lo- © y* = h*&, u) (9.81)
y

Consider any other all-pass factorization ¥ = ® o ¥, with T and g as in (9.66),
respectively (9.67). Corresponding to ® there exists a function V > 0 satisfying
(9.68), and corresponding to ®* there is the function V* satisfying

e
VEEm) — V() = 5/ (Y OIP = ly®11Pdt (9.82)

Assume as before that V and V* are C', and without loss of generality let
V(0) = V*(0) = 0. Then it follows that V and V* are both solutions to the reversed
dissipation inequality (9.62), with V* being the maximal solution (Proposition 9.4.8).
Thus, subtracting (9.68) from (9.82), one obtains

I
(V" =W)(E@) — (V= V)(&() = 5/ (YOI = 1Iy@IPde - (9.83)
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Therefore, if we take to = 0,4, = T, £(fp) = 0, then
T T
/ lly*()|*dt Z/ |[y(0)][*dt, forall T >0 (9.84)
0 0

In this sense, the all-pass factorization ¥ = ®* o " is the “minimal delay factor-
ization,” since for zero initial conditions the truncated L,-norm of the output of the
factor = is maximal among the outputs of all other factor systems ¥; and this holds
for every input function u.

Remark 9.4.9 In the linear case the above interpretation of " amounts to the clas-
sical definition of ¥~ being minimum phase.

A very much related characterization of T s by the stability of its zero-output
constrained dynamics. Consider first the case that the optimal control problem of
minimizing J (xg, u) given in (9.77) is regular, in the sense that there exists a unique
solution u = u*(x, p) to

ai[PTf(x,u)ﬂLlllh(x,M)llz} =0, (9.85)
u 2

which minimizes the expression p” f (x, u)+3 ||k (x, u)||* as a function of u for every
x, p. Then (by dynamic programming) it follows that V* is the unique solution of
the Hamilton—Jacobi—Bellman equation

V() f (e, u® (x, V() + %nh(x, u*(x, VI conl* =0, (9.86)

such that V(0) = 0 and
¥ = flx,ut(x, VI(x0)) (9.87)

is globally asymptotic stable with regard to x = 0.

Proposition 9.4.10 The zero-output constrained dynamics of T (see Sect.5.1) is
globally asymptotically stable with regard to the equilibrium x = 0.

Proof Consider (9.80) and (9.86) for V = V*. It follows from the regularity of
the optimal control problem that u = u*(x, V. (x)) is the unique input such that
h*(x,u) = 0, as follows from (9.86) and (9.80). Thus the zero-output constrained
dynamics of T s given by the asymptotically stable dynamics (9.87). (]

Remark 9.4.11 1In the case of an affine nonlinear system

X=fx)+9gxu, f0)=0, ueR™, xeX
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the optimal control problem is regular if and only if the m x m matrix E(x) :=
dT (x)d(x) is invertible for all x. Furthermore, in this case the Hamilton-Jacobi—
Bellman equation (9.86) reduces to

VoIS (x) = g E~ ' (x)dT (0)h(x)] = 3 Ve (0)g() E~ ' (x)g" (1) V] (x)

+ %hT(x)[I,, —d(x)E~"(x)d" (x)]h(x) =0 (9.89)
Furthermore, the map 7*(x, u) is explicitly given as
h*(x,u) = d(x)E~' (x)[d" ()h(x) + ¢" () VT (x0)] + d(x)u, (9.90)
where V* is the unique solution to (9.89) such that
X = fx)—gg" )V (x) 9.91)

is asymptotically stable with respect to x = 0, and where d(x) is any m x m matrix
such that .
dT(x)d(x) =d (x)d(x) (9.92)

(for example, d(x) = d(x)).

In case the optimal control problem is not regular we proceed as follows. The zero-
output constrained dynamics (or output-nulling dynamics) for a general system X
given by (9.59) is defined to be the set of all state trajectories x (-) generated by some
input trajectory u(-) such that y(t) = h(x(¢), u(t)) is identically zero. Under some
regularity conditions (see [135, 233]) the zero-output constrained dynamics can be
computed as follows. First, we compute the maximal controlled invariant output-
nulling submanifold N* C X (if it exists) as the maximal submanifold N' C X, for
which there exists a smooth feedback u = a(x), a(0) = 0, such that

fx,ax)eT N, h(x,a(x))=0, forallx e N (9.93)

In general such a smooth feedback a(x) is not unique (even not restricted to A), and
(again under some regularity conditions; see [233, Chap. 11]) the whole family of
feedbacks u = a(x) satisfying (9.93) for N' = A* can be parametrized as a(x, v),
with v € R™, i1 < m. Then the zero-output constrained dynamics is generated by
the lower dimensional dynamics

T X=f&v), TeN*, f(0,0)=0, (9.94)
where f(X,v) := f (X, (X, v)),and v € R" is a remaining input vector.

Definition 9.4.12 ¥ in (9.59) is weakly minimum phase if its zero-output constrained
dynamics ¥ on A/* given (9.94) can be rendered Lyapunov stable with regard to
x = 0 by a smooth feedback v = a(X). If the zero-output constrained dynamics &
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can be rendered locally asymptotically stable with respect to x = 0, then ¥ is called
minimum phase.

Remark 9.4.13 For linear systems X, minimum phase is equivalent to the require-
ment that the transmission zeros of ¥ are all in the open left half plane.

Now return to the singular optimal control problem (9.78). Recall Assumption 9.4.7,
and consider the factorization (9.80), with the resulting system bl given by (9.79).
For this system, we can again consider the singular optimal control problem (9.77),
but now with y replaced by the new output y*. Equivalently, we can consider the
reversed dissipation inequality (9.62) with & replaced by h*.

Lemma 9.4.14 The maximal solution to the reversed dissipation inequality (9.62)
with h(x, u) replaced by h*(x, u) is the zero function.

Proof Clearly V = 0 satisfies (9.62) with A (x, u) replaced by h*(x, u). Let now
V be an arbitrary solution to . 62) with h(x, u) replaced by h*(x, u). Then it is
immediately verified that V + V" is a solution to the original dissipation inequality
(9.62) for h(x, u). Since V" is maximal this implies that VvV <o. U

An equivalent formulation of Lemma 9.4.14 is the statement that
I [ R B . .
P(xp) :=inf { = ly*(¢)||“dt | u admissible s.t. lim x(t) =0 (9.95)
u) |2 0 t—00

is zero for all x5 € X.

Note that if we would be allowed to replace in (9.95) “inf” by “min” forall xg € N*
then we could directly conclude that T is minimum phase, since in this case there
exists an admissible control u such that || y*(¢)|| = 0, ¢ > 0, and tlirglo x(t) = 0. Thus

the remaining question is how in general P(xy) = 0O for all xy implies that T is
minimum phase.

To answer this question, we take recourse to the linearization of " and the linear
theory for the singular LQ optimal control problem developed in [104, 311]. First,
we consider for = the regularized cost criterion

1 o0
3 /0 (ly®I* + Ellu@))?) dt (9.96)

for € small. This is a regular optimal control problem, and thus the maximal solution
P of the regularized reversed dissipation inequality

Pi(x) f(x, u)+—||h (e, w) )+ 26 ?Jlu]? (9.97)
is given as the stabilizing solution of the Hamilton—Jacobi—Bellman equation

Hi, (x, (PE(x)") =0, (9.98)
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Here le(x p) = H%x,p,u*(x,p)), where u*(x, p) is the solution to
W(x, p,u) =0, and

€ T 1 * 2 1 2 2
H'(x,p,u)=p f(x,u)+§||h G, u)l +5€ [[ue]] (9.99)
Since all data f(x,u), h*(x,u) are smooth near 0, also the solution P€ of the
Hamilton—Jacobi—Bellmann equation (9.98) is a smooth function near x = 0 (cf.
Chap. 11). It follows from the interpretation as an optimal control problem that
P¢ > 0, and that P¢ is nondecreasing as a function of €. Hence the pointwise limit
Pim(x) := lig)l P¢(x) > 0 exists. We obtain the following theorem.

Theorem 9.4.15 Assume that the zero-output constrained dynamics of " does not
have invariant eigenvalues on the imaginary axis (that is, it is hyperbolic). Further-
more assume that P'"™ is a C' function. Then T is minimum phase.

Proof Suppose % is not minimum phase. By the assumption of hyperbolicity this
means that the zero-output constrained dynamics is exponentially unstable. Thus for
every smooth feedback u = «/(x) such that the output y* = h*(X, a(x)) is identically
zero along the closed-loop dynamics ¥ = f(X, a(X)), X € N, this closed-loop
dynamics is exponentially unstable. Linearizing at X = 0, this yields that for any
sucha, 3XA € C, Re A > 0, and v € C", v # 0, such that

[ 0,0) + 20, 0)0“(0)]1) — v

) (9.100)
[220,0) + 20,0122 (0)] v =0
However, this implies that the linear system
¢ =20(0,0 +“9f00 = Ax+ B
= e 0. 0x A 5, (0, Ou e (9.101)

)'):(,)X(OO) ~|— (00)u—Cx+Du
is not weakly minimum phase (transmission zeros in the open right half plane).
However by linear theory [104, 311] this means that there exists a solution

X = XT > 0, with X # 0, to the quadratic inequality corresponding to (9.97),
ie.,

1
xTX(Ax + Bu) + E(Cx + Du)" (Cx + Du) > 0 (9.102)
By continuity the regularized dissipation inequality (9.97) converges for € |, 0 to

PI™(x) f(x, u) + %nh*(x, wl* >0 (9.103)

and hence P'"™ = P = 0. On the other hand, by linearization at x = 0
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Fig. 9.6 Controller Cs,

based on factor system % 0 Cs,
>
=
2 P€
—(0) = X £0 (9.104)
for all € > 0, which yields a contradiction. O

Finally, we will discuss the use of the all-pass factorization ¥ = ®* 0% for control,
as already alluded to before. Throughout let us assume that the nonlinear system X
given by (9.59) is asymptotically stable* with respect to x = 0.

As noted before in Proposition 9.4.4, a useful property of T as related to the
original system X is that T" and ¥ have the same steady-state output amplitudes.
This has the important consequence that the norm of the steady-state step responses
of ¥ and ¥ are equal for every constant . This suggests that output set -point control
of ¥ may be based on the factor system X. Furthermore, since T" is minimum
phase, inversion techniques for its control can be used (e.g., by means of nonlinear
input—output decoupling [135, 233]). A main open question is then how, once a
suitable controller for the factor system " has been obtained, this can be translated
to a suitable controller for the original system X. This problem will be solved by
a nonlinear version of the structure of the classical Smith predictor.5 In fact, this
allows to convert a controller Cs for any factor system X (not necessarily THtoa
controller C for the original system X.

Thus consider the plant system X and an arbitrary factor system X. Suppose that
we have constructed for X a controller system Css, resulting in the closed-loop system
as depicted in Fig. 9.6. How do we derive from this configuration a controller for the
original system X? We use the following argument stemming from the derivation
of the classical Smith predictor for linear systems. We add to the configuration of
Fig. 9.6 two additional signal flows which exactly compensate each other, leading to
Fig.9.7. Subsequently, we shift the signal flow of y to the left-hand side of the block
diagram, in order to obtain Fig.9.8. The system within the dotted lines is now seen
to be a controller for the original system X.

Note that the above construction based on the nonlinear Smith predictor may lead
to problems in case X is not a stable system. Indeed, in this case the transition from

4In this case T " is called an outer system: asymptotically stable with asymptotic stable zero-output
constrained dynamics.

31 thank Gjerrit Meinsma for an illuminating discussion on the derivation of the Smith predictor.
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Fig. 9.7 Addition of
compensating signal flows

Fig. 9.8 Resulting
controller for X

Figs. 9.6 t0 9.7 may lead to diverging signal behavior, in the sense that although in the
absence of disturbances the two added signal flows exactly compensate each other,
any disturbance or mismatch may cause instabilities.

9.5 Notes for Chapter9

1. Sections9.1 and 9.2 are largely based on Scherpen & van der Schaft [310],
van der Schaft [279], as well as Paice & van der Schaft [248, 249]. For the
parametrization of stabilizing controllers in observer—controller configuration
we refer to Viswanadham & Vidyasagar [345], and Banos [27].

2. Section9.3 is based on Paice & van der Schaft [247, 249]. In these papers the
more general and symmetric result is obtained of parametrizing all the pairs of
state space systems X and X, which are in stable closed-loop configuration.

3. Withregard to the Youla—Kucera parametrization of stabilizing linear controllers
of a linear system we refer, e.g., to Francis [103], and Green & Limebeer [117],
and the references quoted therein. Apparently, the interpretation given in Remark
9.3.7, due to Paice & van der Schaft [247, 249], is new for linear systems.

4. Section9.4 is based on van der Schaft & Ball [289]; see also van der Schaft &
Ball [288], Ball & van der Schaft [24], which in its turn was motivated by work
of Ball and Helton on inner—outer factorization of nonlinear operators, see, e.g.,
[21], and the theory of linear inner—outer factorization, see, e.g., Francis [103].
The approach taken in van der Schaft & Ball [288] and Ball & van der Schaft [24]
emphasizes the “nonlinear spectral factorization” point of view of Proposition
9.4.5 and Remark 9.4.6.

5. The interpretation of the minimum phase factor as a “minimal delay factor,” see
Remark 9.4.9, can be found in Robinson [260]; see also Anderson [6].
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6.

10.

The Morse Lemma (see, e.g., Abraham & Marsden [1]) can be stated as follows.
Consider a C? function H : X — R, with H,(0) = 0 and n x n Hessian matrix
H,.(0) which is supposed to be nonsingular. Then locally near O there exist
coordinates zy, ..., z, such that

1, 1, 1, 1,

H(z) = H(0) + 54 + -+ 3% T Rkt T T 3w (9.105)
with k the number of positive eigenvalues of H,,(0). The following slight gen-
eralization can be easily proven (see, e.g., Maas [188]):

Consider a C? function H : R” — R, with H,(0) = 0, and H,, (x) of constant
rank 7 in a neighborhood of x = 0. Then locally near O there exist coordinates
20y« Zks Tht1s - - - » Zn SUCh that

1, 1, 1, 1,

H(Z)=H(O)+§Z1+~~+§Zk—§zk+]—~--—EZ,—, (9.106)
with, as above, k the number of positive eigenvalues of H,,(0). The application
of this result to the factorization in (9.64) is done by considering the function
Ky, and assuming that its partial derivatives with regard to x and u are zero at
(x,u) = (0, 0), and that its Hessian matrix with regard to x and u has constant
rank. Since Ky > 0 and Ky (0) = O it then follows that there exists new
coordinates z for X x R™ with z; = fz,-(x, u),i =1,..., p, where p the rank
of the Hessian, such that locally (9.64) holds.

. The problem of parametrizing the class of stabilizing controllers for a nonlin-

ear plant is also addressed, using related approaches, in Lu [184], Imura &
Yoshikawa [133], Fujimoto & Sugie [109, 110].

. For studies of kernel representations in the context of closed-loop identification

of nonlinear systems we refer to Linard, Anderson & De Bruyne [181] and
Fujimoto, Anderson & De Bruyne [107].

The approach to all-pass factorization in Sect.9.4 is largely based on Ball,
Petersen & van der Schaft [25]; see also Ball & van der Schaft [24] for the
regular case.

The idea of basing the control of a stable but nonminimum phase system on its
minimum phase factor is well known in linear process control, see, e.g., Morari
& Zafiriou [222], and Green & Limebeer [117]. The extension of this idea to
nonlinear systems has been discussed in Doyle, Allgéwer & Morari [87], and
Wright & Kravaris [357]. For a description of the Smith predictor in the linear
case see, e.g., Morari & Zafiriou [222] and Meinsma & Zwart [216]. In this last
reference also the treatment of the modified Smith predictor in case the linear
plant is not asymptotically stable can be found.
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11. Forastudy of nonlinear controllability and observability Gramians, their relation
to the associated Hamiltonian system %%, and their use for nonlinear Hankel
singular values and balancing of nonlinear systems, we refer to, e.g., Scherpen
[308], Scherpen & van der Schaft [310], Fujimoto, Scherpen & Gray [108].



Chapter 10
Nonlinear H , Control

Consider the following standard control configuration, see Fig.10.1. Let ¥ be a
nonlinear system on an n-dimensional state space manifold & of the general form

X = f(x,u,d)
Y y=gkx,u,d) (10.1)
z=h(x,u,d)

with two sets of inputs u and d, two sets of outputs y and z, and state x.

Here u stands for the vector of control inputs, d are the exogenous inputs
(disturbances-to-be-rejected or reference signals to-be-tracked), y are the measured
outputs, and finally z denote the to-be-controlled outputs (tracking errors, cost vari-
ables). The optimal Ho, control problem,' roughly speaking, is to find a controller
C, processing the measurements y and producing the control inputs u, such that in
the closed-loop configuration of Fig. 10.2 the L,-gain from exogenous inputs d to
to-be-controlled outputs z is minimized, while furthermore the closed-loop system
is stable.

Instead of directly minimizing the L,-gain the more feasible suboptimal H o, con-
trol problem is addressed. This consists in finding, if possible, for a given disturbance
attenuation level «y a controller C such that the closed-loop system has L,-gain < v,
and is stable. The solution to the optimal H, control problem can then be approxi-
mated by an iteration of the suboptimal H ., control problem (successively decreasing
~ toward the optimal disturbance attenuation level).

I'The terminology Ho stems from the fact that in the linear case the L>-gain of a stable system is
equal to the H o norm of its transfer matrix.

© Springer International Publishing AG 2017 241
A. van der Schaft, Ly-Gain and Passivity Techniques in Nonlinear Control,
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Fig. 10.1 Standard control d z
configuration —_— —
by
—> —
u )
Fig. 10.2 Standard d z
closed-loop configuration _ —_—
b
u Y
C

10.1 State Feedback H,, Control

In the state feedback suboptimal H , control problem we assume that the whole state
is available for feedback; or equivalently y = x in (10.1).

We first study the state feedback problem for nonlinear systems of the special
affine form

X=ax)+bx)u+gkx)d, ueR" deR

o Zz[hix)} xeX,zeR* (10.2)

All data will be assumed to be C*, with k > 2. Recall the notation P, (x) for the row
vector (gTPI(x), A gTP(x)) of partial derivatives of a function P : X — R. We
start by stating the main result.

Theorem 10.1.1 Let v > 0. Suppose there exists a C"(k > r > 1) solution P > (0
to the Hamilton—Jacobi inequality (HJ1a) (“a” standing for affine):

Pr(x)a(x) + 3P (x) [#g(x)gT(x) - b(X)bT(X)] P! (x)

(HI1a) +4hT (@)h(x) <0

(10.3)

Then with the C"~! state feedback
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u=—b"(x)Pl'(x) (10.4)
the closed-loop system (10.2), (10.4), that is,

x =a(x) — b(x)bT(x)PxT(x) + g(x)d

h(x)
= |:—bT(x)PXT(x) (10:5)

has Ly-gain <~ (from d to z).
Conversely, suppose there exists a C"! feedback

u=4£(x) (10.6)

such that there exists a C' storage function P > 0 for the closed-loop system (10.2),
(10.6) with supply rate %’yz| |d||*> — %Ilzllz. Then P > 0 is also a solution of (HJ1a).

Proof Suppose P > 0 is solution to (HJ1a). Rewrite (HJ1a) as

P.(x) [a(x) = )b (1) Pl ()] + 535 Pe(x)g(x)g" (x) P] (x)

(10.7)
+3 P (0)b)b" () Pl (x) + 3hT (x)h(x) <0

In view of (8.7) this means that P is a storage function for (10.5) with L,-gain supply
rate %*y2||d||2 - %||z||2. Conversely, let P > 0 be a solution to

P (x) [a(x) + b)) + 555 Pe(x)g(x)g" (x) P (x)

(10.8)
107 () 0(x) + LT ()R(x) <0

Then by “completion of the squares”
P(x) [a(x) — b(x)b" (x) P] (x)]
= P(x) [a(x) + b(x)I(x)] — Pc(x)b(x) [bT (x) P] (x) +1(x)]
< =35 Pe0)g()g" () Pl (x) = 3h" (0)h(x)
—11@) + BT () P02 = L P (x)b(x)bT (x) P] (x) (10.9)
< =35 Pe)g)g" () P} (x) = 3 Pe()b(x)b" (1) P (x)
—1hT (X)h(x)

showing that P is a solution to (10.7), and thus to (10.3). O

Note that we did not say anything sofar about the stability of the closed-loop system
(10.5) resulting from the state feedback u = —b" (x) P! (x). However, since P > Qs


http://dx.doi.org/10.1007/978-3-319-49992-5_8
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a storage function for (10.5) we can simply invoke the results of Chap. 3, in particular
Propositions 3.2.12 and 3.2.16.

Proposition 10.1.2 Let P > 0 be a solution to (HJ1a).

(i) Suppose the system
x =ax)
_ h(x) (10.10)
T TP ()

is zero-state observable, then P(x) > 0 for x # 0.

(ii) Suppose P(x) > Oforallx # 0and P(0) = 0, and suppose (10.10) is zero-state
detectable. Then x = 0 is a locally asymptotically stable equilibrium of

% =a(x)—bx)b" (x)PI(x) (10.11)

If additionally P is proper, then x = 0 is a globally asymptotically stable
equilibrium of (10.11).

Proof Apply Propositions 3.2.12 and 3.2.16 to (10.5), using (HJ1a) rewritten as
(10.7), and note that a(x) — b(x)b” (x) PI (x) = a(x) whenever z = 0. O

Remark 10.1.3 We leave the generalization of Proposition 10.1.2 to positive
semi-definite P > 0, based on Theorem 3.2.17 and Proposition 3.2.19, to the reader.

At this point one may wonder where the Hamilton—Jacobi inequality (HJ1a) comes
from, and how similar expressions may be obtained for systems of a more general
form than (10.2). An answer to both questions is obtained from the theory of differ-
ential games. Indeed, one may look at the H, suboptimal problem as a two-player
zero-sum differential game with cost criterion

1 1
— 3711’ + S llall? (10.12)

(one player corresponds to the control input u, the other player to the exogenous
input d).
The pre-Hamiltonian corresponding to this differential game is given as

1 1
K, (x,p,d,u) := p"la(x) + b(x)u + g(x)d] — §v2||d||2 + 5||z||2 (10.13)

with p being the co-state. From the equations % = 0and aaiu = 0 we determine,
respectively,
d*(x. p) = Lg" (¥)p
u*(x, P) — —bT(x)p, (1014)

which have the saddle point property


http://dx.doi.org/10.1007/978-3-319-49992-5_3
http://dx.doi.org/10.1007/978-3-319-49992-5_3
http://dx.doi.org/10.1007/978-3-319-49992-5_3
http://dx.doi.org/10.1007/978-3-319-49992-5_3
http://dx.doi.org/10.1007/978-3-319-49992-5_3
http://dx.doi.org/10.1007/978-3-319-49992-5_3
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K (x, p,d,u*(x, p)) < Ky (x, p,d*(x, p), u*(x, p))
< K (x, p,d*(x, p), u) (10.15)

for every d, u and every (x, p). The input #* may be called the optimal control, and
d* the worst-case exogenous input (disturbance).
Substitution of (10.14) in K, (x, p, d, u) leads to the (optimal) Hamiltonian

H,(x, p) = pTa() + 1p" [Lg)g” @) — b)b" ()] p

+ IhT (0)h(x) (10.16)
The Hamilton—Jacobi inequality (HJ1a) (10.3) is now also expressed as
H,(x, P/ (x)) <0, (10.17)

which is known in the theory of differential games as the Hamilton—Jacobi-Isaacs
equation.
The same procedure may be followed for more general equations than (10.2), e.g.,

X = f(x,u,d)
z=h(x,u,d) (10.18)

by considering the pre-Hamiltonian

1 1
Ky, pod,w) i=p f e u,d) = S9711d11 + S 12 (10.19)
Suppose, as above, that K, has a saddle point u*(x, p), d*(x, p),i.e.,

K. (x, p,d,u*(x, p)) < K,(x, p,d*(x, p), u*(x, p))
< K,(x, p,d*(x, p), u) (10.20)

for every d, u, and every (x, p). Then we consider the Hamilton—Jacobi inequality
HID K, (x, P/ (x), d*(x, P} (x)),u”(x, P/ (x))) <0 (10.21)

Analogously to Theorem 10.1.1 we obtain

Proposition 10.1.4 Consider the system (10.18). Let v > 0. Assume there exist
u*(x, p),d*(x, p) satisfying (10.20). Suppose there exists a C" (k > r > 1) solution
P > 0to the Hamilton—Jacobi inequality (HJ1) given by (10.21). Then the C"~! state
feedback

u = u*(x, PI'(x)) (10.22)
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is such that the closed-loop system (10.18), (10.22), i.e.,

X = f(x,u*(x, PXT(x)),d)
z = h(x,u*(x, PI' (x)),d) (10.23)

has Ly-gain < 7.
Conversely, suppose there exists a C"~" feedback

u=1(x) (10.24)

such that there exists a C' storage function P > 0 for the closed-loop system (10.18),
(10.24) with supply rate %72|Id| = %|Iz| |>. Then P > 0 is also a solution of (HJ1).

Proof Let P > 0 satisfy (10.21). Substitute p = PXT (x) in the first inequality in
(10.20) to obtain

P(0) f (v, (x, PL(0)), d) = 57211 + §lIAGe, u” (3, P (0), DI
< K,(x, PI'(x),d*(x, Pl (x)), u*(x, Pl (x))), (10.25)

and thus by (10.21) for all d

Py (x) f(x, u*(x, Pl (x)), d)
< 121d112 = Hihx, u*(x, PT(x)), DI, (10.26)

showing that (10.23) has L,-gain < - with storage function P. Conversely, let P > 0
be a solution to

1 2 2 1 2
Pe) f (x, 1(x). d) = S711d]I” = SIA(x, [(x), )] (10.27)

Then by substituting p = PXT (x) and u = I(x) in the second inequality in (10.20)
we obtain

K, (x, P{ (x),d*(x, P/ (x)), u*(x, P/ (x)) (10.28)
< K, (x, Pl (x).d*(x, P] (x)),1(x))

and thus by (10.27) with d = d*(x, PXT (x)) we obtain (10.21). ([l

Remark 10.1.5 The above proof reveals the essence of suboptimal state feedback
‘H~ control. Solvability of the Hamilton—Jacobi inequality (HJ1) together with the
first inequality in (10.20) yields the feedback (10.22) for which the closed-loop
system (10.23) has L,-gain < ~. Conversely, if the second inequality in (10.20)
holds then the existence of u = I(x) for which the closed-loop system has L;-gain
<  implies the solvability of (HJ1).
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Remark 10.1.6 Note that in case of the affine system equations (10.2) the point
u*(x, p),d*(x, p) given by (10.14) not only satisfies the saddle point property
(10.20) but in fact the stronger property

KW(.X,p,d,u) SK’)’(xvpvd*(-xvp)ﬂu)
K (x,p,d,u*(x,p)) < K (x, p,d,u), Vu,d (10.29)

We leave it to the reader to formulate the analog of Proposition 10.1.2 for the general
case treated in Proposition 10.1.4.

Example 10.1.7 Consider the system

u

F=0+xDu+d, z:[x] (10.30)

The Hamilton—Jacobi inequality (HJ1a) reads

2
(d—P(x)) ((1 +a%)? — iz) > 2%, (10.31)
dx ¥

which has a nonnegative solution for v > 1, e.g.,

P(x) = %m(l +x2 4 [+ — %) (10.32)

leading to the feedback

1
2

u=—(1+x% ((1 +x2)? — %) X, (10.33)

stabilizing the system about x = 0.

Example 10.1.8 Consider the system
X = u + (arctan x)d , 7= |:x] (10.34)
The Hamilton—Jacobi inequality (HJ1a) reads as

P 2 tan2
9P o) (1 -2 e (10.35)
dx ~2

having solutions P > 0 for all -y such that

|arctan x| < v, Vx € R, (10.36)
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that is, for all v > % The feedback is given as
arctan’ x 2
u=-x(l-——5— (10.37)
0
Example 10.1.9 Consider the system
F=xu4d), z= [x] (10.38)
The Hamilton—Jacobi inequality (HJ1a) is

dP \’ (1 o
(E(x)) (—2—1)x +x°<0 (10.39)
g

which has for v > 1 the so-called viscosity solution (see the Notes at the end of this
chapter)

P(x) = ——Ix|
VA (10.40)
u = ——x|
-1
Note that P is not differentiable at x = 0, however the closed-loop system
. v
X =——x|x +xd (10.41)

Ne

is asymptotically stable about x = 0.

Now let us come back to the L,-gain perturbation models formulated in Sect.9.2,
based on stable kernel or stable image representations. Consider an affine nonlinear
input-state-output system

X=fxX)+9gx)u,xeX, uelR™
PO (10.42)
y =h(x), yeR?

First, we consider the perturbation X, based on the stable kernel representation K,
given in (9.29):

X =f(x) +g@u —k(x)w
A w € R?, (10.43)
y=hx)—w

with w being the output of some nonlinear system A with input [i i|


http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9
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Fig. 10.3 Perturbed
nonlinear system A
i
U
w Y
XA L
u ‘ 7
U
§ =aluy)
A (10.44)
w =G u,y)

having finite L,-gain o (see Fig.10.3). Here the matrix k(x) is determined by
Eq.(9.10), that is, W, (x)k(x) = hT (x), with W being a nonnegative solution to the
“filter” Hamilton—Jacobi equation (9.9).

‘We now formulate the robust stabilization problem as the problem of constructing
a controller C processing the measurements y and producing the control u such that
the L,-gain (from w to z) of X4 in closed-loop with C is minimized, say equal to v*.
In the present section, we consider the robust stabilization problem by state feedback
where we take ¥y = x, and in the next section we will consider the measurement
feedback case where y = y.

Once we have solved the robust stabilization problem, it follows from the small-
gain theorem that the closed-loop system given in Fig. 10.4 will be closed-loop stable
for all perturbations A with v - v* < 1.

That is, in an input—output map context Theorem 2.1.1 implies that whenever the
signals ej, e, € L, are such that the signals w and z are in L., then actually w and
z in L,. Furthermore, in a state space context Theorem 8.2.1 will ensure internal
stability of the controlled perturbed nonlinear system for e; = e; = 0.

Clearly, the problem of minimizing the L,-gain (from w to z) of ¥, by state
feedback is a nonlinear H, optimal control problem. The suboptimal version
(for decreasing values of v > 0) is addressed, as above, by considering the pre-
Hamiltonian corresponding to (10.43):

Ko (x, pyusw) = p'Lf(0) + gu — k(w] = 377 [[w]]?
+ Ml + L1ax) — w]? (10.45)

As in (10.14) we obtain a saddle point u*(x, p), w*(x, p) given as


http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_2
http://dx.doi.org/10.1007/978-3-319-49992-5_8
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€2
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€1 +f\+
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U x
C
Fig. 10.4 Controlled perturbed nonlinear system (state feedback case)
* T * —1 T
w=-g x)p, w= o [ & )p +h(x)) (10.46)

Necessarily v > 1, since y = h(x) 4+ w and hence the L,-gain from w to z is always
> 1. Substitution of (10.46) into (10.45) leads to the Hamilton—Jacobi inequality
(HJ1), written out as

PAOLF @) + (2 = D7 R@R®] + 327 = DT (0h(x)
+ 1POI(? = DK (x) = g(0)g" (01PT (x) <0 (10.47)

Proposition 10.1.10 Letr v > 1. Suppose there exists a solution P > 0 to (10.47).
Then the state feedback
u=—g"(x)Plx) (10.48)

will be such that the controlled system

X =[f(x)—g@)g" ()Pl (x)] — k(x)w
hix) —w

= _gT(x)PXT(x) (1049)

has Ly-gain < ~ (from w to z).

Furthermore, let A have Ly-gain ya < % with storage function Px. Suppose P
and Pp have strict local minima at x* = 0, respectively, £&* = 0, and X 5 and A are
zero-state detectable. Then (x*, £*) is a locally asymptotically stable equilibrium of
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the closed-loop system (10.49), (10.44), which is globally asymptotically stable if P
and Pa have global minima at x* = 0 and £* = 0 and are proper.

Proof The first part immediately follows from Proposition 10.1.4. The second part
follows from the small-gain theorem in the state space setting (Theorem 8.2.1). [

Remark 10.1.11 By taking fixed initial conditions for the controlled system as well
as for the perturbation system A and considering the resulting input—output maps
one may also formulate closed-loop stability statements in the spirit of the small-gain
theorem in the input—output mapping setting (Theorem 2.1.1). We leave this to the
reader.

Alternatively, we may consider the perturbation X3 based on the stable image rep-
resentation Is, of X, given in (9.33), i.e.,

X = fx)+g@u—gx)w;
DITE y = h(x) + w (10.50)

with (w;, wy) the output of some nonlinear system A

£ =ak.s)
A ow =61 s) (10.51)
wy = (&, s)

with s = u + g7 (x)VI (x) — wa, having finite L,-gain (from s to (wy, wy)). The
robust stabilization problem for this perturbation model is to minimize the L,-gain
(from (wq, wy) to s) of

X=fx)+gx)u—gx)ws
s =u+g" (V] (x) —w, (10.52)

In the state feedback case this problem admits an easy solution.

Proposition 10.1.12 The state feedback
u=—g"x)VI'(x) (10.53)

renders the Ly-gain of (10.52) equal to 1. Furthermore, for every other controller C
the L,-gain from (wy, wy) to s is > 1.

Proof Since s = u + g7 (x)VI (x) — w; it is easily seen that the L,-gain from w,
to s is always > 1. On the other hand, (10.53) clearly renders the L,-gain equal
to 1. (]


http://dx.doi.org/10.1007/978-3-319-49992-5_8
http://dx.doi.org/10.1007/978-3-319-49992-5_2
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The above result has a clear interpretation. Recall (see Remark 9.1.9 and Sect. 11.2)
that (10.53) is the feedback that minimizes the cost criterion

/0 (@I + 1ly®|*)dt (10.54)

for x = f(x) + g(x)u,y = h(x). Proposition 10.1.12 shows that (10.53) also
optimizes the robustness margin for the perturbed system X 3.

We leave the further translation of the statements of Proposition 10.1.10 to the
perturbation model X to the reader.

Example 10.1.13 (Example 9.2.1 continued) Consider a port-Hamiltonian system
with energy H > 0 and without energy dissipation

X = J(x)HxT(x) +g@u, Jx)=-JT(x)
v =g (O H] (x) (10.55)

In Example 9.2.1, we have derived the perturbed systems ¥ and X3, see (9.36),
(9.37). With respect to the perturbed system ¥, the Hamilton—Jacobi inequality
(HJ1) takes the form

P.OIJOHT (x) + (2 = D7 g(0)g" ) HI (0)]
+ 1 = D7 = P (0)g(0)g" (x) P (x) (10.56)
+ 172 = DT H () g(x)g" () HT (x) <0,

having for v > +/2 the positive solution P(x) = A’,;’—izH (x). Thus by Proposition
10.1.10 the state feedback

72

g OHI (x), v>V2, (10.57)
7 -2

u=—

robustly stablizes ¥, for every perturbation A with L,-gain < % Alternatively, cf.
Proposition 10.1.12, the feedback

u=—g" (x)H! (x) (10.58)

robustly stabilizes X 5 for every perturbation A with L,-gain < 1.

10.2 Output Feedback H ., Control

Consider the nonlinear system (10.1), that is,


http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_11
http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9

10.2 Output Feedback H, Control 253
X =f(x,u,d),xeX, ueR" deR"
Y: y=g9gx,u,d), yeR? (10.59)
z=h(x,u,d), ze R’

In the output feedback suboptimal H., control problem we want to construct, if
possible, for a given attenuation level v > 0 an output feedback controller

£=p&y)
C: (10.60)

u = af)

such that the closed-loop system has Lj,-gain < ~ (from d to z). Here
&= (&, ...,&) are local coordinates for the state space manifold X, of the con-
troller C, and ¢ and « are mappings whose degree of differentiability in general will
depend on the degree of differentiability of the mappings f, g, and h. As before, we
assume them to be at least C.

In this section, we will be primarily concerned with finding necessary conditions
for the solvability of the output feedback suboptimal H, problem, as well as with
the analysis of the structure of controllers that solve the problem. In order to do so,
let us assume that a controller C as in (10.60) solves the output feedback suboptimal
‘H oo control problem for ¥ given by (10.59), for a given disturbance attenuation level
~. Moreover, assume that there exists a differentiable storage function S(x, &) > 0
for the closed-loop system with respect to the supply rate $7%[|d||> — 1|z||?, that is,

S, O F(x, a(€), d) + Se(x, E)p(€, gx, a(€), d))
—1201d1P + LIk (x, ), d)I)> <0, foralld (10.61)

Now consider the equation
Se(x,8) =0, (10.62)

and assume this equation has a differentiable solution £ = F(x). (By the Implicit
Function theorem this will locally be the case if the partial Hessian matrix Sg¢(x, &)
is nonsingular for every (x, &) satisfying (10.62).) Define

P(x):= S(x, F(x)) (10.63)

Substitution of £ = F(x) into (10.61) yields (noting that P, (x) = S, (x, F(x)) since
Se(x, F(x)) =0)

1 1
Pe(x) f(x, a(F (x)),d) — 5’72||d||2 + 511G, a(F(x)),d|[> <0 (10.64)

for all . Hence the state feedback u = «(F (x)) solves the state feedback suboptimal
'H~ control problem for X, with storage function P. Therefore, P is solution of (HJ1).
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Thus we have obtained a logical necessary condition for solvability of the output
feedback suboptimal H ., control problem, namely solvability of the corresponding
state feedback problem.

A second necessary condition is obtained by restricting to the (natural) class of
controllers C which produce zero control u for measurements y being identically
zero, at least for “zero initial condition”. More specifically, we assume that the
controller C satisfies

©(0,0) =0,a(0) =0 (10.65)

Defining
R(x) := S(x,0), (10.66)

substitution of £ = 0 and y = 0 in (10.61) then yields
1 1
(HJ2) R, (x) f(x,0,d) — szualn2 + 511, 0, dI* <0 (10.67)

for all disturbances d such that the measurements y = g(x, 0, d) remain zero.

Thus a second necessary condition for solvability of the output feedback Hoo
suboptimal control problem is the existence of a solution R > 0 to (HJ2). This
necessary condition also admits an obvious interpretation; it tells us that if we wish
to render X dissipative by a controller C satisfying (10.65), then ¥ constrained by
u = 0 and y = 0 already has to be dissipative.

If we specialize (as in the previous Sect. 10.1) the equations for ¥ and C to

X =a(x) +bx)u + g(x)d,

y=cx)+d
Za [ h(x)} (10.68)
= )
u
respectively, ‘
§=k©+LQy, k(0)=0
Ca: (10.69)

then (10.67) reduces to
1 1
R (x) [a(x) 4+ g(x)di] — Efﬂndlnz + llda]*) + 5||h(x)||2 <0  (10.70)
for all d = [2] such that y = c(x) + d, is zero; implying that d» = —c(x).

Computing the maximizing disturbance d} = %2 gT (x)RT (x), it follows that (10.70)
is equivalent to the Hamilton—Jacobi inequality
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Ry (x)a(x) + 3 55 Re(x)g(x)g" ()R (x)
(HI22) | 157 () — 12T (0e(x) <0, xe X (10.71)

Remark 10.2.1 In cases different from (10.68) the constraint y = 0 may impose
constraints on the state space &X', in which case we would obtain, contrary to (10.71),
a Hamilton—Jacobi inequality defined on a subset of X.

Thus we have derived, under mild technical assumptions, two necessary conditions
for the solvability of the output feedback suboptimal H, control problem; namely
the existence of a solution P > 0 to the first Hamilton—Jacobi inequality (HJ1), and
the existence of a solution R > 0 to the second Hamilton—Jacobi inequality (HJ2).

Furthermore, it is clear from the way we have derived the solutions P > 0 and
R > 0 to these two Hamilton—Jacobi inequalities, that P and R are not unrelated. In
fact, as we now will show, the solutions P and R have to satisfy a certain coupling
condition. The easiest way of obtaining this coupling condition is to consider, as
above, P(x) = S(x, F(x)) and R(x) = S(x, 0) and to additionally assume that S
has a minimum at (0, 0), i.e.,

$(0,0) =0, 5,(0,0) =0, 80,0 =0,5x,£ >0, Vx,¢&, (10.72)

and furthermore that the Hessian matrix of S at (0, 0)

[s”m, 0) 8,¢(0, 0)] _. [Sn Snz} (10.73)

Sex(0,0) Se(0,0) Sty Sa

satisfies S» = S¢(0,0) > 0. By the Implicit Function theorem this will imply
the existence of a unique F(x) defined near x = 0 such that S¢(x, F(x)) = 0. It
immediately follows that

P(0) =0, P,(0) =0, R(0) =0, R, (0) =0, (10.74)
and moreover from the definition of P and R it can be seen that
Poc(0) = Si1 — 51285,/ S, , Rec(0) = Sy (10.75)
As a consequence one obtains the “weak” coupling condition
P (0) = R (0), (10.76)
with strict inequality if S1, # 0, in which case P(x) < R(x) for x near 0. In fact, in
case of a linear system this amounts to the same coupling condition as obtained in
linear H, control theory [117]. See also Corollary 11.4.9 in the next Chap. 11.

A stronger, and more intrinsic, coupling condition can be derived as follows. Sup-
pose there exists a controller C satisfying (10.65) which solves the output feedback
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suboptimal H, control problem with a storage function S for the closed-loop sys-
tem satisfying S(0, 0) = O (or, equivalently, S has a minimum at (0, 0)). Then the
closed-loop system satisfies, whenever x(—77) = 0,&(—T1) =0

%ffn (PldOI = [z [*) dt

RO = 120112 di = 0

forall Ty > 0, T, > 0, and all disturbance functions d(-) on [—T7, T5]. In particular,
we obtain for x(—77) =0, &£(—=Ty) =0

— [P LG21d@P = 120117 di
(10.77)

< [% 1P = 11z)|P) dt

forall Ty > 0,7, > 0, and all disturbance functions d(-) on [T}, T>] such that
the measurements y(-) are zero on [—T;, 0]. Taking in (10.78) the supremum on the
left-hand side, and taking the infimum on the right-hand side we obtain

sup = [ LRI @I — (2]
d(-)on[0,T,], T,>0 (10.78)

<inf [, P12 — [lz()]P)dt,

where the infimum on the right-hand side is taken over all 77 > 0 and all disturbance
functions d(-) on [—T7, 0] such that y(t) = O for t € [—T}, 0]. We note that the
right-hand side of (10.78) is precisely equal to S, (x(0)); the required supply from
the state x* = 0 (cf. Theorem 3.1.16), with regard to all d(-) on [—T;, 0] such that
y() =0,t € [T}, 0]. Furthermore, the left-hand side of (10.78) is considered for
one fixed control strategy u(-) on [0, T>], namely the one delivered by the output
feedback controller C. It follows that for all 7, > 0

I
inf sup = / lz®)I1? = YldO 1> dt < S, (x(0)) (10.79)
u() 7,50, d(yon[0.T,] 2 Jo

for all x (0) which can be reached from x (—7}) = 0 by a disturbance function d(-) on
[—T7, 0]. Finally, from the theory of (zero-sum) differential games (see, e.g., [325],
and the references quoted in the Notes for this chapter it follows that the function
P (x(0)) determined by the left-hand side of (10.79) is, whenever it is differentiable,
a solution of the first Hamilton—Jacobi inequality (in fact, equality) (HJ1). Thus we
have reached the conclusion that there exists a solution P > 0 to the first Hamilton—
Jacobi inequality (HJ1) such that

P(x(0)) = S:-(x(0)) (10.80)
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for all x(0) reachable from x = 0 by a disturbance d(-) leaving the measurements
y equal to zero. From dissipative systems theory as treated in Chap. 3 it follows that
the function R(x) := S, (x), whenever it is differentiable and defined for all x, is a
solution of the second Hamilton—Jacobi inequality (HJ2). Thus we have derived as
a third necessary condition for solvability of the output feedback suboptimal H
control problem that there need to exist solutions P > 0 and R > 0 to (HJ1),
respectively (HJ2), which satisfy the strong coupling condition

P(x) < R(x), forallx e X (10.81)

Furthermore, from Chap.3 (Theorem 3.1.16) it follows that R := S, is in fact the
maximal solution to (HJ2), while the theory of differential games indicates that the
left-hand side of (10.79) is the minimal solution of the first Hamilton—Jacobi inequal-
ity (HJ1). (This has been explicitly proven for linear systems; see also Sect. 11.1.)

Example 10.2.2 Consider a system

x = f(x)+g@u, u,y e R", f(0)=0
DI (10.82)
y = h(x), xeX, h(0)=0

which is lossless (i.e., conservative with respect to the passivity supply rate u” y).
Hence there exists a nonnegative storage function (for clarity denoted by H > 0)
such that

Hy(x) f(x) =0, He(x)g(x) = h' (x) (10.83)

Furthermore assume that H(0) = 0, and that the system x = f(x),y = h(x) is
zero-state detectable (Definition 3.2.15).

Consider the output feedback suboptimal H, control problem associated with
the equations

= fx)+g@u+gx)d, xeX,ueR" d e€R"
y =h(x)+ds, yeR", d, e R"

Z: [h(x)+d2} (10.84)
., ,

where the L,-gain from d = [‘{2] to z is sought to be minimized. Clearly, because of
the direct feedthrough term in the z equations, the H, control problem can never be
solved for v < 1. The Hamilton—Jacobi inequality (HJ1a) for v > 1 takes the form

2 72

72 —1

1 —1 1
Pe() f(x) - E%Px(mg(x)gT(x)PXT ) +3

WL oh(x) <0 (10.85)

The stabilizing solution P > 0 with P(0) = 0 to (10.85) is given as
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2

gl
-1

P(x) = H(x) (10.86)

Indeed, by zero-state detectability the vector fields

%= f(x) —ab(x)b" (x)H! (x) (10.87)
for a > 0 are all asymptotically stable. In Sect. 11.1 it will be shown that the stabi-
lizing solution to (10.85) is also the minimal solution.

The second Hamilton—Jacobi inequality (HJ2a) takes the following form (see
(10.71)):

11 1
R (x) f(x) + EQRX(X)Q(X)QT(X)RXT(X) - Evth(X)h(X) =0 (10.88)
Using again zero-state detectability it is seen that

R(x) = v*H(x) (10.89)

is the antistabilizing solution to (10.88), and thus (see Sect. 11.1) the maximal solu-
tion. Therefore, the coupling condition tells us that necessarily

2

T H = YHx) & 72 =2 (10.90)
7

On the other hand, the unity output feedback
u=-y (10.91)
yields a closed-loop system with L,-gain < +/2. Indeed, by (10.91),

i 112 + lldal)> = ldy + do — yII> — (v — d2)T (v — dy) + ||
= lld+do — VP + IR+ (& — do) (dy + u) (10.92)

By integrating from O to 7, and observing that, since the system is lossless,
fOT(y —d)T(dy +u)dt = H(x(T)) — H(x(0)), it follows that

T T
/ lld(®)][*dt > / lly(®I1*dt + H(x(T)) — H(x(0)), (10.93)
0 0
and thus
T T
/ llz()|]*dt < 2/ lld(t)|1*dt +2H (x(0)) — 2H (x(T)) (10.94)
0 0
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This implies that the closed-loop system has L,-gain < /2 (with storage function
equal to H). We conclude that the unity output feedback (10.91) in fact solves the
optimal output feedback H, problem, for the optimal disturbance attenuation level

v =2

Next we elaborate on the necessary structure of a controller C solving the output
feedback suboptimal H, control problem. Consider again the dissipation inequality
(10.61) for the closed-loop system. Under quite general conditions the left-hand side
of (10.61) as a function of the disturbance d is maximized by a certain d*(x, £), in
which case it reduces to the Hamilton—Jacobi inequality

See, ) f (v, (), d" (x, €) + Se(x, Op(&, 9(x, 0(©), &', ) (1095

=2 d*x O 1P 45 1 h(x, (©), d*(x,©) < 0 )
forx € X, ¢ € X,. Assume that (10.96) is satisfied with equality (this happens, for
example, if S is the available storage or required supply, cf. Chap. 3 and/or Chap. 11).
Assume furthermore, as before, that S¢(x, £) = 0 has a solution £ = F(x). Finally,
assume that P(x) = S(x, F(x)) and that

a(F(x)) = u*(x, PxT(x)), (10.96)

where u*(x, p) is the minimizing input of the state feedback problem, that is, satisfies
(10.15). Itis easily seen that d* (x, F(x)) = d*(x, PXT (x)), withd* satisfying (10.15).
Under these three assumptions, differentiate (10.94) with equality with regard to
&, and substitute afterward ¢ = F(x). Because of the maximizing, respectively
minimizing, property of d* and u*, differentiating to £ via d* and o in £ = F(x)
yields zero. Thus what remains is

Sex(x, F(x)) f (x, u*(x, Pl (x)), d*(x, P] (x)))
+ See(x, F(X)@(F (x), g(x, u*(x, PT(x)), d*(x, PT(x))) =0 (10.97)

Furthermore, since S¢(x, F'(x)) = 0 for all x, differentiation of this expression with
respect to x yields

See(x, F(x)) + See(x, F(x))Fr(x) =0 (10.98)
Combination of (10.97) and (10.98) leads to

See(x, F(x))p(F(x), g(x, u*(x, Pl (x)),d*(x, P] (x))) =
See(x, F(X))Fo(x) f(x, u*(x, P (x)), d*(x, PT (x))) (10.99)

Thus, imposing the fourth assumption that the Hessian matrix S¢¢(x, F/(x)) is non-
singular, it follows that
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Fe(x) f(x, u*(x, Pl (x)), d*(x, P/ (x))) = o(F(x), y) (10.100)

with
y = g(x, u*(x, PT(x)), d*(x, P (x))) (10.101)

This constitutes an invariance principle. Indeed, whenever £(fy) = F(x(%))), then
during the occurrence of the worst-case disturbance d*(x(t), PXT (x(1))), it follows
that F,(x())x(t) = f(t), and thus £(f) = F(x(¢)) for t > ty. Therefore, the con-
troller C has a certainty equivalence property. This is especially clear if F is a
diffeomorphism, in which case we may choose coordinates ¢ for X, such that F is
the identity mapping. Then C is an observer, and £(¢) is an estimate for the actual
state x(¢) (for the worst-case disturbance), while the control u is given as the state
feedback u*(x, PXT (x)) with the actual state x replaced by this estimate &.

Finally, in the last part of this section we will fransform the output feedback
suboptimal H«, control problem for ¥ into an output feedback suboptimal H
control problem for another system ¥, based on the solvability of the state feedback
suboptimal H, control problem. By this we may focus on the inherent difficulties
associated with the output feedback problem. Furthermore, the transformation will
lead us to a parametrization of the controllers solving the output feedback problem.
We will show that the transformation is very close to the all-pass factorization treated
in Sect.9.4.

We start by considering a general system X, as given by Eq.(10.59), and we
assume the existence of a solution P > 0 to the state feedback Hamilton—Jacobi
equality (HJ1), that is,

K, (x, Pl (x),d*(x, P] (x)), u*(x, PI (x))) =0 (10.102)

with d*, u* satisfying (10.15), and K, given as in (10.19). Now consider the function
K, (x, PI'(x),d,u). By (10.102) and (10.20), we have

Ky (x, PT(x), d, u*(x, PL(x))) <0 < Ky(x, PL(x), d*(x, PT(x)), ) (10.103)

Now assume that there exist mappings

r=r(x,u,d)
v=uv(x,u,d) (10.104)
such that
T (ST 2
K, (x, P, (x),d,u):—iv [7| +5|Iv|| (10.105)

If the system equations are given by (10.68), then the factorization (10.105) is in fact
easy to obtain by completing the squares, and is given as
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no=d — 59" P/ (x), n=d

v=u+ bT(x)PXT(x) (10106)

with P > O satisfying (HJ1a). In general, the factorization is of the same type
as the one considered in Sect.9.4 (the main difference being the indefinite sign).
Local existence of the factorization can be again guaranteed by an application of
the Morse Lemma if the Hessian matrix of K, (x, PXT (x), d, u) with respect to d
and u is nonsingular (see Lemma 9.4.2 in Chap.9). Let us additionally assume that
the mapping given by (10.104) is invertible in the sense that d can be expressed as
function of u# and r (and x), and u as function of v and d (and x), i.e.,

d=d(x,u,r)
u = u(x,v,d) (10.107)
This assumption is trivially satisfied for (10.106), since in this case we may write

di=ri+ 59" OP[(x), dy=r

U=ruv— bT()C)PxT(X) (10108)

The system X is now factorized as in Fig. 10.5, with b denoting the transformed

system . -
x=f(X,u,dxX,u,r))=: f(X,u,r)

Yy =g& udF ur)) = §& u,r) (10.109)
v=v&, u, dE, u,r) = hx ur)
while the system ® is given as
0= fO,u@,v,d),d
O:r=r0 u@®vd),d) (10.110)

z=hO,ud,v,d),d)

Fig. 10.5 Factorization of £ d Py
% %
S)
> v T
5
% +
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It can be readily seen that if x (zp) = 6(ty) = x(fy), then also x(¢) = 0(t) = x(¢), t >
to, and that z(¢) and y(¢) produced in Fig. 10.5 coincide with z(¢) and y(¢) produced
by X for the same u () and d(¢). Thus Fig. 10.5 indeed constitutes a valid factorization
of X. Furthermore, the following proposition is immediately derived from (10.105).

Proposition 10.2.3 Ler P > 0 satisfy (10.102). Consider the factorization of X
given in Fig. 10.5. Then for all d(-), v(-), and all t; > ty and 0(ty)

P(O(1)) — P(0(t0)) + 5 [, (llz0I1* = Pd®)|[Ddr =
5 L A1 =2 lr@)]1)dt (10.111)

or equivalently,

P(O(11)) — P(O(0)) = 5 [ (01> +471ld(0)]|*) dt
— 3 [ Az + A2 r @)1 di (10.112)

Thus © is inner (Definitions 3.1.6 and 8.1.1) from [Vvd] to ['yzr ]
A first consequence of Proposition 10.2.3 is that the solution of the output feedback
suboptimal 7100 control problem for ¥ can be reduced, in a certain sense, to the same
problem for X:

Proposition 10.2.4 Let P > 0 satisfy (10.102). Consider the factorization of
Fig. 10.5.

(i) A controller C which solves the output feedback suboptimal H, control problem
for 3 also solves the same problem for X.

(ii) Suppose the controller C solves the output feedback suboptimal H., control
problem for ¥ with a storage function S(x, ) satisfying

Sx,§)—Px)>0, xeX, e (10.113)

Then the same controller also solves the output feedback suboptimal He control
problem for ¥ with storage function S(x, ) — P(X).

Proof (i) Rewrite (10.111) as

LUz = A2 1d @) 1Pdr =

LT o@ 12 = 2Ir@11P)dt + P6©)) — PO(T)) (10.114)

If a controller C bounds the first term on the right-hand side by a constant depending
on the initial conditions x (0), £(0), then the same holds for the left-hand side (since
PO(T)) = P(x(T)) = 0).
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(ii) If C solves the output feedback suboptimal H, control problem for X, then
LI Az = 2l @)[1P)dt < S(x(0). £(0)) and thus by (10.114)

1 T
3 /0 (@) I* = ¥ llr )1H)dt < S(E(0), £(0)) — P((0)) (10.115)
O

Remark 10.2.5 Note that for part (i) P only needs to satisfy the state feedback
Hamilton—Jacobi inequality (HJ1).

Since we have already used in the transformation from ¥ to ¥ the knowledge of
the existence of a solution P > 0 to the state feedback Hamilton—Jacobi equation
(HJ1) we may expect that the output feedback suboptimal H, control problem for
> will be “easier” than the same problem for X. At least the solution of the state
feedback Hoo control problem for ¥ has become trivial; u = wu™*(x, PXT (x)) and
d* = d*(x, PI(x)) solve the equations

0=v(x,u,d)
0=r(x,u,d), (10.116)

and thus yield a trivial solution to the state feedback H., control problem for 3. In
particular, in the affine case, where r and v are given by (10.106), the state feed-
back u = —bT (x)PXT (x) renders v equal to zero and thus solves the disturbance
decoupling problem for .

A second consequence of the factorization in Fig. 10.5 and Proposition 10.2.3
concerns the parametrization of controllers solving the output feedback subopti-
mal Ho, problem. Consider a controller C in closed-loop with the factorization of
Fig. 10.6. Denote the system within dotted lines by K. Then it follows from Propo-
sition 10.2.3 that if K has L,-gain < ~y (from r to v), then ® in closed-loop with the
“controller” K will also have L,-gain < v (from d to z). We may also reverse this
relation. Consider an auxiliary system Q with inputs » and outputs v

q' zfQ(qu)

Yu=holg.r) (10.117)

and suppose Q has L,-gain < «. Thus, there exists a storage function Sp(g) > 0
such that along the trajectories of Q

1 T
So(q(T)) — Sp(q(0)) < 5/0 Pllr®1? = [v@1Hdt (10.118)

Now consider this system Q in conjunction with the system T, ie.,
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Fig. 10.7 Chain-scattering representation

q = folg,r)
¥ = f()?,u,r)
vy =g u,r) (10.119)

ho(q,r) = ﬁ()?, u,r)

The idea is now to look at (10.119) as a generalized form of image representation
(with driving variable r) of a controller C (producing controls u on the basis of the
measurements y). By construction this implicitly defined controller C solves the
output feedback suboptimal H, control problem for X. Thus for every system Q
with L,-gain < -y we obtain in this way a controller Cy solving the H, problem.

A more explicit way of describing these controllers C can be obtained by rewriting
the configuration of Fig. 10.6 into the form of Fig. 10.7.

Assume that © and % are invertible in the sense that ® admits an input—output
representation with inputs r and v and outputs d and z, and that ¥ admits an input—
output representation with inputs y and u and outputs r and v. In this case one speaks
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about the chain-scattering representation. For more details, we refer to the literature
cited in the Notes for this chapter.

10.3 Notes for Chapter 10

1. The computational complexity of obtaining (approximate) solutions to (HJ1)
and/or (HJ2) is a major issue for the applicability of the theory. Power series
solutions around an equilibrium are described in van der Schaft [275], Isidori
and Kang [142], continuing on earlier similar approaches in nonlinear optimal
control by Al’brekht [5] and Lukes [187]. See Krener, Aguilar & Hunt [172],
Aguilar & Krener [4] for further developments, including the Toolbox by Krener
[171]. Various other computational schemes have been proposed and analyzed
in the literature; we mention Knobloch, Isidori & Flockerzi [166], McEneaney &
Mease [210], Huang & Lin [130], Kraim, Kugelmann, Pesch & Breitner [169],
Beard, Saridis & Wen [33], Beard, Saridis & Wen [34], Beard & McLain [32],
Beeler, Tran & Banks [35], Sakamoto [263], Holzhiiter [129], Osinga & Hauser
[245], Navasca & Krener [229], Sakamoto & van der Schaft [265], Sakamoto &
van der Schaft [266], Sassano & Astolfi [268], Sakamoto [264].

2. For general information concerning the H, control problem for linear systems
we refer to, e.g., Francis [103], Green & Limebeer [117], Kwakernaak [178],
Scherer [305], Stoorvogel [327]. The state space solution to the linear suboptimal
'H~ control problem is due to Doyle, Glover, Khargonekar & Francis [88], see
also, e.g., Khargonekar, Petersen & Rotea [162], Scherer [304], Tadmor [333].
For the differential game approach to linear H, control theory see especially
Basar & Bernhard [30].

3. The solution to the nonlinear suboptimal H., control problem as described in
Sect. 10.1 was given in van der Schaft [272, 273, 275], Isidori & Astolfi [140],
Ball, Helton & Walker [23]. Hs control for general nonlinear systems (not
necessarily affine in the inputs and disturbances) is treated in Isidori & Kang
[142], Ball, Helton & Walker [23], see also van der Schaft [277]. For earlier
work on nonlinear H, control we refer to Ball & Helton [19, 20].

4. The treatment of the robust stabilization problem in Sect. 10.1 is based on van
der Schaft [279]; see also Imura, Maeda, Sugie & Yoshikawa [131], and Astolfi
& Guzzella [14], Pavel & Fairman [252] for other developments.

5. The existence of nonnegative solutions to (HJ1) and (HJ2), together with the
(weak) coupling condition (10.76), as a necessary condition for the solvability
of the nonlinear output feedback H, control problem was shown in Ball, Helton
& Walker [23], van der Schaft [276]. The key idea of deriving (HJ2) for linear
systems via the dissipativity of the constrained system (u = 0, y = 0) is due to
Khargonekar [161].
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The invariance property of controllers solving the nonlinear suboptimal H,
problem, as described in Sect. 10.1, is due to Ball, Helton & Walker [23], with
the present generalization given in van der Schaft [278].

As already shown in Example 10.1.9 itis often necessary, as indicated in Chaps. 3,
8 and 9, to consider generalized solutions of the Hamilton—Jacobi inequalities
encountered in this chapter; see, e.g., Frankowska [105], James & Baras [145],
Ball & Helton [22], Soravia [325], and Yuliar, James & Helton [361], and Day
[80] for further information.

Much effort has been devoted to finding sufficient conditions for solvability of
the output feedback suboptimal H, control problem, but we have decided not to
include these important contributions in this book. One line of research is devoted
to finding sufficient conditions for the existence of output feedback controllers
with dimension equal to the dimension of the plant and having an observer
structure (compare with the invariance principle in Sect. 10.2), cf. Isidori &
Astolfi [140], Ball, Helton & Walker [23], Isidori [136], Lu & Doyle [185,
186], Isidori & Kang [142]. Another approach is via the theory of differential
games (see, e.g., Basar & Olsder [31]), interpreting the output feedback sub-
optimal H, control problem as a two-player zero-sum differential game with
partial information, see Basar & Bernhard [30], Bernhard [37], Soravia [325].
The resulting “central” controller, however, is in general infinite-dimensional,
see Didinsky, Basar & Bernhard [84], van der Schaft [278], Bernhard [37],
James & Baras [145]. Under the assumption of a “worst-case certainty equiva-
lence principle” the equations for the central controller are derived in Didinsky,
Basar & Bernhard [84], van der Schaft [278], Krener [170], Bernhard [37]. The
methods and difficulties in this case are very similar to the ones encountered in
nonlinear filtering theory, see, e.g., Mortensen [224], Hijab [121]. Another, more
general, approach is to transform the differential game with partial information
into an infinite-dimensional differential game with complete information, see,
e.g., Helton & James [120]. This “information-state” approach has been detailed
in the monograph by Helton & James [119]. For developments exploiting Max-
Plus methods see McEneaney [209].

. Example 10.2.2 is taken from van der Schaft [278].

If the system % as obtained in Fig. 10.5 is stable and minimum phase, then the
factorization obtained in Fig. 10.5 is also called an J-inner-outer factorization
of ¥. A constructive approach to J-inner-outer factorization of ¥ (under the
assumption of invertibility from d to y) is given in Ball & van der Schaft [24],
using the Hamiltonian extension %/ of ¥ and “nonlinear spectral factorization™;
cf. Sect.9.4. Related work is Baramov & Kimura [29], Pavel & Fairman [253] and
Baramov [28]. For further information on the chain-scattering representation,
see Kimura [165], Ball & Helton [20], Ball & Verma [26], Ball & Helton [22].
The presentation of the parametrization of H., controllers given in Sect. 10.2 is
inspired by Ji & Gao [148]; see Doyle, Glover, Khargonekar & Francis [88], for
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11.

12.

13.

14.

15.

similar ideas in the linear case. For other related works on the parametrization
of H controllers, see Lu & Doyle [186].

For work on nonlinear H-filtering we refer to, e.g., Nguang & Fu [231], Berman
& Shaked [36], Krener [170].

In case the control variables u# do not enter the equations for z in an “injective
way,” or if the disturbance variables d do not enter the equations for y in a
“surjective way,” then we speak about the singular H, control problem; see
for the linear case Stoorvogel [327], and the references included therein. For
a treatment of the nonlinear state feedback singular H., control problem we
refer to Maas & van der Schaft [189], Maas [188], Baramov [28]. The nonlinear
Hs almost disturbance decoupling problem, which can be seen as a special
case of the singular H, control problem has been treated for a special class of
systems in Marino, Respondek, van der Schaft & Tomei [196]. An interesting
feature of the latter paper is that the solution to the dissipation inequality is
constructed in an explicit recursive manner, thus avoiding the issue of solvability
of multidimensional Hamilton—Jacobi inequalities. The results of [ 196] are vastly
expanded in Isidori [137, 138]. The idea of solving Hamilton—Jacobi inequalities
in a recursive manner for multiple cascaded systems is explored in Pan & Basar
[250]; see also Dalsmo & Maas [77] for related work.

Some applications of nonlinear H, control theory can be found in Kang, De
& Isidori [157], Chen, Lee & Feng [65], Feng & Postlethwaite [96], Astolfi &
Lanari [15], Kang [156], Dalsmo & Egeland [75, 76], Kugi & Schlacher [176].

The nonlinear suboptimal H, control problem for v > 0 is the problem of
finding a controller such that the closed-loop system is dissipative with respect
to the L,-gain supply rate 1+?||d||* — 1|z||>. This suggests to consider the
general dissipative control problem of finding a controller which renders the
closed-loop system dissipative with respect to a given supply rate s(d, z); see
Yuliar & James [360], Yuliar, James & Helton [361], Shishkin & Hill [314]. This
includes the problem of rendering a system passive as treated in Chap.5. The
problem of considering “finite power” instead of finite L,-gain is addressed in
Dower & James [86].

Using the notion of robust L,-gain (cf. Chap.8, Corollary 8.2.6) one can also
consider a “robust” nonlinear H, control problem, see Shen & Tamura [313],
Nguang [232]. A robustness result concerning the solution to the state feedback
suboptimal H , control problem with static perturbations on the inputs is derived
in van der Schaft [278] (Proposition 4.7).
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Chapter 11
Hamilton—-Jacobi Inequalities

In the previous chapters, we have encountered at various places Hamilton—Jacobi
equations, or, more generally, Hamilton—Jacobi inequalities. In this chapter, we take
a closer look at conditions for solvability of Hamilton—Jacobi inequalities and the
structure of their solution set using invariant manifold techniques for the correspond-
ing Hamiltonian vector field (Sect. 11.1). In Sect. 11.2 we apply this to the nonlinear
optimal control problem. An important theme will be the relation between Hamilton—
Jacobi inequalities and the Riccati inequalities obtained by linearization, in particular

for dissipativity (Sect. 11.3), and nonlinear H, control (Sect. 11.4).

11.1 Solvability of Hamilton-Jacobi Inequalities

In Chaps. 3, 4, and 8 we considered differential dissipation inequalities
Sy(x) f(x,u) <s(u,h(x,u)), Vx,u
in an (unknown) storage function S. If the corresponding pre-Hamiltonian
K(x, pou) = p" f(x,u) = s(u, h(x, u))
has a maximizing u*(x, p), that is
K(x,p,u) < K(x, p,u*(x, p)), Vx,p,u,
then the dissipation inequality (11.1) is equivalent to

K(x, ST (x), u*(x, ST (x))) <0, Vx

© Springer International Publishing AG 2017
A. van der Schaft, Ly-Gain and Passivity Techniques in Nonlinear Control,
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Defining in this case the Hamiltonian
H(x, p) := K(x, p,u"(x, p)) (11.5)
we are thus led to Hamiltonian—Jacobi inequalities
H(x,S'(x)) <0, Vx (11.6)

in the unknown S. Also in Chap.9, we encountered Hamilton—Jacobi inequalities
(in fact equations) in the factorization of nonlinear systems, while in Chap. 10
Hamilton—Jacobi inequalities turned out to be key in the study of the (sub-)optimal
‘Ho control problem.

In this section, we will be concerned with deriving conditions for the solvability
of Hamilton—Jacobi inequalities, and with the structure of their solution set. Many
of the results presented in this section will not be proven here; proofs can be found
in the references cited in the Notes at the end of this chapter.

We start on a general level. Consider an n-dimensional manifold M with local

coordinates x = (x1, ..., x,). The cotangent bundle T* M is a 2n-dimensional mani-
fold, with natural local coordinates (x, p) = (x1, ..., Xu, P1, ..., Pn) defined in the
following way. Take any set of local coordinates x = (xy, ..., x,) for M. Let o be
any one-formon M (i.e., o(q) € T/ M is a cotangent vector for every g € M), in the
coordinates x = (x, ..., x,) for M expressed as
o =o1dx; + odxy + ---+ 0,dx, (11.7)
for certain smooth functions o;(x), ..., 0,(x). Then, the natural coordinates
(X1, ..., Xu, P15 ..., pn) for T*M are defined by attaching to o(q) the coordinate
values
(x1(q)s -+, Xu(q), 01(x(q))s - . ., 00 (x(q))), (1L8)
with x;(0(q)) = xi(q), pi(c(q)) =0i(g), i=1,...,n '
Given the natural coordinates (xi, ..., X,, p1,..., pn) for T*M we may locally
define the canonical two-form w on T*M as
n
w= Y dpi ndx; (11.9)

i=l1

The two-form w is called the (canonical) symplectic form on the cotangent bundle
T*M.

Definition 11.1.1 An n-dimensional submanifold N of T*M is Lagrangian if w
restricted to N is zero.

Now consider any C? function S : M — R, and the n-dimensional submanifold
Ng C T*M, in local coordinates given as
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as
N5=I(x,p)eT*M|p,~=a—(x),i=1,...,n} (11.10)

Xi
It can be immediately checked that Ng is Lagrangian. (In fact, this amounts to the
property a?zasx x) = 0}?_‘5){_ (x),i, j =1,...,n.) Conversely, defining the canonical

AiUAj J i
projection

Tm:T"M - M, (x,p)lgx, (11.11)

we obtain by Poincaré’s lemma (see, e.g., [1]):

Proposition 11.1.2 Let N be a C*~! Lagrangian submanifold of T*M such that
7: N = M is a C*! diffeomorphism. Then locally (or globally if M is simply
connected) there exists a C* function S : M — R such that N = N.

The property that 7 : N — M is a Ck~! diffeomorphism will be referred as “para-
metrizability of N by the x-coordinates”. Now take any C* function H : T*M — R
(not necessarily of the special type as obtained in (11.5)), and consider the Hamilton—
Jacobi equality (equation)

H(x,ST(x)) =0 (11.12)

in the unknown S : M — R. The Hamiltonian vector field X 5 on T*M correspond-
ing to the Hamiltonian H is defined in natural coordinates as

. OH
X = G_(X’ p)
Pi .
i=1,....,n (11.13)

. OH

pi = _8_)q(x , P)
There is a close connection between solutions of the Hamilton—Jacobi equation
(11.12) and invariant submanifolds of the Hamiltonian vector field (11.13). Recall
(see Chap. 3, Theorem 3.2.8) that a submanifold N C T*M is an invariant manifold
for Xy if the solutions of (11.13) starting on N remain in N.

Proposition 11.1.3 Let S : M — R, and consider the submanifold Ny C T*M
locally given by (11.10). Then

H(x, SXT(x)) = constant, forall x € M, (11.14)

if and only if Ng is an invariant submanifold for X .

Note that by subtracting a constant value from H (not changing the Hamiltonian
vector field X ), we may always reduce (11.14) to (11.12). Solutions of (11.12) may
thus be obtained by looking for invariant Lagrangian submanifolds of Xz which are
parametrizable by the x-coordinates and thus, by Proposition 11.1.2, of the form Ny
for some S. Not every n-dimensional invariant submanifold of X is Lagrangian,
but the following two special invariant submanifolds of X 5 always are. Consider an
equilibrium (xg, po) of X, that is
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OH OH .
—(x0, po) = —(x0, po) =0, i=1,...,n. (11.15)
Ox; Op;

Define N= C T*M as the set of all points in 7* M converging along the solutions of
the vector field X i fort — oo to (xg, po), and N as the set of all points converging
in negative time to (xo, po). Clearly, N~ and N are invariant sets for X .

Proposition 11.1.4 N~ and N are submanifolds of T*M, called the stable invari-
ant manifold of X g, respectively the unstable invariant manifold of X . Furthermore
w restricted to N~ and to NV is zero. Hence ifdim N~ = n (dim Nt = n), then N~
(respectively NV) is a Lagrangian submanifold of T* M.

Under additional conditions on the linearization of X at an equilibrium (xo, pg) we
can be more explicit. Consider the linearization of X 5 at (x, pg), thatis the 2n x 2n
matrix E—— .

axap X0> o) Fpr (X0, o)

DXy (xo, po) =
—%ZT[Z(XO, Po) —g;—gc(xo, Po)
- (11.16)
A P
—_— __Q _AT} —_— H
The matrix H = DX g (xo, po) is a Hamiltonian matrix, that is
HI'J+JH =0, (11.17)

with J the linear symplectic form

[O _In}
J = (11.18)
I, 0

It follows from (11.17) that if X is an eigenvalue of H, then so is — A, and therefore
the set of eigenvalues of H is symmetric with regard to the imaginary axis.

The equilibrium (xg, po) is called hyperbolic if H = D X g (xo, po) does not have
purely imaginary eigenvalues. This results in

Proposition 11.1.5 Let (xo, po) be a hyperbolic equilibrium of X . Then N~ and
N are Lagrangian submanifolds, and N~ (respectively N) is tangent at (xq, po)
to the stable (respectively unstable) generalized eigenspace of DX g (xo, po)-

The linearization at (xg, po) of the Hamiltonian vector field Xy given by (11.13) is

given by
X X
.| = , 11.19
HEH a9

which is by itself a linear Hamiltonian vector field with respect to the linear sym-
plectic form J (which can be understood as the evaluation of w at (xg, po)) and the
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Hamiltonian

T [ L7
p Ax+§p Pp+§x Ox, (11.20)

consisting of the quadratic part of H. Equivalently, the symmetric matrix

0 A"
(11.21)
AP
is the Hessian of H at (xg, po).

The Hamilton—Jacobi equation (11.12) for this quadratic Hamiltonian reduces to
the Riccati equation
ATX+ XA+ XPX+Q=0, (11.22)

in the unknown symmetric n X n matrix X (not to be confused with the Hamiltonian
vector field X ). Conversely, the solutions S(x) to (11.12) for a quadratic H given
by (11.20) may be restricted to quadratic functions S(x) = %xTX x, thus leading to
(11.22).

Similarly to Definition 11.1.1, a Lagrangian subspace L of R*" is an n-dimensional
subspace such that J restricted to L is zero. If the Lagrangian subspace L is parame-

trizable by the x-coordinates (meaning that L and span [ 0 are complementary,

I,

ie., L & span |:0

I i| = IR?"), then as in Proposition 11.1.2 there exists X = X7

1
L = span |: ] (11.23)
X

such that

Furthermore

Proposition 11.1.6 Let (xo, po) be an equilibrium of X y. Suppose N C T*M is an
invariant Lagrangian submanifold of X i through (xg, po). Then, the tangent space
L to N at (xo, po) is a Lagrangian subspace of R*"* which is an invariant subspace
of DX g (xo0, po). In particular, if S is a solution to (11.12) with g—fl_(xo) =0,i =
1,...,n, then the Hessian matrix X := S, (xo) is a solution to (11.22).

Suppose now we have found an invariant Lagrangian submanifold N of X through
an equilibrium (xg, po), for example, N~ or N*. Then in view of Proposition 11.1.6
the question of parametrizability by the x-coordinates, and thus by Proposition 11.1.2
the existence of a solution S to the Hamilton—Jacobi equality (11.12), can be locally
checked by investigating the parametrizability of the Lagrangian subspace L tangent
to N at (xg, po). For this linear problem we may invoke the following proposition.

Proposition 11.1.7 Consider the Hamiltonian matrix H given by (11.18). Let P be
either > 0 or < 0.



274 11 Hamilton—Jacobi Inequalities

(i) If(A, P) is controllable, then every Lagrangian subspace of R*" which is invari-

. 0 . .
ant for 'H is complementary to span |: i| (that is, parametrizable by the x-

I,
coordinates).

(ii) Assume that H does not have purely imaginary eigenvalues, implying that the sta-
ble eigenspace L™ of H, as well as the unstable eigenspace L™, are Lagrangian.

If (A, P) is stabilizable, then L~ and span |: 0

I j| are complementary. If (—A, P)

is stabilizable, then L™ and span |: 0

I i| are complementary.
n

With regard to the Hamilton—Jacobi equation (11.12) we derive the following corol-
lary.

Corollary 11.1.8 Let H:T*M — R be a Hamiltonian function, with
Hamilton—Jacobi equation (11.12), and Hamiltonian vector field Xy, satisfying
%—’;(x(), Po) = %—1;()60, po) = 0, and with linearization DX g (xo, po) = H given by

(11.18). Assume P = ?;7121()60, po) is either > 0 or < 0.

(i) If (A, P) is controllable, then every Lagrangian invariant submanifold of X g
is locally near (xqo, po) of the form Ny for a certain function S(x) defined for x
near x.

(ii) Let (xo, po) be a hyperbolic equilibrium. If (A, P) is stabilizable then locally
near (xo, po) the stable invariant manifold N~ is given as Ng- for a certain
function S™(x) defined near xy. If (—A, P) is stabilizable then N is given as
Ngs- for a certain S™(x) defined near x.

Let us now assume that the solutions S~ and S* to the Hamilton—Jacobi equation
(11.12), corresponding to the stable, respectively unstable, invariant manifold, exist
globally. 1t is to be expected that they have special properties among the set of all
solutions to the Hamilton—Jacobi equation or even among the set of all solutions
to the Hamilton—Jacobi inequality (11.6). In fact, for Hamiltonians H arising from
dissipation inequalities we obtain the following results.

Proposition 11.1.9 Consider a Hamiltonian function H given as (cf. (11.5))
H(x, p) := K(x, p,u*(x, p)), where

K(x, p,u) =pr(x,u)—s(u,h(x,u)) (11.24)

satisfies (11.3). Additionally, let f(0,0) =0, h(0,0) =0, s(0,0) =0, and sup-
pose (0, 0) is a hyperbolic equilibrium of X . Suppose the stable and unstable invari-
ant manifolds N~ and N of Xy through (0, 0) are globally parametrizable by the
x-coordinates, leading to solutions S~ and S™ to (11.12) with S~(0) = ST(0) = 0.
Then every other solution S with S(0) = 0 to the dissipation inequality (11.1), or
equivalently, to the Hamilton—Jacobi inequality (11.6), satisfies

ST(x) < S(x) < ST(x), VxedX (11.25)
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Proof S~ satisfies (leaving out for convenience all the “transpose” signs)
S f e u(x, S () = s (x, Sy (x)), h(x, u™(x, S (x))),  (11.26)
and since it corresponds to the stable invariant manifold
fx, u*(x, S; (x))) is glob. asymptotically stable w.r.t. x =0 (11.27)
Let S be an arbitrary solution to the dissipation inequality (11.1). Then
Se(x) f(x,u(x, Sy (x))) < s@*(x, Sy (x)), h(x, u*(x, S, (x)))) (11.28)
Subtracting (11.26) from (11.28) yields
[S:(x) = S 0] f(x, u™(x, S7(x)) <0 (11.29)
and thus by integration along X = f(x, u*(x, S; (x)))
[Sx(t) = S~ (x(1))] < [Sx(t0)) — S~ (x(10))] (11.30)

Letting #; — oo, and using (11.27), it follows that S(x (%)) > S~ (x(#p)) for every
initial condition, proving the left-hand side of the inequality (11.25).

For proving the right-hand side we replace S~ by S, noting that by definition of
S+

— fx, u*(x, Sj(x))) is glob. asymptotically stable w.r.t. x = 0 (11.31)

and therefore letting #g — —oo in (11.30), with S~ replaced by S*, we obtain
S(x(t1)) < ST(x(t))) for every x(t;). O

Remark 11.1.10 1t can be also shown that S™(x) < ST(x) forall x € X, x # 0.

Up to now we did not address the issue of nonnegativity of solutions of the
Hamilton—Jacobi inequality (11.6), which is especially important if (11.6) arises from
the dissipation inequality (11.1). The following sufficient conditions are straightfor-
ward.

Proposition 11.1.11 Consider the dissipation inequality (11.1) and the Hamilton—
Jacobi inequality (11.6). Suppose f(0,0) =0, h(0,0) =0, and s(0,0) = 0.

(i) Ifx = f(x,0)is globally asymptotically stable with respect to x = 0, then every
solution S to (11.1) or (11.6), with S(0) = 0, will be nonnegative whenever
s(0,y) <O0forally.

(ii) Suppose S~ exists globally, and s (u*(x, S, (x)), h(x, u*(x, S; (x)))) < Oforall
x. Then every solution S to (11.1) or (11.6) with S(0) = 0 will be nonnegative.
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Proof (i) Consider S,(x)f(x,0) <s(0,h(x,0)) <0, and integrate along x =
f(x,0)toobtain S(x(t;)) < S(x(fy)).Letting t; — 00, and thus S(x(¢;)) — S(0) =
0 yields the result.

(i1) Consider the inequality

Se () f e, u*(x, ST () < s@u*(x, ST (X)), h(x, u*(x, ST (x)))) <0,

and integrate along the globally asymptotically vector field x = f(x, u™(x,
ST ] O

Let us now apply the results obtained so far to the Hamilton—Jacobi inequalities
encountered in the L,-gain analysis of nonlinear systems (Chap. 8) and in nonlinear
‘Ho-control (Chap. 10). (We postpone the treatment of the Hamilton—Jacobi-Bellman
equations appearing in Chap.9 to Sect. 11.2.) For the L,-gain case we restrict atten-
tion to affine nonlinear systems

X =fO)+gxu, £(0)=0

o (11.32)
y = h(x), h(©0) =0
with regard to the L,-gain supply rate
S, y) = 2P lull? = SyIP (11.33)
2 2
The Hamiltonian H now takes the form
T 11 4 T |
Hx,p)=p f(x)+ E?p g(x)g" (x)p + Eh (x)h(x), (11.34)
leading to the Hamilton—Jacobi inequality
11 T T I,
Sy (x) f(x) + E?SX(X)Q(X)Q (x)S; (x) + ih (x)h(x) <0, (11.35)

and the Hamiltonian matrix
F GGT ) Oh
H= ” P = —f(O),G=g(0),H=—(O) (11.36)
—H"H —FT Ox dx

Corollary 11.1.8 and Propositions 11.1.9, 11.1.11 all apply in this case, and we obtain:

Corollary 11.1.12 Assume H does not have purely imaginary eigenvalues. If (F, G),
respectively (—F, G) is stabilizable, then locally about x = 0 there exists a solution
S~, respectively ST, to (11.35) with equality, such that S~(0) = 0, ST(0) = 0, and
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fx)+ #g(x)gT (x)S; (x) asymptotically stable
(11.37)
- [f (x) + w%g(x)gT (x)SF (x)] asymptotically stable

If S~ and S* exist globally, then any other solution S of (11.35) with S(0) =0
satisfies
S7(x) <Sx) <ST(x), Vxe X (11.38)

In particular, if S~ > 0, which is the case (see Proposition 11.1.11) if x = f(x)
is globally asymptotically stable, then S~ = S, (the available storage, cf. Theorem
3.1.11), and whenever S, (the required supply from x* = 0) exists, then ST = S, (see
Theorem 3.1.16).

Next let us consider the Hamilton—Jacobi inequality (HJ2a) arising in the output
feedback H, control problem, that is (see (10.71))

11 T T e Lo
R (x)a(x) + EﬁRx(x)g(x)g (R, (x) + Eh (xX)h(x) — Fve Welx) = 0
corresponding to the dissipation inequality (see (11.103))

1 2 2 l 2 2_1 2
Re(0)[a(x) + g(x)di] < i ldi]1” + 37 e )1l 2IIh(X)II (11.39)

The Hamiltonian H for this case is given as

11 1 1
H(x, p) = pa(x) + EﬁpTg(X)gT(x)P + EhT(X)h(X) - E’YZCT(X)C()C)

(11.40)
and leads to the Hamiltonian matrix

A LGGT
H= / ,
—HTH+CTCc —AT (11.41)

A=510), G=g(0), H=g0), C= 50

In this case only Corollary 11.1.8 and Proposition 11.1.9 apply, while the conditions
of Proposition 11.1.11 will not be satisfied. Thus we obtain:

Corollary 11.1.13 Assume H given by (11.41) does not have purely imaginary
eigenvalues. If (F, G) (resp. (—F, G)) is stabilizable then locally about x =0
there exists a solution S~ (resp. ST) to (11.35) with equality, such that S~ (0) = 0,
§t(0) =0, and
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fx) + Al%g(x)gT (x)S (x) asymptotically stable
(11.42)
—[f(x)+ #g(x)gT (x)ST (x)] asymptotically stable
If S~ and ST exist globally then any other solution S of (11.35) with S(0) = 0 satisfies
ST(x) < Sx)<StT(x), Vxe X (11.43)
In particular, if there exists a solution S > 0 to (11.35) with S(0) = 0, and if S, (the

required supply for ground state x* = 0) for the dissipation inequality (11.39) exists
(i.e., is finite) and is C', then ST = S, > 0.

Proof Only the last statement needs some clarification. If there exists S > 0 to
(11.39), and if S, exists and is C' then S, is solution of (11.39) and (11.35), and
by Theorem 3.1.16 equals the maximal solution. ]

Finally, let us consider the Hamilton—Jacobi inequality (HJ1a) of the state feedback
‘H~ control problem, for affine nonlinear systems given as (see (10.3))

1 1
Pr(x)a(x) + 2 Pre(x) [ﬁg(X)gT(X) - b(x)bT(X)} Pl (x)

—i—%hT(x)h(x) <0 (11.44)

This Hamilton—Jacobi inequality does not correspond to a dissipation inequality. The
Hamiltonian

1 1 1
H(x, p) = pTa(x) + EPT [ﬁg(x)gT(X) - b(X)bT(x)} p+ EhT(X)h(X)

(11.45)
leads to the Hamiltonian matrix
A #GGT — BBT
"= —HTH —AT ’
(11.46)

A= 5310), G =yg(0), B=0b(0). H= G0,
and we conclude that Corollary 11.1.8 and Propositions 11.1.9, 11.1.11 do not apply.
Of course, the general Proposition 11.1.5 may still be invoked, guaranteeing local
existence of a solution P to (HJ1a) if H does not have purely imaginary eigenvalues
and its stable (or unstable) eigenspace can be parametrized by the x-coordinates.
We will come back to this in Sect. 11.4. The same remarks, of course, can be made
about the general Hamilton—Jacobi inequality (HJ 1) of the state feedback H., control
problem, that is (see (10.21))
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Ky (x, Pl (x),d*(x, PL (), u* (v, PU(x)) < 0 (11.47)

where (see (10.19))
1 1
Ky, pod,w) = p' fxu, d) = 597111 + SR, uw, )P (11.48)

On the other hand, we will now show that, under some additional conditions, the
solution set of (11.47), or, a fortiori, of (11.44), contains a minimal element which
corresponds to the stabilizing solution of (11.47) or (11.44). Let us throughout assume
that

f(0,0,0) =0, h(0,0,0) =0, (11.49)

and that the Hamiltonian H (x, p) corresponding to (11.48), i.e.,

H(x, p):= K, (x, p,d"(x, p), u*(x, p)) (11.50)
has a Hamiltonian matrix H = DX 4 (0, 0), see (11.16), which does not have purely
imaginary eigenvalues. Now consider an arbitrary solution P > 0 to (11.47) with
P (0) = 0. Define the feedback

aog(x) = u*(x, P (x)) (11.51)

It immediately follows that the closed-loop system

X = f(x,a0(x),d)
o (11.52)
z = h(x, ap(x), d)

has L,-gain < v (from d to z), since

K, (x, Pl (x), d*(x, P/ (x)), ap(x)) <0 (11.53)
Now define the Hamiltonian

Hy(x, p) := K, (x, p, d*(x, p), ap(x)) (11.54)
This Hamiltonian is of the type as considered in Proposition 11.1.9. Assume that the
stabilizing solution P! := S~ with P1(0) = 0 to Hy(x, ST (x)) = 0 exists globally,
and that

X = f(x, apg(x), 0) is globally asymptotically stable (11.55)

Then it follows from Propositions 11.1.9 and 11.1.11(i) that

o<P'<p (11.56)
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Subsequently, define the feedback

a(x) = u*(x, PT(x)) (11.57)
Then, by using the second inequality of (10.20)

0 = Hy(x, P!T(x)) = K, (x, P/ (x),d*(x, P (x)), ap(x))
= K, (x, P (), d*(x, PET(0), u* (x, P () (11.58)
= K, (x, PIT(x),d*(x, PT (x)), a1 (x)))

Hence also the closed-loop system

x = f(x,ai(x),d)
5 (11.59)
z=h(x, ai(x),d)

has L,-gain < +, with storage function P'. Define the corresponding Hamiltonian
Hi(x, p) == K,(x, p,d"(x, p), a1 (x)), (11.60)

and assume again that the stabilizing solution P?:= S~ with P2(0) =0 to
Hy(x, ST (x)) = 0 exists globally, while

X = f(x, a;(x),0) is globally asymptotically stable (11.61)
Application of Propositions 11.1.9 and 11.1.11 then yields
0<P <P <P (11.62)
and we subsequently define the feedback
a(x) = u*(x, P2 (x)) (11.63)

Continuing this process we arrive at the following conclusion

Proposition 11.1.14 Consider the Hamilton—Jacobi inequality (11.47), and assume
that (11.49) holds, while DXy (0,0) corresponding to (11.50) does not have
purely imaginary eigenvalues. Let P > 0 be any solution to (11.47). Define as
above inductively g, oy, ... and Hy, Hy, . ... Assume that the vector fields x =
f(x,0;(x),0), i =0,1,...areall globally asymptotically stable, and that the sta-
bilizing solutions P', P% ... to H;(x, SXT(x)) = 0 with P'(0) = 0 exist globally.
Then

P>P'>pP?>...>0 (11.64)
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Assume that the pointwise limit P*(x) := lim Pi(x) is C'. Then P* < P is the
1—>00
unique solution to (11.47) with equality, with the property that

¥ = fx,ut(x, P (x)), d*(x, PXT(x))) (11.65)
is globally asymptotically stable

Proof P' is the unique solution to

K, (x, P (x),d*(x, Pl (x)), u*(x, P77 (x))) = 0, (11.66)
with the property that
X = fl,u*(x, PIVT(x)), d*(x, P] (x))) (11.67)

is globally asymptotically stable

Therefore P* is a solution to (11.47) with equality, such that the vector field in
(11.65) is at least stable. However by assumption D X 5 (0, 0) does not have imaginary
eigenvalues, and so necessarily (11.65) holds. (]

Note that if the conditions of Proposition 11.1.14 are satisfied for all solutions P > 0
to (11.47), then P*, the stabilizing solution of (11.47), is also the minimal solution
of (11.47).

Remark 11.1.15 With a similar procedure and under similar conditions, one can
show that the anti-stabilizing solution of (11.47) is also the maximal one.

11.2 An Aside on Optimal Control

In this section, we apply some of the techniques developed in the preceding section to
the standard optimal control problem as already encountered in Chaps. 3 and 9. It will
be seen that this problem is indeed very much related to the dissipation inequalities
and Hamilton—Jacobi inequalities treated above.

Let us consider the infinite horizon optimal control problem

min [~ L(x(t), u(t))dt,
" (11.68)
x = f(x,u),
where L(x, u) is a cost function, which we assume to be non-negative, that is

L(x,u) >0, Vx,u (11.69)

We associate with (11.68) the reversed dissipation inequality
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Vix)f(x,u)+ L(x,u) >0, Vx,u (11.70)

in the unknown V. The basic reason for introducing this inequality is that by the
principle of optimality the value function

V (x) := min [/ L(x(@),u(t)dt | x = f(x,u),x0) = xo] (11.71)
u 0
satisfies (whenever it exists) for all #; > £y, and for all u(-)
V(x(ty)) < V(x(tr)) —I—/l L(x(t),u(t))dt, (11.72)

fo

and thus satisfies, if it is differentiable, the inequality (11.70).
In order to apply the invariant manifold techniques of Sect. 11.1 we will throughout
assume that

£0.0)=0,20.0) =0, 2L 0.0y = 0. 2L (0.0) = 0 (11.73)
Ox Ou

Define the linearizations

F=9L0).6 =5%(0,0),

Q0 = 5£0.0). R = 5£(0.0), N = 7£(0.0)

|:Q N:|
>0, (11.74)
NT R

From (11.69) it follows that

and we will moreover assume the regularity condition
R=>0 (11.75)
Defining the pre-Hamiltonian corresponding to (11.70) as
K(x,p,u) = p" f(x,u)+ L(x,u), (11.76)

then by the Implicit Function theorem the condition (11.75) implies that at least
locally near (0, 0) there exists u*(x, p) such that

K(x,p,u) > K(x, p,u*(x, p)) =: H(x, p), Vx,p, (11.77)

but we will assume that ™ (x, p) exists globally. Under this assumption the dissipa-
tion inequality (11.70) is equivalent to the (reversed) Hamilton—Jacobi inequality
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H(x,VI(x)) >0, Vxex (11.78)

The Hamiltonian matrix H = DX (0, 0) corresponding to H can be immediately
computed as

F —GRINT —GR™!'GT
_ (11.79)

—Q+NR'NT —(F —GR'NT)T

Because of (11.74) and (11.75) we see that not only the right upper block of H is non-
positive but also the left-lower block (being a Schur complement of a non-positive
matrix). This allows us to state the following strengthened version of Proposition
11.1.7(ii) (see the references in the notes at the end of this chapter).

Proposition 11.2.1 Consider H given by (11.79). Assume the pair

(F —GR7'NT,GR™'GT) is stabilizable, and assume that the purely imaginary
eigenvalues of F — GR™'NT (if existing) are (Q — NR™'NT)-detectable. Then
‘H does not have purely imaginary eigenvalues, and the stable eigenspace L~ of

‘H is Lagrangian and complementary to span [(I) ] Hence L~ = span |:XI_ i| for

some symmetric matrix X~, satisfying X~ > 0. If the pair (Q — NR™'NT, F —
GR™'NT) is observable then X~ > 0.

As in Corollary 11.1.8 it follows that under the assumptions of Proposition 11.2.1 the
stable invariant manifold N~ of Xy through the equilibrium (0, 0) is given as Ny-
for a certain function V™~ (x) defined near 0. Let us assume that V ~ exists globally.
Note that 2= (0) = 0, ZY-(0) = X, and without loss of generality V~(0) = 0.

> Ox2

Proposition 11.2.2 Assume that the stable invariant manifold of X g through (0, 0)
is givenas Ny- with V—(0) = 0. Then V= > 0, and every other solution 'V of (11.70)
with V (0) = 0 satisfies
Vx) <V (x), Yxe X (11.80)
Proof Similar to Proposition 11.1.9 we consider
Vo) f(x,u™(x, Vi (0) + Lx, u™(x, Vo (x) =0 (11.81)
where
f(x,u*(x, V. (x))) is glob. asymptotically stable w.r.t. x =0 (11.82)
By integration of (11.81) from O to 7', and letting T — o0, using (11.82) and non-
negativity of L(x, u) (see (11.69)) it immediately follows that V™~ > 0. Since any
solution V to (11.70) satisfies

Vo) f(x, u*(x, V. (x))) + L(x, u™(x, V. (x))) >0 (11.83)

we obtain
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[Vi () = Ve@)] f(x, u*(x, Vi (x)) <0, (11.84)

and the result follows from integration from 0 to 7', and letting 7 — 00, using again
(11.82). O

Remark 11.2.3 Analogously we may prove that every solution V to (11.70) satisfies
V*+(x) < V(x), with Ny+ the unstable invariant manifold of X .

Remark 11.2.4 Similarly we may look at Hamilton—Jacobi—Bellman equations cor-
responding to optimal control problems in reversed time, where we replace the inte-
gral fooo by fi)oo In particular, in Sect. 9.1 we studied the Hamilton—Jacobi—Bellman
equation

Wy (x) f(x) + %wx (X)g(x)g" )W (x) — %h%x)h(x) =0 (11.85)

corresponding to a reversed-time optimal control problem. The Hamiltonian matrix

in this case is
F GGT
H= , (11.86)
H'H —FT

with F, G as in (11.74), and H = g—i‘(O). By considering —H and applying
Proposition 11.2.1 it immediately follows that if (—F, G) is stabilizable, and the
purely imaginary eigenvalues of F are H-detectable, then H will not have purely
imaginary eigenvalues, and the unstable eigenspace L™ of H is of the form span

X1+i| with XT > 0 and X+ > 0 if (H, F) is observable. It follows that at least

locally there exists a solution W > 0 to (11.85), satisfying W(0) =0, W,(0) =
0, Wi (0) = X,

For the solution of the optimal control problem the following observation is cru-
cia. Let V be any solution to (11.78) with equality, that is, the
Hamilton—Jacobi(-Bellman) equation

Hx,VI(x) =0 (11.87)

Then by (11.77)
R(x,u):=K(x, VI (x),u) >0 (11.88)

for all x,u. Since K(x,VI(x),u) = V,(x)f(x,u)+ L(x,u) we obtain by
integration

T T
/ L(x(t), u(t))dt :/ R(x (), u(t))dt + V(x(0) — V(x(T)) (11.89)
0 0

for every input function u(-), and for every T.
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Proposition 11.2.5 Consider any globally defined solution V to (11.87) with the
property that V(0) = 0 and the feedback u = —g” (x)VI (x) is asymptotically sta-
bilizing. Then

V (x9) = min ’/OO L(x(t),u(t))dt | x = f(x,u), x(0) = xq, lim x(¢) = 0]
u 0 t—00
(11.90)

Additionally, since L(x,u) > 0 this implies that for any such V we have V > 0. In
particular, assume that V~ exists globally, then the above holds for V —, with optimal
stabilizing control given in feedback form as

u=u*(x, V. T (x)) (11.91)

Proof Since Tlim x(T) =0 the right-hand side of (11.89) is minimized by
substituting (11.91). O

On the other hand, it is not clear if (11.91) is also the optimal control correspond-
ing to the original optimal control problem (11.68) without the terminal constraint
lim x(¢) = 0. Indeed, let V be any other non-negative solution to (11.87). Then by
1—>00

considering (11.89) for this V, and noting that V (x(T')) > 0, while R(x, u) can be
rendered zero by choosing u = u*(x, VXT (x)), it immediately follows that

min [/ Lx(@),u(t)dt | x = f(x,u),x0) =xo; < V(xg) (11.92)
u 0

Thus if there exists a non-negative solution V with V(0) = 0 to (11.87) different
from V~, that is (see Proposition 11.2.2), V(x) < V= (x) for some x € X, then
(11.91) will not be the optimal control and V'~ will not be the value function V. The
existence of non-negative solutions V' to (11.87) different from V™~ can be excluded
by imposing a (nonlinear) detectability condition.

Proposition 11.2.6 Let V~ exist globally, and let the optimal control problem
(11.68) be solvable. Suppose f(x,u), L(x,u) satisfy the following detectability

property

rlim L(x(t),u(t)) =0, along solutions of x(t) = f(x(t), u(t)),

(11.93)
implies tlim x(t) =0

Then the only non-negative solution V to (11.87) with V(0) = 0is V~. Furthermore,
the solution to the optimal control problem (11.68) is given by (11.90) with value
function V.=V~
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Proof If min fooo L(x(t), u(t))dt exists, then necessarily along the optimal trajectory
lim L(x(t), u(t)) = 0, and thus by (11.93) lim x(¢) = 0. Thus the optimal control
—00 11— 00

problem (11.68) is the same as the optimal control problem (11.90), which has by
Proposition 11.2.5 the solution (11.91) with value function V~. By the reasoning
preceding Proposition 11.2.6, see (11.92), it thus follows that there cannot exist any
non-negative solution V to (11.87) with V (0) = O different from V. O

Rema_rk 11.2.7 Note that without the detectability condition (11.93) the value func-
tion V' (which in this case may be different from V™) still satisfies the property
lim V(x(#)) = 0 along optimal trajectories.

—>00

Finally, let us compare (11.89), which is derived under the regularity assumption
of existence of u*(x, p) satisfying (11.77), with the general dissipation inequality
(11.70), written in integral form as

T
/ L(x(t), u(t))dt > V(x(0)) — V(x(T)) (11.94)
0

for every input function u. Clearly, the Eq.(11.94) contains much less information
than (11.89), but it already suffices to draw the following conclusion, which is also
valid if u*(x, p), and thus H(x, p) in (11.77), cannot be defined. The following
proposition was already stated in a more restricted form in Sect. 9.4 as Proposition
9.4.8.

Proposition 11.2.8 For every xq define V*(x¢) as
oo
min [/ L(x(t),u(t))dt | x = f(x,u), x(0) = xo, tlim x(t) = O] (11.95)
u 0 —> 00
and assume that V* exists for every xo. Then

(i) V* > 0 satisfies the dissipation inequality (11.94), and V*(0) = 0.
(ii) Let V satisfy (11.94) and V(0) = 0, then V (x) < V*(x) for every x € X.

Proof Consider (11.94) for u(-) such that %irr})x(T) = 0. Then

/OOL(X(I), u(®))dt = V(x(0)),
0

and by definition of V* we obtain V < V*. O


http://dx.doi.org/10.1007/978-3-319-49992-5_9
http://dx.doi.org/10.1007/978-3-319-49992-5_9

11.3 Dissipativity of a Nonlinear System and Its Linearization 287

11.3 Dissipativity of a Nonlinear System
and Its Linearization

In this section we will relate the dissipativity of a nonlinear state space system

X = f(x,u), £(0,00=0
E.

: (11.96)
y =h(x,u), h(0,0)=0
to the dissipativity of its linearization at (x, u) = (0, 0), and vice versa.
We will do so for supply rates s(u, y) satisfying
Os Os
5(0,0)=0, —(0,0)=0, —(0,0)=0, (11.97)
ou dy

including the (output or input strict) passivity and L,-gain supply rates. Moreover,
we throughout assume that there exists a storage function S > 0 for the dissipation
inequality

Sy(x) f(x,u) <s(u, h(x,u)), (11.98)

which is C? and has a minimum at x = 0 with S(0) = 0, implying that

2
$(0) =0, @(O) =0, X:= E(0) >0 (11.99)
Ox Ox?

Defining

A=5L0,0), B=%(0,0),C = 50,0, D = 32(0,0)

(11.100)
25 2s 0%s
P =53(0,0), 0 = §3(0,0), R = 573-(0,0)
it follows by collecting the quadratic terms in (11.98) that
1 1 u
E)ETX(A)E + Bii) < 5 [ 5] [;T g] L} Vi (11.101)
where y := Cx 4+ Du.
This implies that the linearized system
_ x=Ax+ Bu
P2 (11.102)
y=Cx+ Du
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is dissipative with respect to the quadratic supply rate

S(it, ) ! [a” 3] PR (11.103)
s, y):==<|u"y BE .

2 RT Q]|
with storage function %)ETX X = %)ET 2275(0))2. In this sense, dissipativity of the non-

linear system % with respect to the supply rate s implies dissipativity of its lineariza-
tion X with respect to the supply rate s.

Conversely, let us investigate under which conditions dissipativity of the linearized
system X implies dissipativity of the nonlinear system X.

Proposition 11.3.1 Consider the nonlinear system % given by (11.96), with lin-
earization X given by (11.102). Consider the supply rate s satisfying (11.97) with
quadratic part § defined by (11.103) and (11.100). Suppose that % is dissipative with
respect to the supply rate 5. Assume D = 0 and P > 0, and that the Hamiltonian
matrix

A—BP~'RC BP~'BT
= (11.104)

cTQC —(A—BP'RC)T

does not have purely imaginary eigenvalues. Also assume that the pair (A —
BP~'RC, BP~'B") is stabilizable. Then there exists a neighborhood V of x = 0
and U C R™ ofu =0, and a function S : V C X — R with S(0) =0, %(O) =0,
such that

Se () F(x,u) < s(u, h(x,u), forallx € V, allu € U (11.105)

Thus if S > 0 then X is locally dissipative with respect to the supply rate s.

Proof The pre-Hamiltonian corresponding to (11.105) is
K, p,u) = p" f(x,u) —su, h(x,u) (11.106)

By the Implicit Function theorem and P > O there exists locally a function u*(x, p)
satisfying (11.3). Furthermore, the resulting Hamiltonian H (x, p) = K(x, p, u*
(x, p)) has corresponding Hamiltonian matrix H given by (11.104). By Corollary
11.1.8 there exists locally near x = 0 a function S with S(0) =0, a—f(O) = 0 satis-
fying H(x, SXT (x)) = 0 (in fact, S corresponds to the stable invariant manifold of
X ). It follows that § satisfies (11.105). (I

Remark 11.3.2 For D # 0 a similar statement can be proved, by replacing the
assumption P > 0 by P+ RD + DTRT + DT QD > 0, and by defining a more
complicated Hamiltonian matrix H.

The main drawback of Proposition 11.3.1 is that it does not provide conditions
which guarantee that the obtained function S satisfying (11.105) is non-negative on
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a neighborhood of the equilibrium x = 0, and so is a valid storage function. One
possible set of sufficient conditions for non-negativity of § is given in the following
corollary.

Corollary 11.3.3 Consider a nonlinear system X satisfying (11.97), with lineariza-
tion T having D = 0 and a supply rate s satisfying (11.97). Suppose X is dissipative
with respect to the supply rate s given by (11.103). Assume P > 0, and assume that
the Hamiltonian matrix H in (11.104) does not have purely imaginary eigenvalues.
Also assume that A is asymptotically stable, and that s (0, y) < 0forall y. Then there
exists a neighborhood V of x = 0,and S : V C X — R with S(0) =0, 8—f(0) =0,
satisfying (11.105) and such that S(x) > 0, x € V. Thus X is locally dissipative on
V with respect to the supply rate s.

Proof The proof of Proposition 11.3.1 yields locally a function S with S(0) =
0, 2—5(0) =0, and satisfying H(x, ST (x)) =0. By (11.3) it thus follows that
Sy(x) f(x,0) <s5(0,h(x)) <0.Since A = %(O, 0) is asymptotically stable, locally
near x = 0 also x = f(x, 0) is asymptotically stable, and S > 0 follows by integra-
tion from O to 7', and letting T — o0, using asymptotic stability. ]

For the L,-gain supply rate s(u, y) = 34|[u||> — 1]|y||*> we obtain the following
particularly pleasing corollary.

Corollary 11.3.4 Consider the nonlinear system X given by (11.96), with lineariza-
tion ¥ having D = 0. Let v > 0, and suppose that ¥ has L-gain < . Assume that
A= g—£(0, 0) is asymptotically stable. Then there exists a neighborhood V of x = 0
and U of u = 0 such that £ has locally L,-gain < yforx € V andu € U.

Proof Since X has L,-gain < v the corresponding Hamiltonian matrix H as in
(11.104) does not have purely imaginary eigenvalues (see e.g., [117]). Thus we may
apply Corollary 11.3.3 yielding neighborhoods V of x =0 and U of u =0, and a
function S : V — R such that

1 1
Se(x) fx,u) < Evzllull2 - §||h(x>||2 (11.107)

forallx e V.C X andallu € U C R”™. This shows that X has locally L,-gain < ~.
Since the same story can be repeated for some 7 < -y arbitrarily close to -, it follows
that actually X has locally L,-gain < 7. O

Remark 11.3.5 For an affine system x = f(x) + g(x)u, y = h(x) we may always
take U = R™.

Remark 11.3.6 Since X is assumed to have L,-gain < + there exists X = X7 >0
such that ATX + XA + Wl—zXBBT +CTC <0, and thus ATX + XA < -CTC.If
(C, A) is detectable, then this actually implies that A is asymptotically stable [356].
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Fig. 11.1 Mathematical
pendulum

Remark 11.3.7 Since T is assumed to have L»-gain < 7y it can be shown [117] that
there exists X = X7 > 0 satisfying

1
ATX+XA+CTC+—2XBBTX<O (11.108)
v

It readily follows that also S(x) := %xTX x will satisfy (11.107), for different neigh-
borhoods V and U, however. (In fact, we conjecture that the neighborhoods will be
smaller than the ones obtained in Corollary 11.3.4; see also the similar discussion in
Sect. 11.4.)

Contrary to the L,-gain supply rate, the passivity supply rate s («, y) = u” y does not
satisfy the conditions of Proposition 11.3.1, since P = 0 in this case. The following
physical example shows that, in fact, passivity of the linearized system does not
imply (local) passivity of the nonlinear system.

Example 11.3.8 Consider a mathematical pendulum with input torque u as depicted
in Fig. 11.1 (see also Examples 7.1.12 and 7.2.2). Taking as output the angular veloc-
ity ¢, the nonlinear system is passive (in fact, lossless) with storage function equal
to the total energy

1
S(p, p) = Emﬁngz +0(1 — cos ) (11.109)

Indeed, % = uy. By the discussion preceding Proposition 11.3.1 the system lin-

earized about ¢ = 0, ¢ = 0, u = 0 is also passive. On the other hand, if we take as
output the horizontal velocity of the endpoint, that is

d
y:E(ﬁ sin @) = £ cos @ - P, (11.110)
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then the linearized output (about ¢ = 0) remains the same, and thus the linearized
system is still passive. However, as we will now demonstrate, the nonlinear system
is not passive anymore. Indeed, the equations of the nonlinear system with output
y = £ cos ¢ - ¢ are given as (take for simplicity £ = 1, m = 1, and denote ¢ = ¢)

q=r
p=—sing+u (11.111)
y = pcCcoSq

Suppose S(g, p) is a (locally defined) storage function with respect to the supply
rate s(u, y) = uy. Then by (4.15) for all g, p close to zero

S N
Q) §p+a—~—sinq§0, (ii) 8—=pcosq (11.112)
dq dp dp

From (ii) we infer S(q, p) = % p*cosq + F(q), for some function F. Substitution
in (i) yields

5. dF .
(iii) 14 smq+p[d——schosq]§0 (11.113)
q

For fixed g, the left hand side of (11.113) is a polynomial ap’® + bp. For p
small, the linear term dominates, and thus the inequality (11.113) implies that
b= Z—; — sing cos g = 0. Hence, —%p3 sing < Oforall p, g close to zero, which is
a contradiction. We conclude that there are no storage functions, and thus the system

is not passive.

11.4 "H Control of a Nonlinear System
and Its Linearization

In this section we investigate, in a spirit similar to the previous section, the relations
between the (suboptimal) H., control problem for a nonlinear system with given
equilibrium on the one hand, and the same problem for its linearization on the other
hand. In particular we show that if the state feedback strictly suboptimal H, control
problem for the linearization is solvable, then the same problem for the nonlinear
system is solvable on a neighborhood of the equilibrium. Thus solvability of the
“linearized problem” implies local solvability of the “nonlinear problem”. Similar
results will be shown to hold for the output feedback H, problem. These results
are quite useful since the solvability of the linear H, problems is relatively easy
to check (certainly compared with the nonlinear H, problems). Also the optimal
disturbance level for the linearized problem will provide a useful lower bound for
the optimal nonlinear disturbance level.
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Let us start with the state feedback H, problem. For simplicity of exposition'
we focus on affine non-linear systems as in (10.2), that is

X=ax)+bx)u+gx)d, u e R", d e R’
> |:h(x)i| (11.114)
= ,

" xeX, zeR*

Since we wish to consider the linearization of ¥ we assume the existence of an
equilibrium x = 0, that is,
a(0)=0, h0)=0 (11.115)

We denote the linearization of ¥ about x = 0 by

X=Ax+Bi+Gd, uecR", deR"

DI _ (11.116)
zz[’éx], ieR", 1eR
with
Oda Oh
A=—(0), B=b0), G=g0), H=—(0) (11.117)
Ox Ox

Recall, see (10.3), that the state feedback Hamilton—Jacobi equation (HJ1a) of X is
given as

l L T _ T T l T _
Pr(x)a(x) + 5 Pe(x) Vzg(X)g () = b)b" (x) | P (x) + h" ()h(x) =0

It immediately follows that if P > 0 is a solution to (11.118) satisfying (L
P0)=0 (11.119)
(implying also P, (0) = 0), then the Hessian matrix P,,(0) of P at0
X :=P,(0)>0 (11.120)
is a solution of the Riccati equation
ATX+XA+X(%GGT—BBT)X+HTH=O (11.121)

Furthermore, if P > 0 satisfying (11.119) is a solution to the Hamilton—Jacobi
inequality (HJ1a), then X is a solution to the Riccati inequality (11.121), with =

"However the results to be obtained are directly extendable to more general system classes.
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replaced by <. This Riccati equation (or inequality) is governing the state feedback
‘H control problem for the linear system (11.116). In fact we have the following
specialization and refinement of Theorem 10.1.1 and Proposition 10.1.2 to the linear
case.

Theorem 11.4.1 Assume (H, A) is detectable. Let v > 0. Then there exists a linear
feedback
u=1Lx (11.122)

such that the closed-loop system (11.116, 11.122) has L,-gain < vy and is asymp-
totically stable (i.e., the linear state feedback suboptimal H, control problem has
been solved), if and only if there exists a solution X > 0 to (11.121). Furthermore,
there exists a linear feedback u = LXx such that the closed-loop system has L,-gain
strictly less than v and is asymptotically stable (i.e., the linear state feedback strict
suboptimal H o, control problem has been solved), if and only if there exists a solution
X > 0to (11.121), satisfying additionally

1
J(A—BBTX+—2GGTX) cC (11.123)
Y

(C~ being the open left half plane). Moreover, if X > 0 is a solution to (11.121) then
the linear feedback u = Lx with

L=-BTX (11.124)

solves the linear state feedback suboptimal Ho, control problem, respectively the
strict suboptimal problem if X satisfies additionally (11.123).

We recall (see e.g., Sect. 10.1) that the Hamiltonian corresponding to (HJ1a) given
by (11.118) is

1 1 1
H(x,p)=plax) + EpT [?gmg%) - b(x)bT(ao] P+ EhT(mh(x),

(11.125)
with corresponding Hamiltonian matrix
A  LGG" — BBT
H= r ! r (11.126)

Following the approach of Sect.11.1 we notice that X is a solution to (11.121,

x is the stable generalized eigenspace

of H. Application of Propositions 11.1.5 and 11.1.6 yields the following result.

11.123) if and only if the subspace span [ !
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Theorem 11.4.2 Assume (H, A) is detectable. Let X > 0 be a solution to (11.121,
11.123). Then there exists a neighborhood W of x = 0 and a smooth function P > 0
defined on W with P(0) = 0, P,(0) = 0, such that P is a solution of (HJ1a) given
by (11.118)on W.

Proof The local existence of a solution P to (11.118) with P(0) =0, P,(0) =
0, P,,(0) = X, immediately follows from Propositions 11.1.5, 11.1.6. Furthermore
since by Theorem 11.4.1 A — BB” X is asymptotically stable the vector field a —
bb" P! is locally asymptotically stable. Rewriting (11.118) as

11 1 1
T pT T pT T pT T
P.[a — bbT PT] __¥ gg" P — —P.bb" P — —h"h,

this implies by integration from O to 7 along the asymptotically stable vector field
a —bb" P!, letting T — oo, that locally about x =0 P > 0. O

The local existence of a solution P > 0 to (11.118) yields a local solution to the
nonlinear H, control problem, as formulated in the following corollary.

Corollary 11.4.3 Let P > 0 defined on a neighborhood W of x = 0 be a solution
to (11.118). Then with the locally defined feedback

u=—-b"(X)PI'(x), xeW, (11.127)

the closed-loop system has locally L,-gain < v, in the sense that

T T
/Ilz(t)llzdli’yz/ |1d(#)]1*dt + 2P (x(0)) (11.128)
0 0

forall x(0) € W, all T > 0 and all L, functions d(-) on [0, T] such that the state
space trajectories starting from x(0) do not leave W.

The locally defined feedback (11.127) corresponding to a local solution P > 0 to
(11.118) is not the only feedback resulting in a closed-loop system having locally L,-
gain < ~y. In fact for an arbitrary state feedback u = a(x) we may rewrite H(x, p)
given by (11.125) as

H(x, p) = p'la(x) + b(x)a()] + 35 p" g(0)g" () p +

(11.129)
sl (ax) + 3hT()hx) — 3IBT (x)p + a(x) |12
Thus if we take the /inear feedback
alx) = —BT Xx (11.130)

with X = P,,(0) > 0 being the solution to (11.121), then the zero-th, first and sec-
ond order terms of || b (x)p + a(x) ||* are all zero. Thus the Hamiltonian matrix
corresponding to H (x, p) := H(x, p) + % | b7 (x)p + a(x) II? given as
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H(x, p) = p"la(x) + b)) + 33 p" g(x)g" () p+ GL13h
LaT (x)a(x) + LhT (x0)h(x) '

is equal to H in (11.126). Hence there exists locally also a solution P > 0 to the
Hamilton—Jacobi equation

Po(0)la(x) = b(x) BT Xx] + 325 P (x)g(x)g" () P (x) (1L132)
+ Ix"XBBT Xx + LhT (x)h(x) = 0 '

This implies that the inequality (11.128) also holds for the closed-loop system result-
ing from the feedback u = —B” X x if we replace P by P, and W by a neighborhood
W of x = 0 which in general will be different from W. Generalizing this observation
a little further we obtain

Corollary 11.4.4 Let X > 0 be a solution to (11.121, 11.123). Then any feedback
u = a(x) with

00 =0. 2%0) = _B"x. (11.133)
Ox

yields a closed-loop system satisfying (11.128) for some neighborhood W of x = 0
and some solution P > 0 to the Hamilton—Jacobi inequality (HJ1a).

Example 11.4.5 Consider the system of Example 10.1.8
i=u+(arctanx)d, z= [ﬂ (11.134)

Clearly, its linearization at x = 0 is not affected by disturbances, and the Riccati
equation (11.121) is given as X> = 1 (independent of ), yielding the positive solu-
tion X = 1. The state-feedback Hamilton—Jacobi equation (HJ1a) takes the form

dP .\’ 1 5 5
—(x) 1-— — arctan” x | = x~, (11.135)
dx ol

which has for every v a solution P, > 0 on the neighborhood

W, ={x e R||arctanx| < 7} (11.136)

yielding a feedback u = a,(x) = —x(1 — % arctan? x)_% . Note that the solution P,
as well as the feedback cv, become unbounded for x approaching the boundary of W,,.
Applying instead of u = o, (x) its linear part ¥ = —x one obtains the closed-loop
system

%= —x+ (arctanx)d, 7= [_XX} (11.137)


http://dx.doi.org/10.1007/978-3-319-49992-5_10

296 11 Hamilton—Jacobi Inequalities

with L,-gain Hamilton—Jacobi equation given as
- ~ 2
dp 11 fdP ) 1, 1,
——@x+=-——={ — &) ) arctan”x + —x“ 4+ —x“ =0, (11.138)
X ¥ X 2 2

having a solution ﬁv > 0 on the neighborhood
- 1
W, = {x € R | |arctan x| < 5«/5-7} (11.139)

It should be noted that the neighborhood Wv’ arising from applying the linearized
feedback u = —B” Xx in the above example is smaller than the neighborhood W,
arising from applying the full nonlinear feedback u = —b" (x) P! (x). This can be
conjectured to be true in general; the nonlinear controller will solve the H., control
problem on a larger domain than its linearization. A possible starting point for proving
such a conjecture is the observation that by (11.129) H (x, p) > H(x, p)forall x, p,
and thus every solution of H (x, PXT (x)) < Owillbealsoasolution of H (x, PXT x)) <
0, while the converse is not true. Since the main obstruction for extending a local
solution P > 0 of H(x, PxT (x)) <0 into a global one seems to be the fact that P
can become infinite for finite x (see for instance Example 11.4.5), this suggests that
P corresponding to the stable invariant manifold of H (x, p) (which by Sect. 11.1
is the minimal solution to H (x, PXT (x)) <0!) and the corresponding feedback u =
—b" (x) Pl (x) have the largest domain of validity.

Example 11.4.5 also shows that in some cases we need to make a compromise
between the achievable level of disturbance attenuation -y, and the domain of validity
of the feedback. Indeed comparing with Example 10.1.8 we see that global distur-

bance attenuation is possible for every v > 7, while a disturbance attenuation level

0 < v < 7 canbe only met on the neighborhood W., (with W, shrinking to the origin
for v | 0).

The following example shows that the nonlinear feedback u = —b” (x) Py (x)
corresponding to a (local) solution P > 0 to the Hamilton—Jacobi inequality (HJ1a)
may have other advantages when compared to its linear part u = —B” Xx.
Example 11.4.6 ([142]) Consider the system

. 2
X1 = X1X2 X2 — Xy

NS (11.140)
Xy = x12 +u-+d u

The Hamilton—Jacobi inequality (HJ1a) takes the form

P orP , 11 OP\* 1 242
el il il R B Y el o —xH2 <0 11.141
IXIXQ-i- 2X1+2(72 )(92) 2(2 1) = ( )

This has for v > 1 locally positive solutions
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P(x1, x2) =ax,2 +bx§+cx12xz, (11.142)
provided a > 0, and b, ¢ are large enough. This yields the feedback

P
U =——— = —2bxy —cx} (11.143)
8x2

which, apart from rendering the L,-gain of the closed-loop system locally < 7,
also locally asymptotically stabilizes the system. On the other hand, the linearized
feedback

u=—2bxy (11.144)

does not locally asymptotically stabilize the system. In fact it may be proved that
there does not exist any linear feedback which renders the system (11.140) locally
asymptotically stable. (Note that the linearization of (11.140) does not exactly fit the
assumptions of Theorem 11.4.2 and its Corollaries since it is not detectable.)

Next let us consider the output feedback case. Again, for simplicity of exposition we
focus on affine systems (10.68), that is

X =ax)+bx)u+ gx)d;, a(0) =0

y = c(x) + ds, ¢ =0 (11.145)
L [h(ux)] 7(0) =0

Apart from the state feedback Hamilton—Jacobi equation (HJ1a) given by (11.118)
we also consider, see (10.71), the Hamilton—Jacobi equation (HJ2a) given as

11 T T 1 T 1 2. T
Ry (¥)a(x) + 5 5 R(x)g(x)g" ()R, (x) + Sh" (x)h(x) — 577¢c” (x)c(x) =0
2y 2 2

(11.146)
By collecting second-order terms it follows that for any solution R > 0 of (11.146),
with R(0) = 0 and thus R, (0) = 0, the matrix

W= R (0) >0 (11.147)

is a solution of the Riccati equation
T 1 T T 2 ~T
AW+ WA+ SWGG"™W+ H'"H —+°C'C =0, (11.148)
Y
where, as before A = 24(0), G = g(0), H = 9(0), and additionally

Czﬁ(()) (11.149)
Ox
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If W is invertible, then ¥ := +?>W~! is the solution to the “dual” Riccati equation
T r, 1 T T
YA" +AY + GG + YH ' HY —YC CY =0 (11.150)
v

The Riccati equation (11.150), together with the Riccati equation (11.121), is gov-
erning the linear Hy, output feedback problem for the system linearized at x = 0
given as

X = A% + Bii + Gd,

y=Ci+d

=[]

Indeed we recall the following basic theorem from linear H., control theory, see
[88, 117].

(11.151)

Theorem 11.4.7 Consider the linear system (11.151). Assume the triples (A, B, H)
and (A, G, C) are stabilizable and detectable. Then there exists a linear dynamic
controller such that the closed-loop system has Ly-gain < v and is asymptotically
stable if and only if there exist solutions X >0, Y >0 to (11.121), respectively
(11.150), satisfying additionally (11.123), respectively

1
U(A—YCTC+—2YHTH) cC, (11.152)
Y

together with the coupling condition
Omax(XY) < 77 (11.153)

where omax denotes the largest singular value. Furthermore one such controller
(called the “central controller”) is given as

-1
z (A — BBTX + W%GGTX) z+ (I - iYX) YCl(y —Cz)

(11.154)

u=—BTXz

We have seen before that the existence of a solution X > 0 to (11.121, 11.123)
implies the local existence of a solution P > 0 to (HJ1a). Let us now additionally
assume that the solution Y > Oto (11.150, 11.152) is positive definite, thatis, ¥ > 0.
Then W = fyzY’l > 0 satisfies (11.148), while (11.152) can be rewritten as

1
U(A+—2GGTW) ccCt (11.155)
g
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This means that span VIV is the unstable generalized eigenspace of the Hamiltonian
matrix H corresponding to (HJ2a) and (11.150), given as
A LGGT
H= E (11.156)
~CcT'Cc —H'H —AT

Application of Propositions 11.1.5 and 11.1.6 (with respect to the unstable invariant
manifold) yields

Proposition 11.4.8 Let Y > 0 be a solution to (11.150, 11.152). Then there exists a
neighborhood U of x = 0 and a smooth function R > 0 defined on U with R(0) =
0, R.(0) =0, such that R is a solution of (HJ2a) on U.

Proof The local existence of a solution R to (HJ2a) with R(0) =0, R,(0) = 0and
R..(0) = 72Y_1 follows from Propositions 11.1.5, 11.1.6. Since R, (0) = ’yzY_] >
0 it follows that R > 0 on a neighborhood of x = 0. ([

Finally, note that the coupling condition o (XY) < 2 can be rewritten as

X <~y ! (11.157)
Since P,,(0) = X and R,,(0) = v2Y ! it follows that for all x near 0

P(x) < R(x) (11.158)

and so we recover, in a strict inequality but local form, the weak coupling derived in
Sect. 10.2. This is summarized in the following form.

Corollary 11.4.9 [f there exist solutions X >0, Y > 0 to (11.121), respectively
(11.150), satisfying (11.123), respectively (11.152), then there exists a neighborhood
U of x = 0 and smooth functions P > 0 and R > 0 on U with P,,(0) = X and
R, (0) = 'yzY’l, which are solutions of (HJla), respectively (HJ2a), and satisfy
(11.158) on U.

Therefore, loosely speaking, the solvability of the output feedback suboptimal H,
control problem for the linearization (11.151) implies that locally all the necessary
conditions derived in Sect. 10.2 for solvability of the same problem for the nonlinear
system are satisfied.

Furthermore (and more importantly), under the assumptions of Theorem 11.4.7 we
can derive a controller which locally solves the nonlinear output feedback suboptimal
Hoo control problem.

Proposition 11.4.10 Consider the nonlinear system (11.145), together with its lin-
earization (11.151). Assume the triples (A, B, H) and (A, G, C) are stabilizable and
detectable. Let X > 0, Y > 0 be solutionsto (11.121, 11.123), respectively (11.150,
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11.152), and satisfying (11.153), leading by Corollary 11.4.9 to local solutions P > 0
and R > 0 of (HJ1a), respectively (HJ2a). Then the nonlinear controller

€= a(©) — bEOb" O PLE) + Lg©g" ©PL(©)

+92 [Ree (&) = Pee(©] ' %o © [y(1) — e(©)] (11.159)
u=-bTOPI©, feX =X

locally solves the output feedback suboptimal H., control problem for (11.145), in
the sense that there exists a neighborhood W of the equilibrium (0,0) € X x X,
and a function S > 0 defined on it, such that the closed-loop system (11.145, 11.159)
satisfies

T T
/ llz()*dt < ~* / |1d(2)|1*dt +25(x(0), £(0)) (11.160)
0 0

forall (x(0),£(0)) € W,and all T > 0and d € Ly(0, T) such that the (x(t), (1))
trajectories do not leave W.

Proof The linearization of (11.159) at £ = 0 is precisely the central controller
(11.154). Hence the linearization of the closed-loop system (11.145, 11.159) equals
the linear closed-loop system (11.151, 11.154), which by Theorem 11.4.7 has L,-
gain < -y and is asymptotically stable. Hence by Corollary 11.3.4 also the nonlinear
closed-loop system has locally L,-gain < -y in the sense of (11.160) for some neigh-
borhood W of (x, &) = (0, 0). U

Remark 11.4.11 Note that W may be smaller than the neighborhood U x U of
(x, &) = (0,0), with U as obtained in Corollary 11.4.9.

Similarly to Corollary 11.4.4 we derive from the proof of Proposition 11.4.10 the
following corollary.

Corollary 11.4.12 Under the conditions of Proposition 11.4.10 every nonlinear
controller whose linearization equals the “central controller” (11.154) locally solves
the output feedback suboptimal H, control problem.

The important issue is thus to construct a controller which solves the nonlinear output
feedback suboptimal H, control problem on a domain which is as large as possible.
Since the controller (11.159) incorporates in a “maximal way” all the nonlinear
characteristics of the nonlinear system under consideration (as compared with the
other controllers whose linearization equals the central controller), there is some
reason to believe that the controller (11.159) has a large domain of validity.
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11.5 Notes for Chapter 11

10.

11.

. Section 11.1 is an expanded and generalized version of results presented in van

der Schaft [272, 275, 278].

The Hamilton—Jacobi-Isaacs equation is at the core of dynamic game theory;
cf. Basar & Olsder [31].

. Propositions 11.1.3, 11.1.5 and 11.1.6 can be found in van der Schaft [272].

Proposition 11.1.7(i) can be found e.g. in Kucera [175] (Lemma 3.2.1) and part
(i1) in Molinari [221], Francis [103].

The main idea explored in Proposition 11.1.14 can be found in van der Schaft
[275].

. Section 11.2 is close in spirit to the treatment of the linear quadratic optimal

control problem in Anderson & Moore [7], Willems [349].
Proposition 11.2.1 can be found in Kucera [174], Francis [103], Kucera [175].
For a result related to Proposition 11.2.6 we refer to Byrnes & Martin [57].

Using the invariant manifold techniques of Sect. 11.1 it can be also shown that
solvability of the linearized optimal control problem (for the linearized system
and the quadratic part of the cost criterion) implies local solvability of the nonlin-
ear optimal control problem, see van der Schaft [274] (compare with Sect. 11.3).

Section 11.3 is a generalized version of some results presented in van der Schaft
[272, 275] for the L,-gain case, and Nijmeijer, Ortega, Ruiz & van der Schaft
[234] for the passivity case.

The Hamiltonian matrix A as in (11.104) reduces for the L,-gain supply rate
2% ul > — $11y11? (see Corollary 11.3.4) to

A #BBT
Hy = e AT (11.161)

with A assumed to be asymptotically stable.
It follows (see e.g., Green & Limebeer [117], Scherer [304]) that there exists
~* > 0 such that if

(a) v > ~*, then H, does not have purely imaginary eigenvalues.
(b) 0 <~ < ~*, then H, does have purely imaginary eigenvalues.

In the dynamical systems literature this is known as a Hamiltonian Hopf bifur-
cation of the corresponding Hamiltonian vector field (van der Meer [214]): for
smaller than +* and monotonously increasing the purely imaginary eigenvalues
of H., become or remain of even multiplicity at v = v*, and for v > ~+* split
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of into eigenvalues located in the open left-half plane and in the open right-half
plane, symmetrically with respect to the imaginary axis.

12. Section 8.4 is largely based on van der Schaft [275, 278]. Example 11.4.6 is due
to Isidori & Kang [142].

13. The relations between viscosity solutions of Hamilton—Jacobi equations and the
properties of the corresponding Lagrangian submanifolds are explored e.g., in
Day [80].

14. For computational schemes for solving Hamilton—Jacobi equations and inequal-
ities we refer to the list of references given in Note 1 in Sect. 10.3 at the end of
the previous Chap. 10.
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